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A NEW CONSTRUCTION OF BIENERGY AND BIANGLE IN
LORENTZ 5-SPACE

TALAT KORPINAR AND YASIN UNLUTURK™

Abstract. In this study, we firstly compute the energies and the angles of
Frenet vector fields in Lorentz 5-space L°. Then we obtain the bienergies
and biangels of Frenet vector fields in IL° by using the values of energies
and angles. Finally, we present the relations among energies, angles,
bienergies, and biangles with graphics.

1. Introduction

Lorentz space-time helps to fill the gap between one of the major mathemat-
ical and physical topic known as general relativity and differential geometry by
introducingLorentzian geometry. Expressing relativity theory in terms of this
state of art geometry enables us penetrating into not only some of the well-
known and newly developed physical concepts such as gravitational dilation of
time, length contraction, cosmology, black holes, string theory etc., but also
some traditional geometrical topics [15].

On the other hand on account of Lorentz space, we may employ methods
of hyperbolic geometry to generate the calculations easier. In particular, full
possibilities of field equations of Einstein by negative cosmological constant
may be resolved in Anti de Sitter space. It is both the hyperquadric of semi
Euclidean space with index 2 and a maximally symmetric. Therefore it is
significant to research in Anti de Sitter space since it has a important position
on general relativity which try to cope with the theory of energy and subject
agreement [2]. Some studies of curves have been seen in higher dimensional
Lorentzian spaces such as Lorentz 5-space, Lorentz 6-space, and Lorentzian
n—space [5, 6, 16].

The study of computing an energy of given vector field depending on the
structure of the geometrical spaces has become more popular research area
recently [12, 13, 14, 17]. For instance, the energy of distrubutions and corrected
energy of distrubutions have been investigated on Riemannian manifolds [3, 4].
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Energy of Frenet vector fields for a given nonlightlike curves has been computed
by Altin [1]. Korpmar [8], discussed timelike biharmonic particle’s energy in
Heisenberg spacetime. Some characterizations of energy have been studied by
some authors [9, 10, 11].

The organization of the manuscript is prepared as follows: in Section 2, we
state fundamental definitions for Frenet vectors in Lorentz 5-space firstly. In
section 3, we recall interpretation of geometrical meaning of the energy for
vector fields. In Section 4, in the light of given information we compute the
energy and angle of Frenet vectors defined on the Lorentz 5-space and show
their close relations with the bienergies and biangles. In Section 5, we present
the relations among energies, angles, bienergies, and biangles with graphics.

2. Metric and Frenet frame field in L°

Let y = (Y1,Y2,Y3,Y4,Ys), z = (21,%2,23,24,25) be two vectors in a five
dimensional real vector space

R5 = {y = (yl,y25y37y47y5) Y S R7 (7' = ﬁ)} 5

then, pseudo scalar multiplication of y and z is defined as

(y,2) = —y121 + S0y yizie

In this case it is said that real vector space R? with the above metric defines a
new geometrical structure called as Lorentzian 5—space with index 1 and it is
denoted by L° [16].

For any vector y in L has different characteristics with respect to value of
given metric. That is,

y is spacelike if (y,y) is positive or y = 0,
y is timelike (y,y) is negative,
y is lightlike (y,y) is zero.

A new type of characterization in spacelike and timelike vectors can also
be described in case of necessary conditions hold. These definitions can be
extended to curves in L® naturally [7, 16].

Definition 2.1. Let o be a unit speed non-null curve in L2. The curve is
said to be the Frenet curve of osculating order 5 if its 5th order derivatives are
linearly independent. For each Frenet curve of order 5, one can associate an
orthonormal 5-frame {V1, Vo, V3, Vy, Vi5} along o which is called the Frenet
frame and the functions k; : I — R; 1 < i < 4 are called the Frenet curvatures,
such that the Frenet formulas are defined in the usual way

Vv, Vi =02k Vs,

Vv, V2 = —01k1Vi+03k2 V3,
Vv, V3 = —02kaVa+0o4k3Vy,
Vv, V4= —03k3V3 + 05k4 Vs,
Vv, Vs = —04k4Vy,
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where g; = <V17Vz> = :l:l, [16]
Also, the i th curvature function m;, 1 < i <5 is defined ([5]) by

0, i=1

0102 .
m; = hy =2

[@(miq) +oi—ami_oki—s], 2<i<5

Definition 2.2. A non-null curve « is called a W—curve (or helix) of rank
5, if a is a Frenet curve of osculating order 5 and the Frenet curvatures k;,
1 <4 <5 are non-zero constants [6].
Definition 2.3. Let a be a non-null curve of osculating order 5. The
harmonic functions
Hi: I =R 1<4<4,
defined by
k
Ho=0,H1 =1,
2
o, )
My = {Vvi(Hj1) + 0jaHjok;} == 2 < j < 4,
j+1

are called the harmonic curvatures of o where k;, for 1 < i <5, are Frenet
curvatures of o which are not necessarily constant [6].
Proposition 2.3. Let o be a curve in L° of osculating order 5. Then, the
Frenet formulas in terms of harmonic curvatures are given as follows
Vv, Vi =02kaH1 Vo, .
Vv, Va = —01k2H1V1+037_71V3,
1
k1 H)
—Vo+0400—Vy4,
4, 2 TOao2g Ve

’Hi 7‘[27’[’2 + (710'27'[17'[/1
Vv, Vy=— —V
v, V4 0302H 3+ o503( T

7‘%27‘[’2 + 0'10'27'[17’[/1
)V4a
HoHs

where H;, for 1 <i < 4, are harmonic curvatures of « [7, 16].

(1) VV1V3 = —09

)V57

Vv, Vs = —0403(

3. Energy and angle of frame fields of a curve in L°

Definition 3.1. For two Riemannian manifolds (M, p) and (N,H), the
energy of a differentiable map f: (M, p) — (N,H) can be defined as

(2) energy (f) = % fM Sov_yH(df (eq),df (eq)) v,

where {eq} is a local basis of the tangent space and v is the canonical volume
form in M [3, 4].
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Proposition 3.2. Let Q: T (TIM) — T'M be the connection map. Then
following two conditions hold:

i)woQ =wodw and wo Q = wow, where & : T(TlM) — T'M s the
tangent bundle projection;

ii) for 0 € T,M and a section & : M — T M; we have the following equality

3) Q (d€ (0)) = V&,

where V is the Levi-Civita covariant derivative [3, 4].
Definition 3.3. For ¢, € T¢ (TlM) , we define

(4) ps (s1,62) = p(dw (s1),dw (s2)) + p(Q (s1), Q (c2)) -

This yields a Riemannian metric on TM: As we know, the metric pg is
said to be the Sasaki metric that also makes the projection w : T'M — M a
Riemannian submersion [3, 4].

Definition 3.4. ([1].) Angle between arbitrary Frenet vectors is given by
the following formula

A(Vi) =[5 IVv, Vil| du.
4. Bienergy and biangle of the frame fields of a curve in L°

Definition 4.1. Let X be a vector field in L°, then the bienergy of the
vector field X is defined as the formula

(5) energys (X) = [; ps (V4, X, V%, X) ds.
Definition 4.2. Biangle between arbitrary Frenet vectors is given by

Theorem 4.3. Let {V1, V3, V3,V Vi5} be the Frenet frame fields of a
non-null curve o in L°. Then, the energy of each field of this frame is, respec-
tively, stated by using Sasaki metric as follows

1 s
energy (Vi) = =(so1 + fo ook3H3ds),

2

1 s k2
energy (Vo) = 5(so1 + Jy (o1k3H + 03H—12)ds),

1

1 s k‘2 rH/ 2
energy (V) = L (s01 + [ (020 + 0, P4 )

1 (M2 HoHly+ oroa oM,

s g10
energy (Vy) = 5(501 + [, (o3 7-[12 + o5 (22 7-1,271-[32 LL)2)ds),
2
HoHl + or09H1HY

ernergy (V) = 5 (son + [ (a2 2020 gy

Proof. We prove only the energy of the tangent vector Vi. The energies

of other vector fields can be computed if the same method is followed. From
(2) and (3) we know
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(7) energy (Vi) = %f; ps (dV1(V1),dVi(V1))ds.

Using Eq. (4) we have the Sasaki metric

(8) ps (dV1(V1),dVi(V1)) = p(dw(Vi(V1)),dw(V1(V1)))
+p(Q(V1(V1)), Q(V1(V1))).
Since V1 is a section, we get
d(w) od(V1) =d(wo Vi) =d(id¢c) = idrc,
then, the equation (8) turns into

) ps (dV1(V1),dV1(V1)) = 14+p(Q(V1(V1)),Q(V1(V1)))
= 1+p(VV1V1, VV1V1).

Using (1) in (9) and then substituting (9) into (7), the energy of the tangent
vector field is obtained. The energies of other frame fields can be computed
with similar methodology.

Theorem 4.4. Let {V1, V2, V3, V4, Vi5} be the Frenet frame fields of a
non-null curve o in L. Then, the angles of Frenet vectors are, respectively,
gilven as

A(Vl) = fos |O’2]€2H1|d8,

AV) = i ok + ot | s,

(10) A(Vs) =[5 (027’2 +o4 (Zl;) " ds,
A(Va) = [ |os (7,;51%)2 + 05(7{2%/2 ;;’;;2%17-1/1 )? ’ ds,
A(Vs) =[5 04(7-[27{’2 ;;1{22%1%/1)2 ds.

Proof. By Def. 3.4, the results in (10) are straightforwardly obtained in
L5.

Theorem 4.5. Let {V1,V2, V3,V 4, V5} be the Frenet frame fields of
a non-null curve o in L°. Then, the bienergy of each field of this frame is,
respectively, stated by using Sasaki metric as follows

1 s
energys (Vi) = = (so1 + [, (o1kaHi + o2((kaH1) )2 +0o3(kek1)?)ds),

2
1 s N2 24,2 k% 2
energys (V) = 5(s01 + Jo (01((k2H1)")? + oa(0102k3HT + 020’3*%2)
1
os(Ly g2 Py g
Hq Hi Ho ’
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1 s k
energyz (Vs) = 5(501 + Jo (o1 (5 koM )? + 02((7_71)')2

/ 1 /

Hl 2\2 1\7\2
7_72) )e+oa((7)")
))?)ds),

+03((03020402 + 0302)(
’Hl(
Ho

HoHy + o109 H1H)
HoHs

+o5(

energys (Vi) = ; (so1 + fo oo 77)2 +o3((3~ ) )?

HH +00HH H
e oG

7‘[27‘[2 + 0102H1H1
d
roota g,

HoHl + or09H1HY ﬂ 9
HQH?, HQ

HQHIQ + 010'27‘[17{’1 )/)2
HaH + P
TR

Proof. First we calculate second order covariant derivative of each of Frenet
field by using the equation (1) as follows:

+o4(o504(

+05((

energys (Vi) = %(801 + fOS(US((

+oa((

+05(

VV1 Vlel = —UlagkgH%V1 + Ug(szl)/V2+0'302]€2k1V3,
k2
VViVvi Ve = —ou(keHa) Vi = (102K H] + 02007 Va
k1 ki H,
A% — 1y
+03(H1) 3+U40203H1,H 45
k1 k1 1\2
Vv,Vv, V3 = 01027_77627'[1‘71—02(% ) Vo — (03020402+0302)(,H2) \E!
H HY HoHb, + or09H1 H),
(11) +0402(H2)V4+050304U2H2( 2 27_[2;{32 ! 1)V5,
H Ky H ., HoHby + oro9H1H]
Vv,Vv, V4 = o03———V4y— —)'V3—
V;VVv; Vi ,H2 M 2 0302(H2) 3 — (0504( HoHs )
H HoHy + o1o9H1HY
Vv A%
+04U3(H )3 V4 + o505( ot )" Vs,
! / !
Vvl VV1V5 _ 0_20_4(7'[27'[2 ;0'71-[(727‘[1%1 )#Vg . 0_40_3(7'[27'[2 ;O’;{O’QHlHl )/V4
2H3 2 2H3
7‘[27‘[/2 + 0’10'27'[17'[/1 2
o V.
0504( ot )"V

As similar to the proof of Theorem 4.3., we find the Sasaki metric for the
tangent vector field Vy

(12) ps (AV1dV1(V1),dV1dV1(V4)) = 14p(V%, V1, V3, V1),
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Using (11) in (12) and then substituting (12) into (5), the bienergy of the
tangent vector field V is obtained. The bienergies of other frame fields can be
computed with similar methodology.

Corollary 4.6. Let {V1,Va, V3, Vy, V5} be the Frenet frame fields of a
non-null curve o in L°. Then, the conditions for the bienergy of each field of
this frame is to be fixed are given as follows:

(13)
Cflké'H% + UQ((kQHl)/)2+03(k2k1)2 =0,

k3 k1 k1 H
k N2 kz 2 771 2 O
o1((k2H1)')? + o2(0102k3 H] +U2US7—L2) +U3((H1)) +04(%1 Hg) ;
/ /
0'1(?2-[]€27:}[—2)H+:2((Z7j )/H—F 0'3((0'30'20'40'2 + 0302)(%)2)24—0’4((%)/)2
1 2719 T 010271171
=0
o5 (g B < o,
H/ kl H/l N2 HQH/2+0'10'2H1H/1 2 Hll 2\2
(7-[ 7-7[_[7{) 103((%2;{) + o4(0504( HoHs ) +0403(H2))
27l T 010271171
'HQH/Q-FUlJQHlH/l 'H/ H2H§+01027{1Hl1 ,
S, H)H 2+ oa(FERS L)
oHy + or1o2HIH,
+U5( HoHs ) =0.

Proof. By taking the norm of each of frame vector fields in (11) and
equaling zero, we obtain the conditions for these fields to be fixed.

Theorem 4.7. Let {V1,V3,V3, V4, V5} be the Frenet frame fields of a
non-null curve a. Then, the biangles of Frenet vectors are given by

A2(V1) = [J(01k3HE + ou (ko)) 403 (kakn)?) 2 du,

s k3 k
Az(Va) = [ ((01((kaH1))? + 02(0102k3H? + 0203 HQ) +o3(( H11>)
ky HY o
b2 L),
(14)
s ky ky 7'[/1 2)2
Az(Vg) :fo (0‘1(7_[71]627'[1) +0’2((,H )) +03((0'3020'40'2+0'30'2)(H2) )
,Hi/l N ﬂ H2H2+0102H1H1 o\ 1
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IHl k1 9 Hl 7‘[27{/24-01027'[17‘[/1 9
H = Jo (oa( 7-{ 7;l_L)HJFEB((?_LH);{+<74(Usff4( T Hs )
1\21\2 2719 T 010271171 1
+a4og<H2>> +og((MHL T 23,
s 7‘[27‘[/2 + (71027{17{1 'H/l 7‘[27‘[/2 + 01027{1%1
= Jo (o3(( )7 )? + aa(( )')?
HoHs H HoH
H2H2+0102H1’H1 ’ 2
+o5( T Hs ) ) 2 du.

Proof. Rewriting the second order covariant derivatives obtained in (11)
into the formula (6), we have the results in (14).

5. Application

In this section we transmit our geometric understanding of the energy for
different type of particle into graphs for different cases. By doing this practice
we have a chance to observe differentiation of the energy of the particle with
respect to time and different curves.

Energy and angle of Frenet vectors {V1, Vo, V3, V4, V;5} are drawn for our
particles in Figures 1,2, respectively,

Figure 1

Bienergy and biangle of Frenet vectors {Vy, Vo, V3, Vy, V5} are drawn for
our particles in Figures 3.4, respectively,

6. Conclusion

In this research, we obtained the energies and the angles of Frenet vector
fields in Lorentz 5-space L5. Then we found the bienergies and biangels of
Frenet vector fields in L® by using the values of energies and angles. Finally,
we presented the relations among energies, angles, bienergies, and biangles with
graphics.
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Figure 2
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