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ON SENDOV’S CONJECTURE ABOUT CRITICAL POINTS OF A
POLYNOMIAL

ISHFAQ NAZIR*, MOHAMMAD IBRAHIM MIR, AND IRFAN AHMAD WANI

ABSTRACT. The derivative of a polynomial p(z) of degree n, with respect to point «
is defined by Dap(z) = np(z) + (e — z)p’(z). Let p(z) be a polynomial having all its
zeros in the unit disk |z| < 1. The Sendov conjecture asserts that if all the zeros of a
polynomial p(z) lie in the closed unit disk, then there must be a zero of p/(z) within
unit distance of each zero. In this paper, we obtain certain results concerning the
location of the zeros of D,p(z) with respect to a specific zero of p(z) and a stronger
result than Sendov conjecture is obtained. Further, a result is obtained for zeros of
higher derivatives of polynomials having multiple roots.

1. Introduction

The Gauss-Lucas Theorem states that if D is the set of zeros of a polynomial

n

1) =T[G-=)

v=1

then every zero of the derivative f’(z) is contained in the convex hull containing D.
It should be noted that, the set D cannot be squeezed further in the sense that, no
proper subset of D) can be guarranted to contain even one zero of f’'(z). Given any
proper subset of D, one can easily construct a polynomial whose zeros and critical
points lie outside it, as can be seen in case f(z) = (z — 1)". Gauss-Lucas Theorem
considers relative position of all the zeros and the critical points of f(z). However,
there is a related question that deserves attention, namely given one specific zero z
of f(z), what can be said about a neighbourhood of z, that will always contain a
zero of f'(z). A possible answer is given by famous conjecture known in literature as
“Sendov Conjecture.”

Sendov Conjecture: If p(z) is a n'* degree polynomial having all its zeros in the
unit disk |z| < 1 and if @ is any one such zero, then the disk |z — a| < 1 contains at
least one critical point of f(z).
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This conjecture, in general is still an open problem. However, this has been observed
that the conjecture is true for some special class of polyunomials. In full generality,
the conjecture has been proved only for the polynomials of degree < 8 [3]. Also, the
conjecture is true for class of polynomials having a zero at origin.
Let us recall the famous Biernack’s Theorem [5, p. 227 | which asserts that, if in the
situation of Sendov’s conjecture, one of the closed unit discs centered at any one of the
n zeros contains all the critical points of f(z), then each of the remaining such n — 1
closed unit discs contains at least one critical point of f(z). This substantiates the
fact that the Sendov’s conjecture is true whenever polynomial vanishes at the origin.
In [2] Bojanov et al proved an interesting result on verifying asymptotic behavior of
degree and zeros of a polynomial in connection to Sendov conjecture by proving the
following result.

THEOREM 1.1. If f(z) = H(z — z,) has all its zeros in the disc |z| < 1, then each

v=1

of the discs centered at zj, with radius (1 + |z129...z,)7% , k = 1,2, ...,n contains at
least one zero of f'(z).

REMARK 1.2. If f(z) has all its zeros in the disc |z| < 1 and f(0) = 0, then the
product [[_; z, of all the zeros, is equal to zero. Hence by above result, the disc
|z — z,] < 1 contains at least one zero of f’(z) for all v = 1,2,...,n. That again
validates the Sendov conjecture for polynomials having a zero at the origin.

Thus from Biernacki Theorem [5, p. 227 | and Remark 1.2, we conclude that
Sendov Conjecture holds in general for the class of polynomials having a zero at the
origin. Furthermore, we note that the transformation z — €z, does not effect the
relative configuration of the zeros and critical points of a polynomial p(z). Hence we
may set zx = a, where 0 < a < 1. With this normalization the Sendov conjecture can
now be reformulated as

“Let p(z) = (z—a)H;:ll(z—zj), 0<a<land |z] <1, 1<j<n-—1, then the
disk |z — a] < 1 contains a critical point of p(z).”

Recently, conjecture is proved for sufficiently high degree polynomials by Terence
Tao [7] by proving

THEOREM 1.3. Sendov’s conjecture is true for all sufficiently large n. That is, there
exists an absolute constant ng such that Sendov’s conjecture holds for n. > ny.

DEFINITION 1.4. Let p(z) be a polynomial of degree n with complex coefficients
and o € C be a complex number, then the polynomial

Dap(z) = np(2) + (a — 2)p/(2)
is called polar derivative of p(z) with pole a. It is a polynomial of degree n — 1.

Also,
limea—oo [lDap(z)} =p'(2)
a

Thus, p/(z) can be regarded as the derivative of p(z) with respect to @ = co. Hence
theorems about D,p(z) can be regarded as generalisation for theorems about the
derivative of p(z).

Laguerre [5, p. 98 | proved the following result for polar derivatives.
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THEOREM 1.5. (LAGUERRE) Let p(z) be a polynomial of degree n > 2, and let
acC.

1. A circular domain containing all the zeros of p(z), but not the point «, contains
all the zeros of the polar derivative Dop(z) = np(z) 4+ (o — 2)p'(2).

2. let w # « be a zero of D,p(z) such that p(w) # 0. Then every circle C' passing
through o and w separates at least two zeros of p(z) unless all the zeros lie on

C.

2. Main Results

Our first result determines the disk containing a zero of D,p(z) with respect to a
specific zero of p(z).

THEOREM 2.1. Let p(2) = (2 — a) [[}— (z — 21), with |2 < a, for all k, 1 < k <
n—1,0 < a < 1. Then the polar derivative D,p(z) = np(z) + (o — 2)p'(2), @ > 1 has
at least one zero in the disk

2

a a
<2_ & 1
<55 (1)

Proof. We have

and

where Q(z) = [[1Z1(z — z), then

Dap(2)" _ (n = Dp'(2) + (o = 2)p"(2)

Dap(z) — mp(2) + (a — 2)p'(2)
If z = a is a multiple zero of p(z), then z = a is also a zero of p/(z) and therefore
z = a is also a zero of D,p(z). Since z = a lies in (1), therefore the assertion is true
in this case. Hence we assume z = a is a simple zero of p(z).
Now, we have.

Dap(a)” _ (n—1)p'(a) + (o — a)p"(a)
Dap(a) np(a) + (a —a)p/(a)

This gives

o) Dupla) _n-1  2Qa)
Dop(a)  a—a Q)

If wy,ws, ..., w,_1 are the zeros of D,p(z) and z1, 2, ..., 2,1 are the zeros of Q(z)

, then from (2), we obtain

n—1

—1
1 n—1
= +2
CL—'lU]' a—a - CL—Zj
7=1

n

(3)

—

<
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Since |z;| < a, 1 <j <n—1, we have

n—1 n—1
1 1 1
R 2T 2Y R
— a—w; a-—a — a— z,
Jj=1 j=1
Therefore,
—. 1 n—1 _n-1
>R +2
— a—w;  a—a 2a
7j=1
~n—1 n-—1
a—a a
1 1
—(n—1 -
(n=1) (a —a + a)
A 1 Q
— R > (n—1
L )
j=1
Let %ﬁ = Maxi<j<n—1 %ﬁ, then
- J
1 1 =, 1
R R
a—w n—llZ a — w;j
7j=1
S Q
~ ala—a)
So,
T 1 S «
a—w — ala—a)
implies
a a? a a?
Ww— = — —| <=
2 2a| " 2 2«
This completes the proof of theorem. n

For a = 1 and a = oo, we get the following result of Goodman, Rahman and
Ratti [4].

COROLLARY 2.2. If all the zeros of the polynomial p(z) lie in |z] < 1 and p(1) =0,
then p'(z) has at least one zero in

1 < 1
z—=| < -
217 2
For a = 1, we get the following result of A. Aziz [1].
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COROLLARY 2.3. If all the zeros of the polynomial p(z) lie in |z] < 1 and p(1) =0,
then the polynomial D,p(z) = np(z) + (o — 2)p'(z) has at least one zero in

1 1

Using theorem 2.1, we obtain the following result.

THEOREM 2.4. Let p(z) = (2 — a) H;:ll(z —z),0<a<land|z]<a 1<j<

n — 1, then the disk }z - %} < § contains a critical point of p(z).
Proof. From the Theorem 2.1, we have shown that the disk

2
< ———. where a>1

contains at least one zero of D,p(z). Letting o — oo and noting that

lime, oo BDap(z)] — 5.

we conclude that the disk

contains at least one zero of p/(2).
[l

REMARK 2.5. Since the disk |z — %| < 4 is contained in the disk |z —a| < 1. Hence
|z — a] <1 contains at least one zero of p/'(z). Thus, we get a smaller region which
contains a zero of p/(z) than the region predicted by Sendov.

REMARK 2.6. In the statement of Theorem 2.4, we can start with any other zero
z; instead of “a” and then apply the transformation z — e~*z, where § = argz;, so
that z; — a, where a € (0, 1] and note that configuration of zeros and critical points
is preserved under this transformation.

|z—al=1

FIGURE 1. Geometric illustration of Theorem 2.4
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THEOREM 2.7. Let p(z) = (2 — a)*Q(2), Q(2) = [['-F(z — ;) with 0 < a < 1 and

7j=1
1zl < a,1<j <n—k. Then at least one zero of p™(2) (1 <m < n — 1) lies in the
disk

Proof. We have
p(z) = (2 — 0)*Q(2),
where Q(z) = [[;Z “¥(z = 2j),1 < j <n—k. Then it is easy to see that
" P _mil r i
p(a)  m—k+1 Q" M(a)

Now p( ( ) and Q™) (z) are polynomials of degree n — m and therefore, if the
zeros of p™(z) are wy, wy, . . . Wy_, and the zeros of Q) (2) are (1, &, . . .
Cn—m- Then from (4) we have

— 1 m+1 ' 1
(5) 2 - 2
= a—w m—k—i—ljzla—g
Taking real parts on both sides of (5), we get
YR =Y
1 a — Wy m—k+1j:1 CL—Cj
Since by Gauss-Lucas Theorem, we have |(;| < a, it follows that
R >
a—¢Cj ~ 2a
for all 5. Thus,
T
= a-uwy m—kz—klj:l a— G
. — 1 m+1
—-m a— wj 2a m—k+1
7=1
Let %ﬁ = MaXi<j<n-m 3‘%@ e then
1 1 n—m
R R
a—w m Z a
7j=1
1 m+1
2a m—k+1
So that,
1 1 1
T m+
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which is equivalent to

ak k
w——-_<all——].
m+1 m—+1

This completes the proof. O

REMARK 2.8. The result of Goodman, Rahman and Ratti [4] for zeros on the
boundary is included in Theorem 2.7 as a special case when a =1, m =1, k = 1.

REMARK 2.9. For k =1 and m = 1, we get Theorem 2.4.
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