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GENERATION OF RAY CLASS FIELDS OF
IMAGINARY QUADRATIC FIELDS

Ho Yun Junag

ABSTRACT. Let K be an imaginary quadratic field other than Q(v/—1)
and Q(v/—3), and let Ok be its ring of integers. Let N be a positive
integer such that N =5 or NV > 7. In this paper, we generate the
ray class field modulo NOg over K by using a single z-coordinate
of an elliptic curve with complex multiplication by Og.

1. Introduction

Let K be an imaginary quadratic field with ring of integers Og.
Assume that K is different from Q(v/—1) and Q(y/—3). For each non-
negative integer n, let Ek , be the elliptic curve with j-invariant j(Of)
given by the Weierstrass equation

Jr(J — 1) Jrc(Jre — 1)2
. 2 _ 3 YB\YK ) ~2n, ,  YH\YK ) ~3n
Egn @ y° =4z o Cy'z 72 Cyg
where
1 _ 72 _1\3
JK = 1728 (OK) and CK = JK(JK 1) .

Then we have a complex analytic isomorphism of complex Lie groups

C/Ox = Exn(C) (CP*C))
>

24Ok o [rgn(2) tyrn(2) 1]
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with
" 92(0k)g93(Ok)

yKA>—¢Q%”“ZZg””) (2 Or).

(See [13, Chapter VI].)

Let Hx be the Hilbert class field of K. Furthermore, for a nontrivial
ideal m of Ok, let Ky be the ray class field of K modulo m. (See [1,
§8] or [3, Chapter V].) Now, let m # Ok and w be an element of K
such that w + Ok is a generator of the Ox-module m~ 'O /Ok. As is
well known, x5 (w) for such w are all Galois conjugate over Hy ([10,

o(z; Ok),

Theorem 7 and its corollary in Chapter 10]). Set

dic| + 61In(Z2 N, 1
B = 27 V1A W 1o
\/|dK\ In 877383 6

where di (< 0) is the discriminant of K and Ny, is the least positive
integer in m. Recently, Jung, Koo and Shin ([6, Theorem 5.2]) proved
that if Ky, properly contains Hg, then

Kn =K (zg ,(w)) forall n> By, w,

which would be an answer to a problem of Hasse and Ramachandra on
generation of class fields in terms of the Weber function (]2, p. 91] and
[11, p. 105]).

In this paper, we focus on the special case where m = NOg for a
positive integer N such that N =5 or N > 7. By utilizing Shimura’s
reciprocity law and some inequalities on special values of meromorphic
modular functions, we shall reduce the bound Bg « of n so that

N 8m/ydK [+2In(4.263N) 1

Sry/|dx| —In877383 6

(Theorem 5.2). Besides, Koo, Shin and Yoon showed in [9] that

Kvy = K (2x,0(5)) or K (75,0(%))
by using the second Kronecker’s limit formula.

Kn=Ky) =K (2g ,(w)) foraln

2. Fields of modular functions

We shall briefly review some basic properties of Fricke functions and
Siegel functions as modular functions.
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Let H= {7 € C | Im(7) > 0} be the complex upper half-plane. Let
7 be the elliptic modular function on H defined by

j(r) = 1728 92((?)3 (r € H).

(See [1, §10.B] or [10, §3.3].) For v = [v1 v2] € My 2(Q) \ My,2(Z), let
fv and gy be the Fricke function and the Siegel function on H, respec-
tively, defined as follows:

(2.1) fo(r) = —273% 2229870 (2(973)(7) plz; Zr + L),

1 2 i
. _ = — J’» —
(2.2) gy(7) = —emv2(rDg2 TR (g ) H 1—qlq)(1—qlq ),

where z = v174v2, ¢r = €2™'7 and ¢, = €2™%. (For the original definition
of gy, one can refer to [8, §2.1]. ) For a positive integer N, let

sz{ Q@) if N =1,
Fi(fv | v € £ M1 2(Z)\ My,2(Z)) if N > 2.

The field Fy is a Galois extension of F; such that
Gal(f]v/fl) ~ GLQ(Z/NZ)/(-IQ>.

Moreover, it coincides with the field of meromorphic modular functions
of level N whose Fourier coefficients lie in the Nth cyclotomic field ([12
Theorem 6.6 and Proposition 6.9]).

PROPOSITION 2.1. Let N > 2 and v € &M 2(Z) \ My,2(Z).

(i) The function gl?N belongs to Fy. It has no zeros and poles on H.
(ii) If u € M; 2(Q) satisfies u = v or —v (mod M; 2(Z)), then

Ju=fv and 912N = 9\112N~
(iii) For v € GL2(Z/NZ)/{—1I2) (~ Gal(Fn/F1)) we have
F=fey and  (9*7)" =g3".

Proof. (i) See [8, Theorem 1.2 in Chapter 2].
(ii) See [1, Lemma 10.4] and [8, pp. 28-29].
(iii) See [12, Theorem 6.6 (2)] and [8, Proposition 1.3 in Chapter 2].
O
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3. Theory of complex multiplication
In this section, we shall present some consequences of the main the-

orems of complex multiplication and Shimura’s reciprocity law.
Let K be an imaginary quadratic field of discriminant dg. Set

% if dg =0 (mod 4),
TK =

-1+

%dl{ if dg =1 (mod 4),

and so Og = Ztx +Z ([1, (7.1)]).

PRroPOSITION 3.1. The theory of complex multiplication yields the
following results:
(i) Hrx = K (j(7k))-
(ii) K(N) = K(f(TK) ’ f € Fn is finite at TK) if N > 2.

(il) K(ny = Hxk (f[o %](TK)> if K #Q(v-1), Q(v-3) and N > 2.

Proof. (i) See [10, Theorem 1 in Chapter 10].
(ii) See [10, Corollary to Theorem 2 in Chapter 10] or [12, Proposition
6.33].
(iii) See [10, Corollary to Theorem 7 in Chapter 10].
0

Let R(dk) be the set of reduced binary quadratic forms of discrimi-
nant d, that is, the set of quadratic forms Q(z,y) = agz?+bory+coy?
in Z[z, y] whose coefficients satisfy the following four conditions:

(i) ag > 0.

(i) ged(aq, bg, c@) = 1.
(iii) b — dageq = dx.
(iv) —CLQ<bQ§aQ<CQOTO§bQ§aQ=CQ.
Let Qpr = 2% + bizy + cxy? be the principal form in R(d), namely,
d
— TKyQ if dg =0 (mod 4),

Qpr = xz-l—bK:zy—l-cKyQ = .
2?4+ 2y + 1 y* if dg =1 (mod 4).

Note that every nonprincipal reduced form () satisfies ag > 2. For each
Q € R(dk), let 7 be the zero of the quadratic polynomial Q(z, 1) lying

in H, that is,
. —bQ + Vdg
Q= 2a0 '
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In particular, we see that 7, = 7x. For a positive integer N, let Wi n
be the subgroup of GL2(Z/NZ) given by

Wk, N = {’y = [t _SbKS _CtKS} | s, t € Z/NZ such that v € GLy(Z/NZ) } .

PROPOSITION 3.2 (Shimura’s reciprocity law). Assume that K is dif-
ferent from Q(v/—1) and Q(v/—3). Then there is a bijective map

WK,N/<_I2> X R(d}(‘) — Gal(K(N)/K)
(o, Q) (f(TK) = fﬁ(a’Q)(TQ) | f € Fn is finite at TK) ,

where B(a, Q) is a certain element of GLo(Z/NZ)/{—12) (~ Gal(Fn/F1)),
such that its restriction to Wi, n/(—1I2) x {Qp: } induces an isomorphism
onto Gal(K ) /H).

Proof. See [14, §3 and 6] or [7, Proposition 3.1 and Remark 3.2]. [

REMARK 3.3. Let hx denote the class number of K.

(i) We have hx = [Hg : K] = |R(dk)| (|1, Theorems 2.8 and 7.7]).
(ii) If hx > 2, then dg < —15 ([1, Theorem 12.34]).

4. Inequalities on special values of modular functions

We shall introduce and develop some inequalities on special values of
modular functions which are necessary to prove our main theorem.

Throughout this section, we let K be an imaginary quadratic field
other than Q(v/—1) and Q(+/—3). Define a function J on H by

J(r) = s j(r) (€ B,

LEMMA 4.1. If hg > 2 (so, dg < —15), then we get

J(rq)*(J(rq) — 1)°
J(x)*(J (k) = 1)

for all Q € R(dg) \ {Qpr}-
Proof. See [5, Lemma 6.3 (ii)] and [6, Remark 4.2]. O

REMARK 4.2. Note that Cx = J&(Jx — 1)® # 0 ([1, p. 200]). We
obtain by Proposition 3.1 (i), 3.2 for N =1 and Lemma 4.1 that

< 877383 g, |2 (< 1)

Hyig = K (Ck) for every nonzero integer n
([6, Lemma 4.3]).
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LEMMA 4.3. If v € %My 2(Z) \ My,2(Z) for an integer N > 2 and
Q € R(dk) \ {Qpr}, then we have

970 L1(7x)
o~V
9w (1Q)
Proof. See [4, Lemma 3.2 and Remark 3.6]. O

LEMMA 4.4. Let v € My 2(Q) \ M1,2(Z), and let 7 € H such that
‘QT’ < eiﬂp\/g-

(i) We have
1
lgv(T)] < 2.29 |g,| 24.
(ii) If v € %Mlg(Z) \ M1,2(Z) for an integer N > 2, then we obtain

- 0.76
N

1
|gr|72.

|gv(7)]
Proof. See [6, Lemma 5.1]. O

LEMMA 4.5. Let N and t be positive integers such that N > 4 and
2<t< N —2. If hg > 2, then we have
o ) ()"

Proof. We derive by the definition (2.2) that

o ) ()"
9o ] (TK)9[0 15 (7x)
(1 - k)’
1= ¢FHa—¢h
y ey (1 — g Ch)* (A — g7 Gy
[T (= a2 G =g (3 = a2 G DA = g ()

2t o0 4
sin“ %% 1 n T
= (t=1)m I | < tr ) where r = e~ "VIdx|

1—rn

<
— s (4 Dw s
SN SR =l
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2 tr

. 0o
< S~ H L2
— s 2t 2T

S1n N S1n N

3 1 1+zx

1
<eTfor0< o< =

because r < e "V® < = and
- 3 1—=x 3
2t
< s N eny 1207
= s 2t 1 2tw
sin® sin”
b . sin QW’T sin % 1 . tr
ecause sin — = = ——sin —
m — s
N 2cosy ~ 2cosh 2 N
12¢—™V15
< etV gincer < e VIS
< 2.0002.

5. Generation of ray class fields

Now, we are ready to prove our main theorem on generation of Ky,
by using a single z-coordinate of an N-torsion point on the elliptic curve
Ex n.

LEMMA 5.1. Let u, v € M; 2(Q) \ M; 2(Z) such that
u# v, —v (mod M 2(Z)).

Then we have the relation

v v -
39 9& R

Proof. See [8, p. 51]. O

THEOREM 5.2. Let K be an imaginary quadratic field other than
Q(v/—1) and Q(v/—3), and let N be a positive integer such that N =5
or N > 7. Let w be an element of K such that w+ Ok is a generator of
the O -module N~'Ox /O. If n is a nonnegative integer satisfying

(5.1) . §7V/di| +2In(4.263N) 1

Sry/ldg| —In877383 6’

then we have
K(N) =K (xK,n(w)) .
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Proof. If hgr = 1, then the assertion holds for all n > 0 by the proof
(Case 1) of [6, Proposition 4.5].

Now, we let hxg > 2. Since N = 5 or N > 7, there is at least one
integer ¢ such that 2 <t < N — 2 and ged(N, t) =1 ([15, §I.1]). Since
each of w+ Ok, % + Ok and % + Ok is a generator of the Og-module
N~10k/Of, the z-coordinates Tr (W), :L‘K,n(%) and l’Kn(%) of the
elliptic curve E, , are all Galois conjugate over Hg ([10, Theorem 7
and its corollary in Chapter 10]). Thus we get

(5-2) K (25 n(w)) = K (25 (%)) = K (25,0(5))

as an intermediate field of the abelian extension K(y)/K. Note further

that mKn(%) and {L‘Kn(%) are distinct because % # &, —+ (mod Ok)

([1, Lemma 10.4]).

Suppose on the contrary that z Kn(w) does not generate K(y) over
K. Then there exists a nonidentity element o of Gal(K(y)/K) which
leaves x g n(w) fixed. Since

Ky = Hg (f[o %}(TK)> by Proposition 3.1 (iii)
= Hg (C?(f[o %](TK)) by Remark 4.2
= Hg (JJK,n(%))
by the definition (2.1) and the fact O = Z7x + Z
= Hg (IK,n(w)) by (5.2),
we observe that
(5.3) g g Gal(K(N)/HK)
Now we derive that
(2xn(F) = 2 ()
xK,n(%) - ‘/L’K,n(%)
by (5.2) and the fact that o is the identity on K (2 ,(w))
(TP () = 1P (fpo £ )(7) = fpo 1)) }
I (i) (I (1i) = 1) (1o £)(7) = S0 1)(7K))
by the definition (2.1)

~+
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_ (@)U (rq) — 1) " fu(q) = fv(7q)
J(TK)2(J(TK) — 1)3 f[O %] (TK) — f[O %] (TK)

for some @ € R(dk) \ {Qpr} and u, v € %MLQ(Z) \ M 2(Z)

such that u # v, —v (mod M; 2(Z))
by Proposition 2.1 (iii), 3.2 and (5.3)

n4+ 9u+v(TQ)QU7V(TQ)
_ ’J(TQ)Q(J(TQ)—DS e < 9u(a)29v (7Q)° )
J(tx)2(J (1) — 1)3 9o %](TK)Q[O %](ﬂ’()
o %170 3]
by Lemma 5.1
_ \*’ (r@)%(J(rq) — 1) "¢ 9o ()’
J(7r)*(J (1) — 1)3 9[0 11 (TK)9[o 111(Tk)
2
90 %)) 1|
Y — u+v {7 u—v {7
oe(r0) |Gutv (@) |gu—v(7Q)| e
n+i 2 70.76 -2
< (877383|qTK|3) 5.2.0002- 12 (2.29\qTQ|—i) (NqTQ|112>

by Lemmas 4.1, 4.3, 4.4 and 4.5

n+z

< (877383|qTK|g) ® (4.263N)2|gr, | 1
n+i

< (877383\%\3) ® (4.263N)2|gr, |73

1 1
because |qr,| = |qrg |°? > |qry|?

due to the facts |¢r| <1 and ag > 2
- (2377:323:),637“/@)”+é (4.263N)2es™Vldxc],
We then obtain by taking logarithm that
0 < <n + é) <1n877383 - gw\/@> +21n(4.263N) + %77 x|,

which contradicts the inequality (5.1) for n.
Therefore we conclude that Ky = K(zy ,, (w)). O
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