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ABSTRACT. Let R be a prime ring, @, be the right Martindale quotient
ring and C be the extended centroid of R. If G be a nonzero generalized

skew derivation of R and f(z1,z2, - ,Zn) be a multilinear polynomial
over C such that (G(f(z1,2, - ,@n)) — f(z1,22, -+ ,zn)) € C for all
Z1,%2, - ,Tn € R, then either f(z1,22, - ,zn) is central valued on R or

R satisfies the standard identity sa(x1,z2,x3,24).
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1. Introduction

Let R be a prime ring with center Z(R). Recall that a ring R is prime if for
any a,b € R, aRb = (0) implies a = 0 or b = 0. The standard identity s4 in four
variables is defined as follows:

S4= Z(*1)GX0(1)X0(2)XU(3)XU(4)

where (—1)7 is the sign of a permutation o of the symmetric group of degree 4.
Let @, be the right Martindale quotient ring of R, @) be the two-sided Martindale
quotient ring of R and C' = Z(Q) = Z(Q,) be the center of Q and Q,; where C
is called the extended centroid of R and this is a field when R is a prime ring.
It should be remarked that @ is a centrally closed prime C-algebra. For the
definitions and related properties of these objects, we refer to [3].

It is well known that automorphisms, derivations and skew derivations of R
can be extended for @ and Q... Chang [7] extended the definition of generalized
skew derivation to the right Martindale quotient ring @, of R as follows: the
additive mapping G : @, — @, is generalized skew derivation if G(zy) = G(x)y+

Received May 14, 2020. Revised October 15, 2020. Accepted October 16, 2020. *Corresponding
author.
© 2021 KSCAM.

73



74 M.A. Raza, N. Rehman and A.R. Gotmare

a(z)d(y) for all z,y € @, where d is an associated skew derivation of G and «
is an associated automorphism of G. Moreover, there exists G(1) = a € @, such
that G(x) = ax + d(z) for all x € R. Furthermore, if G(1) € @, then G can
be extended to Q. For fixed elements a and b of R, the mapping G : R — R
define as G(z) = ax — o(z)b for all x € R is a generalized skew derivation of R.
A generalized skew derivation of this form is called an inner generalized skew
derivation. We will adopt the following notation

f(mlvx%"'axn):‘rl"'xn'i_ Z AgTo(1) " Lo(n)

0€Sy,o#id
for some a, € C. The polynomial f(x1,xa, - ,2z,) € C{xy, -+ ,x,) is said to
be central valued on R if f(x1,--- ,z,) € Z(R) for all 1,25, - ,2, € R. The
polynomial f(z1,22, -+ ,x,) € C(x1, -+ ,2,) is called non central if it is not

central valued on R (or equivalently on the central closure CR of R).

In [5], Bergen proved that if o is an automorphism of R such that (o(x) —
x)™ = 0 for all z € R, where m is a fixed positive integer, then o = 1. Later,
Bell and Daif [4] proved some results which have the same flavour when the
automorphism was replaced by a nonzero derivation d. They showed that if R
is a semiprime ring with a nonzero ideal I such that d([z,y]) — [z,y] = 0 for
all z,y € I, then I is central. Moreover, Hongan [14] proved that if R is a
2-torsion free semiprime ring and I is a nonzero ideal of R, then I is central
if and only if d([z,y]) — [x,y] € Z(R) for all x,y € I. The similar identities
have been investigated by many researchers from various point of view, e.g.,
see [1][20][22] and reference therein. It is natural to investigate the situation
when f(z1, 22, ,2,) is a multilinear polynomial and (d(f (21,22, , %)) —
flz1, e, ,2,)) € Z(R) is a differential identity for some ideal I of R. In
the present paper, our aim is to analyse what will happen in the case, when
(G(f(x1,22, -+ ,xn)) — f(a1,29,-+ ,xp)) € C, for all 1,9, - ,z, € R, where
G is a generalized skew derivation associated with automorphisms « of R. More
precisely, our motive is to prove the following result.

Theorem 1.1. Let R be a prime ring with extended centroid C. If f(x1, 22, -,
Xp) s a multilinear polynomial over C and G is a nonzero generalized skew
derivation of R such that (g(f(thQ, s xp)) — fzr, e, - ,xn)) e C, for all
X1,Ta, - &y € R, then either f(xy1,x9, -+ ,x,) is central valued on R or R
satisfies the standard identity sq(x1, T2, 23, 24)-

To prove our main theorem, we need to recall some more terminology and
known results. Let R = M (F) be the algebra of s x s matrices over a field F.
Notice that the set f(R) = {f(x1, 22, -+ ,zp) : 1,22, -+ , &, € R} is invariant
under the action of all inner automorphism of R. If z = (z1,22, - ,2,) €
Rx R x ---x R= R", then for any inner automorphism x of M,(F'), we have
T = (x(z1),--, x(xn)) € R" and x(f(x)) = f(7) € f(R). We denote by e;;,
the unit matrix having 1 in the (¢, j)th-entry and zero elsewhere. Let us recall
some results from [17] and [18]. Suppose that S is a ring with 1 and e;; € M;(S)
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is the unit matrix. For a sequence v = (Hy,---, Hy,) in M4(S), the value of v
is defined by the product |v| = Hy --- H,, and v is non-vanishing if |v| # 0. For
a permutation o for {1,2,---,n}, we write v7 = (Hy(1), -+, Hy(n)). We call v
is simple if it is of the from v = (hi€j1j1, - hn€injn) where h; € S. A simple
sequence v is called even if for some o, |[v7| = pe;; # 0 and odd if for some o,
[v7| = pe;j # 0 where i # j.

Fact 1.1. ([17, Lemmal) Let S be a F-algebra with 1 and R = M,(S), s > 2.
If f(x1, 22, -+ ,2,) is a multilinear polynomial over F' such that f(v) = 0, for
all odd simple sequences v, then f(z1,xa, - ,x,) is central valued on R.

Fact 1.2. ([18, Lemma 2]) Let S be a F-algebra with 1 and R = M(S),
s > 2. Suppose that f(z1,x2, -+ ,2,) is a multilinear polynomial over F' and
v=(Hy, --,Hp,) is a simple sequence of R. Then, (i) if v is even, then f(v) is
a diagonal matrix. (i4) if v is odd, then f(v) = hey for some h € S and [ # .

Remark 1.1. Since f(z1,22, -+ ,Z,) is not central valued on R, by Fact 1.1,
there exists an odd simple sequence r = (z1, 2, - ,2,) of R such that f(z) =
f(z1,29,-+- ;) # 0. By Fact 1.2, we see that f(z) = ney, where 0 # n € F
and | #t. As f(x1,22, -+ ,x,) is a multilinear polynomial and F' is a field, we
may assume that n = 1. Now, for distinct 4, j, let o € S, be such that o(l) =i
and o(t) = j, and let x be the automorphism of R defined by

X(Z Cmqemq) = Z Cmqea(m)o'(t)v
m,q m,q

then f(x(z)) = f(x(21), -+, x(zn)) = x(f(x)) = nei;.

Fact 1.3. ([13, Lemma 1]) Let F' be an infinite field and s > 2. If Hy,..., Hy are
not scalar matrices in M(F'), then there exists an invertible matrix B € M,, (C)
such that any matrices BH;B™',..., BH,B~! have all nonzero entries.

Fact 1.4. ([12, Theorem 1]) Let R be a prime ring with an automorphism « and
an X-outer a-derivation d. Then any generalized polynomial identity of R in the
form ¥ (x;,d(x;)) = 0 yields the generalized polynomial identity ¥ (z;,y;) = 0 of
R for any distinct indeterminates x;, y;.

Fact 1.5. ([12, Theorem 1]) Let R be a prime ring with an automorphism o
and an X-outer a-derivation d. Then any generalized polynomial identity of
R in the form U(x;, a(x;),d(x;)) = 0 yields the generalized polynomial identity
U(x,9:, 2;) = 0 of R for any distinct indeterminates ;, y;.

2. Proof of Theorem 1.1

We begin with two propositions which will be used for the proof of our main
result.

Proposition 2.1. Let R be a prime ring with extended centroid C and f(x1,xa,
-, Tp) be a multilinear polynomial over C'. If (bf(xl, Zoy o &n)—f(a1, @0, -
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xTpn)c — f(x1, 29, ,xn)) e C, for any a,b,x1,x2, -+ ,x, € R, then either
f(x1, o, ) is central valued on R or b,c € C' and R satisfies the stan-
dard identity sy4.

Proof. Suppose neither f(x1,x2, - ,x,) is not central valued on R nor b,c ¢ C.
In both the cases, (bf(;vl,xg, s mg) — fT, 20, xn)e— fay, me, - - 7ar:n)) €
C' is a non trivial generalized polynomial identity for R. By [9, Theorem 2],
[(bf(a:l,xg,-~- X)) — fx1, @, s xn)e — f(xr, 20, - ,xn)),y] = 0 is also an
identity for RC. By Martindale’s theorem [19], RC is a primitive ring with
nonzero socle. Thus, there exists a vector space V over a division ring D such
that RC' is a dense of D-linear transformations over V.

If dimpV = oo, then by [24, Lemma 2], RC satisfies the following generalized
identity [(bx — zc — x),y] = 0. Suppose there exists v € V such that {v,vb}
is linearly D-independent. By density of RC, there exists w € V such that
{v, vb, w} is linearly D-independent and xq,yo € RC such that vzg = 0, v(bxg) =
w, vyg = 0, wyy = v. This leads to the contradiction 0 = v[(bxo—xoc—x0), yo] =
v # 0. Thus {v, vb} is linearly D-dependent for all v € V', which implies that b €
C'. From this, RC satisfies [—xc— x,y] = 0. As above, suppose that there exists
v € V such that {v,vc} is linearly D-independent. Then, there exists w € V such
that {v,ve,w} is linearly D-independent and there exist xg,yo € RC such that
vrg = v, vyg = 0, v(cyo) = —v This implies that 0 = v[—zoc — x0,y0] = v #0, a
contradiction. Also, in this case we conclude that {v, vc} is linearly D-dependent
forallve V,and so ce C.

Now, consider that dimpV is finite dimensional. In this case, RC is a sim-
ple ring which satisfies a non trivial generalized polynomial identity. By [23,
Theorem 2.3.29] RC' C M,(F), for a suitable field F. Moreover, M(F') satisfy
the same generalized polynomial identity as RC. Hence (b flz1, 0, ) —
flzi, o, yxp)e—f(a1, 20, - ,xn)) € Z(My(F)) forall z1,za,- -+ ,x, € M(F).
Let s > 2, otherwise we have noting to prove. Suppose that R does not satisfy
84. Since f(x1, 22, -+ ,Ty) is not central, by [18], there exist u1, ..., u, € Ms(F)
and v € F — {0} such that f(uy,...,u,) = yer;, with k # I. Moreover, as the
set {f(z1,...,2n) @ 1,...,2n € Ms(F)} is invariant under the action of all
F-automorphisms of M,(F), then for any i # j there exist x1,...,z, € M(F)
such that f(zq,...,z,) = €;;. Moreover, (be;; — e;;c — €;;) has rank at most 2,
that is (be;; — e;5¢ — e;5) = 0. Right multiplying by e;;, we obtain 0 = (e;;¢)e;;.
It follows that the (j,4)-entry of the matrix c is zero, for all 7 # j and this means
that c is diagonal, that is ¢ = ), pycyy with p, € F. If x is a F-automorphism
of M,(F), then the same conclusion holds for x(c) as (x(b)f(z1, 22, , %) —
flzi, o, yzn)x(c) — flay, 20, ,xn)) € Z(Ms(F)). Now suppose that i # j
and x(x) = (14 e;5)x(1 — e;5). Since x(c) = (1 + e;5)c(1 — e;5), then ¢ must be
diagonal with c; = c¢;j; and hence c is central element. Similarly we can show
that b is central in M (F). Therefore, in any case we get the conclusion that
both a and b are central elements of R. This completes the proof. O
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Proposition 2.2. Let R be a prime ring and f(x1,22, - ,%,) be a multi-
linear polynomial over C. If G is the generalized inner skew derivation as-
sociated with automorphism « of R such that (G(f(z)) — f(z)) € C for all
xz = (z1,22, - ,%,) € R, then either R satisfies s4 or f(x) is central valued on
R.

Proof. Since G is an inner generalized skew derivation induced by elements b, ¢ €
R and a € Aut(R), ie., G(z) = bx — a(x)c for all x € R, we see that R
satisfies (bf(ml,xQ, s xp) — alTy, e, s xn)e — f(xr, T, ,J;n)) € Z(R).
Firstly, we suppose that « is an X-inner automorphism of R,i.e., there exists an
element ¢ € Q such that a(x) = grg~! for all x € R. Moreover, it is easy to
see that the generalized polynomial ¥(z1,x9,: - ,x,) = (bf(xl,xg, N
qf (w1, 29, ,20)q e — f(wy, 20, ,xn)) is a generalized polynomial identity
for R.

If {1,q ¢} is C-linearly independent, then ¢(xq, 2, -+ ,x,) is a non-trivial
generalized polynomial identity for R. It follows from [9] that, ¢(x1,x2, -, zy)
is a non-trivial generalized polynomial identity for ). By the well-known Mar-
tindale’s theorem [19], we say that @ is a primitive ring having nonzero socle
with the field C' which is associated division ring R of (). By Jacobson’s theorem
[15, p. 75], Q is isomorphic to a dense subring of the ring of linear transforma-
tions of a vector space V over C, containing some nonzero linear transforma-
tions of finite rank. Assume that dimcV = co. By Lemma 2 of [24], the set
f(R) = {f(r1,r2,-+ ,ry)|r: € R} is dense in R. Since ¢(x1,x2, + ,2s) = 0
is a generalized polynomial identity of R, then @) satisfies the generalized poly-
nomial identity [br — qrq='c — r,s]. In particular for r = 1, [b —c — 1,5] is
an identity for @, ie., b—c—1 € C,say b = 1+ c+ 7 for some 7 € C.
Thus @ satisfies [(c + 7)r — grqg™1,s]. Once again for s = r, it follows that
Q satisfies [cr — qrq~'c,7]. Since R cannot satisfy any polynomial identity
(dimcV = o) and by [8, Lemma 3.2], we have ¢~ 1c € C, which leads to the
contradiction. On the other hand, if dimcV = k > 2 is a finite positive integer,
then Q =2 My (C). We may assume that ¢~ 'c is not a scalar matrix. Otherwise in
view of Proposition 2.1, we have done. By Fact 1.4, there exists some invertible
matrix B € My (C) such that each matrix B(qg 'c)B~!, B¢B~! has all entries
nonzero. Denote by ¢(x) = BxB~!, the inner automorphism induced by B.
Here ej; denotes the usual unit matrix with 1 in (h,1)-entry and zero elsewhere.
Since the set {f(ri,72, - ,ry) : r1,72, - ,rn € Ms(C)} is invariant under
the action of all inner automorphisms of R, we have ¢(b)r — ¢(q)ro(q~tc) —r
for all € f(R). Let us write ¢(q) = >, qnen and ¢(g 'c) = >, Pri€n
for 0 # qni,pu € C. Since e;; € f(R) for all ¢ # j, for any i # j we
have [p(b)ei; — d(q)eijp(q 1 c) — ei5,€i;] = 0.Therefore, we can easily see that
qjipj; = 0, which is a contradiction.

In case, if {1,q ¢} is C-linearly dependent, i.e., ¢~'c € C, then we have done
by Proposition 2.1. So we may assume that « is X-outer. Since R and @ sat-
isfy the same generalized polynomial identities with automorphisms [10], then

1
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¢(x1ax27 e ,l‘n) = [bf($1,32‘2, T ’xn) - Oé(f(ﬂ?l,l‘z, e axn))c - f(1'1,.732, )

Zn), s] is also satisfied by @. Moreover @ is centrally closed prime C-algebra. In
view of Proposition 2.1, we may assume that ¢ # 0. In this case, by [11, Main
Theorem)], ¢ (x1, 2, , T, ) is a non trivial generalized identity for R and Q. By
[16, Theorem 1], we deduce that RC has nonzero socle and @ is primitive. Since
« is an outer automorphism, then any (z;)*-word degree in ¥(x1,xs9, -, zy)
is equal to 1, by [11, Theorem 3|, Q satisfies the identity [bf(z1, 22, - ,2n) —
fa(yl,y% T ,yn)c_f(xl»x% T 7xn)7 S] where fa(mhl'% e ,.’En) is the p01yn0_
mial obtained from f(x1, 2, - ,z,) by replacing each coefficients p with a(u).
In particular, @ (and so also R) satisfies the generalized polynomial identity
[bf(x1,22, -+ yxn)— f(z1,22, - ,Zpn)c— f(x1,22,  ,Zy), s]. In view of Propo-
sition 2.1, we obtain the required conclusions. O

Proof of Theorem 1.1 For any skew derivation d of R, we have generalized skew
derivation G of the form G(x) = bx + d(z) for all z € R and b € @),. Let us put
f(1, 20, 20) = D e HoTo(l) " To(n), Where p, € C. By [12, Theorem],
we know that R and @, satisfy the same generalized polynomial identities with
a single skew derivation. Thus @, satisfies U(x1,xa, - , &y, d(z1), - ,d(2s)) =
bf(x1, 22, yxn) +d(f(z1, 22, ,2n)) — f(x1,22, -+ ,x,) € C. Since G is X-
inner, then d is X-inner, i.e., there exist ¢ € @, and o € Aut(Q,) such that
d(z) = cx —a(x)c for all z € R. Hence G(z) = (b+ ¢)x — a(x)c and we conclude
by Proposition 2.2.

Now, we assume that d is X-outer and o € Aut(Q,) is associated auto-
morphism of d. Further we assume that f(x1,xo, - - ,2,) is not central val-
ued on R. We denote by f(x1,22, -+ ,2,) as the polynomial obtained from
f(z1,xa,- -+ ,x,) by replacing each coefficient p, with d(u,). It should be re-
marked that

+alpe) ) Ton) To)dTo(41))Ta(j4+2) ** To(n)-

So, we have

g(f(mlax%"' 7xn)) - f(xlvx%"' axn)

:af(x17x27"' 7$n) +fd(x171"27"' 7'rn)

+ Z a(lucf)

€Sy

n—1
X Z a(mo(l) T xo(j))d(xo(j+l))xa(j+2) To(n) T f(x1, 20, 2p) € C.
=0
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Since Q, satisfies ¥(z1, 22, ,Zn,d(x1), -+ ,d(zy)), by Chuang [10, Theorem

1] it follows that R satisfies ¥(x1,x2, - ,Zp, Y1, " ,Yn), i-€.,
af(xl,l'g, T ,an) + fd(x17x27 T axn)
+ Z (o)
oES,
n—1
X Z 04(%(1) o '%(j))yn(y‘+1)$a(j+2) To(n) f(wy, 20, wp) € C.
§=0
Now, suppose « is X-inner, say a(z) = qvqg~! for all z € R and for some

invertible ¢ € Q. Then by the hypothesis and by Fact 1.4, we have

af($1,$2,"' ,Z‘n) +fd(x17x27"' a-rn)

+ > qpeq

og€eSy

n—1
X Z(J%u) : "xo(j)qilya(j-i-l)xo(j-&-Q) o To(n) T flxi, 20, y2,) €C,
j=0

forall x1,x2,  * ,Zn,Y1,Y2, " ,Yn € R. In particular, by takingy; =yo =--- =
yn = 0, we see that af(z1, 22, -+ ,2,) + fH w1, 20, -+ ,20) — f(T1, 29, , ) €
C for all x1,x9, - ,z, € R. Therefore

q Z Zxau) S Te(o1)d Yo () To(i41)  Tan) € C,

o€Sy j=1

for all 1,9, -+ ,Tn,Y1,Y2," * ,Yn € R, and hence for all z1, 9, -, Tn,y1, Yo,

-, Yn € @, as R and @ satisfy the same generalized polynomial identities. Re-
placing y,(j) by q[2, 24(;)] in the last identity, we obtain q[z, f(x1, 22, -+ ,z,)] €
C, for all z1,xq, -, 2, € Q. First we see that, if ¢z, f(z1, 22, ,2,)] =0 for
all 1,29, -+ ,x, € Q, then f(x1,29, -+ ,x,) is clearly central valued on R as
g € Q is invertible. On the other hand, if ¢z, f(p1,p2, - ,pn)] # 0 for some
D1,D2, . Pn € @, then by [6, Theorem 2], we conclude that R satisfies s4, the
standard identity in four variables.

Finally, we assume that « is X-outer. Then by the hypothesis and by Fact
1.5, we have

a'f(xlyx27"' axn) +fd(l'1,.732,"' 7In)

+ Z (o)

oESy

n—1
X Z 2o(1) " Zo() Yo G+ 1) Ta(j+2) ** Ta(n) — f(21, T2, ,20) € C,
=0
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for all Ty, @9, , Tn,Y1,Y2,"** ,Yn, 21, 22, - , 2n € R. In particular, by taking
Y1 =y2 = -+~ = yn = 0, we see that af(x1,za, -, xn) + (21,22, - ,2n) —
flz1, 2z, ,x,) € C for all 1,29, ,x, € R. Therefore

D o) 2e)  Zo(-) Yo (NTa(+1) *** Tan) € C;
oES, j=1

for all 1,22, ,Zn,Y1,Y2, " ,Yn, 21,22, - , 2n € R. Replacing Zo(j) BY To(j)
and Y, (;j) by [2, %,(;)], We obtain

[zvfd(xthv e 7xn)] S C,

for all x1, 29, -+ ,2n,2 € R. Therefore f4(xy, 9, -+ ,x,) is central valued on
R or by [2, Theorem 2] R satisfies s4. If the first possibility holds then clearly
f(z1,xa,-+- ,x,) is central valued on R, a contradiction. Therefore R must
satisfy s4, the standard identity in four variables. This completes the proof.
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