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Lp—TYPE INEQUALITIES FOR DERIVATIVE OF A POLYNOMIAL

IRFAN AHMAD WANT*, MOHAMMAD IBRAHIM MIR, AND ISHFAQ NAZIR

ABSTRACT. For the polynomial P(z) of degree n and having all its zeros in |z| < k,
k > 1, Jain [6] proved that

+ ‘C ‘kn—‘rl
max |P'(2)| > n |CO| i max | P(z)].
‘Z‘:)ﬂ (2)] > lcol (1 + k") + [ep| (AT + k27) |z|:§‘ (2)]

In this paper, we extend above inequality to its integral analogous and there by
obtain more results which extended the already proved results to integral analogous.

1. Introduction and statement of results

Let P, denote the space of all algebraic polynomials of the form P(z) = > " ¢;2?
of degree n and let P'(z) be its derivative. The study of inequalities for different
norms of derivatives of a univariate complex polynomial in terms of the polynomial
norm is a classical topic in analysis. A classical inequality that provides an estimate
to the size of the derivative of a given polynomial on the unit disk, relative to size of
the polynomial itself on the same disk is the famous Bernstein inequality [2]. It states

that: if P(z) is a polynomial of degree n, then on |z| =1,

(1) max |P'(z)| < n max |P(2)]|
z|=1 z|=1
Equality holds in (1) if and only if P(z) has all its zeros at the origin. Concerning
the maximum of |P’(z)| in terms of maximum of |P(z)| on |z| = 1, Turdn [11] showed
that, if P € P, and P(z) has all zeros in |z| < 1, then

n

2 max | P'(z)| > — max |P(2)|.

@) nax | P/(2) 2 % max [P(2)

Equality in inequality (2) holds for those polynomials P € P, which have all their
zeros on |z| = 1. As a generalization of the inequality (2) Malik [7] proved that, if
P € P, and P(z) has all zeros in |z| < k < 1, then

P'(2)] > —— max |P(2)].
(3) max |P(2)] 2 7 max |P(2)
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The result is sharp and best possible for P(z) = (z + k)™. For P € P,, and P(z) has
all zeros in |z| < k, k > 1, Govil [3] proved that

/ > )
(4) glgflP @ 2 17 gl'gdP(ZN

The result is sharp and best possible for P(z) = 2" + k™. In 1991, Govil [4] further
improves the bound in (4) and proved under the same hypothesis that

{rillax |P(2)| + min yp(z)y}.

(5) max | P'(2)| > ax min

n
|z|=1 14+ km

The result is sharp and best possible for P(z) = 2" 4+ k™. Furthermore results in
this direction, one can consult the books of Milovanovic et al. [9] and Rehman and
Schmeisser [10] . Recently, Jain [6] obtained the following refinement of (4) by using
the classical generalization of Schwarz Lemma.

THEOREM 1.1. If P € P,, and P(z) has all zeros in |z| <k, k > 1, then
+ |en k™

6 P > ol P,

(6) Ei}ﬂ ()l = n]co\(l + k) 4 [ | (L + K20 l‘ai’ﬂ (2)]

The result is sharp and best possible for P(z) = 2" + k™.

We know that from the analysis that if P € P, then for each p > 0

9 1
1 s
lim {— /
p—00 27T 0

p_ )P
d@} = max | P(z)].
Malik [8] obtained a generalization of (2) in the sense that the left - hand side of (2)

P (eiG)

is replaced by a factor involving the integral mean of |P(z)| on |z| = 1. In fact, he
proved that, if P € P, and P(z) has all zeros in |z| < 1, then for each p > 0
1 1

1+6i0

pd@}5 max | P'(2)].

|z|=1

(7) n{/:w P () (pde}g < {/0%

If we let p — oo in (7), we get inequality (1.2). Aziz [1] obtained the generalization
of inequality (4) which is similar to (7). In fact he proved that if P € P, and P(z)
has all zeros in |z| < k, k > 1, then for each p > 0

(8) n{ /:W P () ‘pde}p < {/0%

If we let p — oo in (8), we get inequality (4).

de}p max | P'(z)].

|2]=1

1 + kneie

2. Main Results

In this paper, we shall prove some L, — type inequalities for polynomials. We shall first
prove a result that generalizes Theorem 1.1 as well as extends to its integral analogous
and there by obtain more results which extended the already proved results to integral
analogous. First, we prove the following result, which is L, extension of Theorem 1.1.



Lp—Type Inequalities for Derivative of a Polynomial e

THEOREM 2.1. if P € P, and P(z) has all zeros in |z| < k, k > 1, then for p > 0

([

1

TERY: o] + [ k!
P do " > !
(e”) } =Mool (Lt k) & Jen] (RF + k20)

AL )

P(ew)

P p
d@}

REMARK 2.2. If we let p — oo in (9), Theorem 2.1 reduces to Theorem 1.1.

~—~
Ne)
~—

Next, we prove the result which generalizes the Theorem 2.1. In fact we prove

THEOREM 2.3. If P(2) = 377, ¢;2’, (0 <m < n) of degree n, having all its zeros in
2| <k, k> 1, then
1
NOAL: (2 = ) e 7 + a7
P do " >
(6 ) } _n<n — m)]cmy(/{m + knJrl) + nycn‘(knJrl + anfm)

15 |
(10) X{A% pw}g

REMARK 2.4. For m = 0 in (10), we get Theorem 2.1.

P(eie)

Further, we prove the following theorem as an application of Theorem 2.1.

THEOREM 2.5. If P € P,, and P(z) has all zeros in |z| < k, k > 1, then for 0 <t <1
and p > 0

1

{é%dpﬁﬁﬂ—mmYd@ﬁ>n ol + (ea] — tm)km+

— el (U4 B + (Jen| — tm) (R 4 E27)

(11) X{A%

Where m = min). P (z).

SRl

f%ew)-Mnrda}

REMARK 2.6. For t =0 , Theorem 2.5 reduces to Theorem 2.1.

REMARK 2.7. If we let p — oo in (11) we get the refinement of Theorem 1.1.

3. Lemmas

In this section we present some lemmas which will be needed in the sequel.
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LEMMA 3.1. Let T'(z) be polynomial of degree n, having all its zeros in |z| < 1 and
let R(z) be a polynomial with its degree < n, if
[R(2)| < [T(2)],]2[ =1
then for 0 < s <n
(12) [R2(2)] < [T°(2)], 2] = 1
where R*(z) and T*(z) be the s derivative of R(z) and T(z).

The above lemma is due to Jain [6].

LEMMA 3.2. If P(z) is a polynomial of degree n, having all its zeros in |z| < 1 then
for |z| =1

(13) Q'(2) < [P'(2)]

Where Q(z) = 2"P(1/z).
Proof of Lemma 3.2: It can be easily verified with the help of Lemma 1.

LEMMA 3.3. Let f(z) be analytic in |z| < 1, with f(0) = a and |f(2)] < M, |z] < 1.
Then

(14) ()] < u B ol

— < 1

Lemma 3.3 is a well - known generalization of Schwarz’s lemma (See [ [12], p. 212])

LEMMA 3.4. Let f(z) be analytic in |z| < 1, with f(0) = a and |f(2)| < M, |z| < 1.
Then

(15) £(2)] < u LB E Dl

_ <1.
DEEST

Proof of Lemma 3.4: It easily follows from lemma 3.3.

LEmMA 3.5. If P € P, then forp >0, R> 1,

o {[ e

|=

D P 2m
P(Rew)‘ d@} < R {/
0

Lemma 3.5 is a simple deduction from a well known result of G. H. Hardy [5].

P(eie)‘pde}p .

4. Proof of Theorems

Proof of Theorem 2.1: Let Q(z) = 2"P(1/z), then P(z) = 2"Q(1/z) and it can be
easily verified that for |z] = 1,
|Q'(2)| = [nP(2) — 2P'(2)]
which implies by triangles inequality
(17) [P'(2)] + |Q'(2)] = n|P(2)|
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Let F(z) = P(kz) be a polynomial of degree n, having all its zeros in |z| < 1 and
G(z) = 2"F(1/z)

= k" (Z)n F(1/z)

0

is a polynomial of degree < n, with |G(z)| = |F(z)|, |2| = 1. Therefore by Lemma
3.2 we can say that

(18) G’ < F'(2)], |2l = 1.

Using (18) we can say that a zero z; { with |z;| < 1 and multiplicity m; }, of F'(z)
will also be a zero, with multiplicity (> m;), of G'(2), thereby helping us to write

(19) F'(z) = ®(2)F1(2)
(20) G'(2) = ®(2)Gi(2)
where
(21)
= I, F'(2)#0 on |z|=1

(=) = { Pi(z=z)™, lzl=1 Vj, F'(2) has certain zero,on |z| =1
(22) Fi(z) #0, |z]=1
and by (18), (19) and (20)
(23) Gi(2) < [Fi(2)], 2] = L.

Since F'(z) has all its zeros in |z| < 1, we can say by Gauss- Lucas theorem that F”(z)
has all its zeros in |z| < 1. Therefore by (18),(21) and (22) we can say that

Y5

is analytic in |z| > ", ( for certain 7', with (0 < 7’ < 1) ), including oo and accordingly.

(24) f(z) =1 (1> :

z
with
(0) = W(o0) = Jim ¥(:)
lim ¢'(z)
T 2500 F’(z)
)
(25) =

Further |U|(z) <1, |z] =1 by (23) and therefore
(26) ()<L 2l =1
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which by (25) and Lemma 3.4 helps us to write

2l + i
fE < = <1
i llzl+ 1

that is, for z =re?, r <1, 0<60<2r

|en| B + | col
27 re’ nl® 7T R0l
( ) }f( )| — ‘CO’r—i_‘cnlkn
by (24) and for 0 <r <1land 0 <6 <27

1 .
] (_619)
r

which implies, for R > 1 and 0 < 0 < 27

|cn|E™r + | col
~ leo|r + |en|E

o (o < lealk+ Il
V(B < R

—i0 |Cn|kn+ |CO|R
= ‘Gl (Re )‘ < lco| + [cnlE"R

-] < el K™ + |co| R |
|C()| + |Cn|k’nR

k"™ + |col| 2]
= |G (2)] < €
&< T e

7 (Re )

, R>1and 0<60 <27

:‘G'(Re F'(Re_i9)|, R>1and 0<60<2r

[F' ()], |2l =1

that is

e cn K™ + |col|2
e () 2R o, 1421

By taking z = ke®, we get

_ -3 ‘Q'( i0 ‘ < |cn K"+ o |

k’2 19 0< 9 <9
o] + [cn] K ” SV

which implies
1

1
21 D n—1 27
o[ aeral < el ozoz

and therefore by lemma 3.5,
(28)

1
2n . P Jeal B 4 el o » v
(e [Pagy < / P (e ”de} . 0<h<2
{[Cleenpaf” < et [T eop i}’ o<o<on

Also by (28) and for z = ¢, 0<0 <27
|P'(e”)] + |Q'(e”)| > n|P(e”)]

|=

which implies
1

{/O%HP/(QM)}”Ql(ew)upd@};2”{/02W|P(6”)}pd9} , 0<f<2r

SRl
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by minkowski inequality
1 1 1

{/0% !P'(ei")\pde}; - {/0277 Q@ () }pde}g >n {/:ﬂ P (eie)\”de}; C0<f<or

using (28), we get

{0

1
D + |Cn|k”+1)
P/ 7 ‘ dg > n(|C0|
() } = Tl (L R ) Jen (R )

1
27 ] P
(29) < { / P ”d@}
0
This proves Theorem 2.1 completely. O
Proof of Theorem 2.3: Since the P(2) = 37 ¢;27, (0 <'m < n) of degree n, having
all its zeros in |z| < k, k > 1, then the function
G'(2)
A\z) =
“ =)

(TL _ m)mkmznfmfl 4+ —Cn_lk,nfl

ne k24 oo+ e kmmazm1

(30) =

where F(z) and G(z) are defined in Theorem 2.1, are analytic in 1 < |z] < oo as well
as in 7’ < |z| < 1, for certain r/, with (0 < r’ < 1)

Let
1 1
F2) =A0), (0<lzl <1, 0<fef <)
(7’1, )kam +Cn71kn 1 n—m—l
=" nep k™ 4+ - - - + e kMmmznT™m
(31) =2"S(2), (say),
with
(n —m)e, k™
2 = =d.
(32) S .
And
1
(33) S(z) = fz(j), 0<lsl<1,0<el <)
(34) S(2) = lim S(0), Jo| = 1,
(—z

Since S(z) is analytic in |z| < 1, by (30), (31) and (32) and S(z) is continuous in|z| < 1
by (33) and (34), which implies S(z) is analytic in |z| < 1. Hence
1S(2)[ <1, [zl <1
Applying Lemma 3.3 to S(z), we get
2] + |d]
1S(2)| < T

, 1z < 1,
puEr
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which by (33), implies that

21+ 1d)
2)| < |z|"———, 0 < |2| < 1,
[f(2)] < I] T+ 12 2|
and therefore,
21 +Id
2)| < 2| ————, 2] < 1,
[f(2)] <4 T2l 2|
as well as by (26)
|z + |d|
2)| < 2| ———, 2] <1,
[f(2)] < || T+ 120 2] <

le.
n|c, k"™ + (n — m)|cp k™ r™
n|e,|k™ + (n — m)|ep, |k™r

[f(re”)] <

on repeating the steps from (28) to (29), which immediately leads to desired result

0 |
(35) x {/O% pd@}i.

This completes the proof of Theorem 2.3. completely. O]

Proof of Theorem 2.5: Let P € P, and P(z) has all zeros in |z| < k, k > 1. If P(z)
has a zero on |z| = k, then m = min|, -, P(z) = 0 and the result follows from Theorem
2.1 in this case. Henceforth, we suppose that all the zeros of P(z) lie in |z| < k so
that m > 0.

7 TSl?

. _ m n+1
P,(ew)’pdg}pm (n = m)len K™ + nleq K

(TL _ m>|cm|(km + k;n-i—l) + n|cn|(kn+1 + k?n—m)

P(ew)

Since m < |P(z)| for |z| = 1, therefore if § is any complex number with |5| < 1, then
for |z] = 1 we have

(36) [mpB="| < |P(2)|

Since all the zeros of P(z) are |z| < k, k > 1, it follows by Rouche’s Theorem all the
zeros of P(z) — mfBz" are |z| < k, k > 1. Hence, by Theorem 2.1, we have for any
p>0,

0
AL

|C()’ +ka’n+1
|CO|(1 +kn+1) +:L‘(k;n+1 +]€2n)

1
ol
— ’CO‘(l + knJrl) + ‘Cn _ ﬁm‘<kn+1 + an)

Pl(eie) . an (ei(n—l)ﬁ)

P(e") — Bm (™) ‘pdé’}5 :

is non decreasing function of x, we

Since the function

have
(38)
|co| + |en — Bm|k" lcol + (lea| — [Bm)k"*
|col (1 + k) + |ep — Bm| (k™1 + k1)~ feo| (L + k™) + ([ea| — |Blm) (kmF1 + k2n)”




Lp—Type Inequalities for Derivative of a Polynomial 783

Also by triangles inequality , for |z| = 1, we have

(39) )P(z) — pmz"

> |P(2)| = |Blm

SR

Applying the argument of (38) and (39) to (37) respectively , we have
1
T o ' b lco| + (ea] — [BIm)E"*
Pl 10y i(n—1)0 ‘pdg} > 0 n
{/ (€)= fmn {57) =l T+ (eal = [Blm) (R -+ 727)
2 , P
(40) x{/ l%ﬁy—WWWM}
0
Now choosing the argument of § suitably on the left hand side of (40) such that for
|2 =1
(41) |P/(e%) = Bmn (¢00) | = |P'(e”)] = |Blmn

which is possible by (41), we get
1

2 -
o Y ol + (] — |Blm)k1
{/ (|Peey| = 161mn) ‘w} oL R (el = [8]m) (T 4 &)

(42) X{A%

Put |B| =t in (42), we get

D =

fmeW)-Vﬂnﬁpde}

2w o n+1

'/ 6 po\ P lcol + (Jcn| — tm)E™*
— >
{A (F“eﬂ tmn) M} ST L R ) + (o] — Em) (b1 + 27)

(43) X{A%

Where 0 <t < 1 and this completes the proof of Theorem 2.5 completely.

S

P(e) — tm’pdﬁ}
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