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LP SOBOLEV MAPPING PROPERTIES OF THE BERGMAN
PROJECTIONS ON n-DIMENSIONAL GENERALIZED
HARTOGS TRIANGLES

SHUO ZHANG

ABSTRACT. The n-dimensional generalized Hartogs triangles Hf with
n>2and p:= (p1,...,pn) € (RT)™ are the domains defined by

HE = {2z =(21,...,2n) €C" : |21|P1 <+ <zp|Pm < 1},
In this paper, we study the LP Sobolev mapping properties for the

Bergman projections on the n-dimensional generalized Hartogs triangles

HE, which can be viewed as a continuation of the work by S. Zhang in

[25] and a higher-dimensional generalization of the work by L. D. Edholm
and J. D. McNeal in [16].

1. Introduction

Let © be a bounded domain in C". As usual, for p > 0, the space LP(Q)
consists of all Lebesgue measurable functions f on €2 such that

= [ f(z)l”dV(z)); <o,

where V' denotes the Lebesgue measure. The Bergman space AP(Q) consists
of holomorphic functions f in LP(Q). In complex analysis, the most important
orthogonal projection is the Bergman projection of L?(Q2) onto A2(f2). The
Bergman projection B is an integral operator of the form

(1) Bo/f(z) = /Q Bz, w) f(w)dV (w), f € L3(Q),

where Bg : Q2 x 2 — C is the Bergman kernel of Q2. It should be remarked that
when the integral in (1) converges, it is taken as the definition of Bq f, even
if f¢& L?(Q). If {¢} is an orthonormal basis for the Bergman space A?(12),
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then the Bergman kernel has the following formula:
(2) BQ(Zaw) = Z¢a(z)¢a(w)'

We refer the readers to [17, Section 1.1] for more on this topic.

It is of interest to study the mapping properties for the Bergman projections
of various domains on the associated LP Sobolev spaces. We recall that for any
given bounded domain 2 C C™, the LP Sobolev space of order k with 1 < p < oo
and k € N is the function space defined by

(3) Lp©@) = {feL%OCm):nfnp,k - ( 5> ID?,z(f)l”dV(Z)>;<OO},

lo| <k

where the summation is running over all the multi-indices @ = (a1, ..., q9,)
with [a| == a1 + -+ + ag, < k, and DZ, = 8z§’1323‘2-%:}:2“*13222"' The
derivatives in (3) should be interpreted in the distributional sense. | - ||p.k
defined in (3) is said to be the associated Sobolev norm. It is clear that the LP
Sobolev spaces of order k reduce to the ordinary LP spaces when k = 0, i.e.,
LB(Q) = LP(Q). There are many papers concerning the mapping properties
for the Bergman projections on LP Sobolev spaces in different settings. For
many classes of pseudoconvex domains, various authors have shown that the
Bergman projection is bounded on LP Sobolev spaces for all 1 < p < oo and
k € Z*. See [7,18-21,23], for instance. Some regularity results on L? Sobolev
spaces was shown in [5,6]. For some L}-irregular results, we refer the readers
to [1,3,4] and reference therein for more information.

Recently, the LP and LP Sobolev mapping properties of the Bergman pro-
jections of the various kinds of generalized Hartogs triangles have been inves-
tigated by many authors (see e.g. [2,10,11,13-15,24-26]). In [12], L. Chen
studied the weighted Sovolev regularity of the Bergman projection on the clas-
sical Hartogs triangle and a class of its n-dimensional generalizations. Later
n [16], L. D. Edholm and J. D. McNeal investigated the L? Sobolev mapping
properties of the Bergman projection on the power-generalized Hartogs triangle
H, defined by

H, = {z = (21,22) € C*: |21|" < |22| < 1}, ~€RT.

They obtained that the Bergman projection By is bounded on LP Sobolev
space L} (H,) if and only if vy = 1, k = 1 and p € (%,2). Inspired by their
works, it is reasonable and interesting to investigate the LP Sobolev mapping
properties of the Bergman projection over n-dimensional generalized Hartogs
triangles

Hp :=={z=(21,-..,20) €C" : [P <o <z, |Pm < 1},

p = (plv"'apn) € (]R+)n7 n = 27
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which can be viewed as a natural generalization of H., to dimension n. In [25],
the author explicitly calculated the Bergman kernel of Hp with p € (Z*T)™ and
obtained an optimal estimate for it, then he used the estimate to study the
LP mapping properties for the associated Bergman projection BHS' Thanks to
the results obtained in [25], in this paper we study the LP Sobolev mapping
properties for the Bergman projection of Hy. Our strategy combine the meth-
ods of [12], [16], [25] and some new ingredients. For convenience, we denote
Bp = BH;L and Bp = BHS'

For any H with p = (p1,...,pn) € (Z1)", weset ki, ..., k, € Z* satisfying
kip1 = -+ = knpn. We denote D,, := ged(ky, ..., kyn). Our first main result is
the following theorem concerning the differentiated Bergman projections, which
is a key tool in studying the LP Sobolev mapping properties of the Bergman
projection Byp.

Theorem 1.1. Forr =1,...,n andp = (p1,...,pn) € (ZT)", it holds that the
differentiated Bergman projections % o By, maps LY(Hy) — LP(H}) bound-
edly for

pe( i=1 i=1 >

i=1 =1

where D,, = ged(ky, ..., ky).

Remark. (a) When n = 2 and p; = 1, Theorem 1.1 reduces to the known
result obtained by L. D. Edholm and J. D. McNeal in [16, Theorem 4.4] for
2-dimensional generalized Hartogs triangle H, ,, 1= {z = (21,22) € C* : 21| <
|22|n < 1}

(b) Our proof of Theorem 1.1 employs the technique used in [12], [16] and
[25]. A key step in the proof of Theorem 1.1 is to obtain an optimal estimate
for a kind of “modified” Bergman kernel E;, (see (10)). It is worth noting that
in the setting of 2-dimensional generalized Hartogs triangle H, /,, considered in
[16, Theorem 4.16], the Bergman kernel of H /,, can be explicitly written in a
simple form and thus the optimal estimate of it is easy to get. However, in our
case of the general n-dimensional setting, the Bergman kernel By, is of a much
more complicated form(see Lemma 2.5) and so does the “modified” Bergman
kernel E;,. Therefore, we need to apply the techniques used in [25] to obtain
an optimal estimate for it.

As a directly consequence of Theorem 1.1, we obtain the LP Sobolev bound-
edness result for the Bergman projection of Hj as follows, which can be viewed
as a complement of the results obtained by S. Zhang in [25] and also a gen-
eralization of the results by L. D. Edholm and J. D. McNeal in [16] to the
n-dimensional setting.
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Theorem 1.2. Let n > 2 and p = (p1,...,pn) € (RT)". The Bergman
projection associated to the n-dimensional generalized Hartogs triangle HY is
bounded on Li(Hg) with some 1 < p < oo and k > 1 if and only if k = 1,

p=c-1:=(c...,c) (c€Ris a positive constant) and p € (f—flﬂ),

Our last main result is about a substitute operator on n-dimensional gen-
eralized Hartogs triangle HY, which is related to the Bergman projection Bj.
Moreover, it is expected to have better LP Sobolev mapping behavior than By
itself. This substitute operator is so called the L> sub-Bergman projection.
We recall that the L> sub-Bergman kernel on HY is defined by

[0 %-yr{e%
(4) BE(zw) = Y. ﬁ (z,w) € H? x HY,
Q€A (HY) Z7liz

where A (HY) is the set defined as follows:

J
A (HY) = {a =(o1,...,0n) EZ": Zai >0, j= 1,...,n}.
i=1
Since A% (HY) C A%(HY}) (see Lemma 2.2), we know that the series in (4) is
only part of the series that defines the ordinary Bergman kernel in (2), which
follows that the series in (4) converges for all (z,w) € H} x H}. The L™
sub-Bergman projection B{® on HY is the integral operator defined by

BES() = [ B )V (w),
1

whenever the integral converges. The notions of L>° sub-Bergman kernel and
projection were first introduced by D. Chakrabarti, L. D. Edholm and J. D.
McNeal in [9] to study the duality properties for the Bergman spaces of some
domains in C". In [16], the authors studied the LP Sobolev mapping properties
of the L sub-Bergman projections on power-generalized Hartogs triangles H?
and they showed that the associated L°° sub-Bergman projections are more
regular than the ordinary Bergman projection on LP Sobolev spaces. Our third
main result is stated as follows, which generalizes the LP Sobolev boundedness
results for the L> sub-Bergman projection on H? in [16, Corollaries 5.8-5.10]
to the n-dimensional setting.

Theorem 1.3. The L*° sub-Bergman projection BS® associated to the domain
HY maps LY (HY) to itself for all p € (1,22) and k =1,2,3.

Remark. In Theorem 1.3 we obtained the LP boundedness results for the L
sub-Bergman projection B$® only on LP Sobolev spaces of order £ = 1,2 and
3. The reason why the cases of k& > 4 is lost is that when k& > 4 we cannot
use Lemma 2.7, a crucial lemma of obtaining the boundedness ranges for a
specific type of operators, to study the mapping properties for the differentiated
operators C%} o B}°, which is a key ingredient in the proof. However, by

comparing Theorem 1.3 and Theorem 1.2, it is enough for us to see that the
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L sub-Bergman projection B3 has better L? Sobolev mapping behavior than
the ordinary Bergman projection By.

In Section 2, we review some known facts and establish several technical
lemmas for our later use. Section 3 is devoted to the proofs of Theorem 1.1
and Theorem 1.2. In Section 4, we give a proof of Theorem 1.3. Throughout the
paper, for given functions of several variables a(z) and b(z), we use a(z) < b(2)
to denote that a(z) < Cb(z) for a constant C, and we write a(z) =~ b(z) if both
a(z) S b(z) and b(z) < a(z) hold.

2. Preliminaries

We define the vector field
0 0

Tp =0 —w—.
v ow ow
The operator 7Ty, is useful in studying the Sobolev regularity and irregularity for
Bergman projections. See [8,12,16], for instance. One of the crucial properties
of Ty, is that for any disc and annulus with centered at the origin with defining
function p, we have that 7,,p = 0 along their boundaries. In order to make use
of integration by parts, we need the following lemma.

Lemma 2.1 (See [16]). Let Q C C be either a disc or an annulus centered at
the origin. Then if f, g € L1(2) N C(Q),

/%ﬂng:—/f-ngdV-
Q Q

As a generalization of [25, Lemma 4.1], we have the following lemma, which
tells us when the holomorphic monomials 2% := 2/"* - zf» are in LP(HZ) and
the LP norm of them.

Lemma 2.2. Forn>2,p= (p1,...,pn) € (ZT)" and p € (1,00), we denote

AP (H) ::{a =(a1,...,0n) EZ" 1 1 >0,

J J
Zaiki>[—;Zki—i—Dj}j:Q,...,n},
i=1 i=1

where D; = ged(ky,...,kj) for j = 2,...,n. Let § = (b1,...,0n) € 2",
then the holomorphic monomial 2% := 2151 = LP(Hy) if and only if B €
AP(H). Moreover, for holomorphic monomials z° € LP(HR) with 3 € AP(HZ),
we have that
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where || - ||, denotes the LP-norm and R;(3;p) is defined by
Ri(B:p)={ iz} .
R I BBAD OB+, 2555

h L+1
=

Proof. From the definition of HJ we know that 2; may equal to 0 for z =
(21, 2n) € Hy. Therefore we have 1 > 0 if 2P = zlﬂ1 R = LP(Hy). We
assume that 2% € LP(H}) and consider the integral [y, |2°|PdV (z). Using the

transformation & = 20", ... &, = 2B, we obtain that
/ |28 PdV (2) / H €515 dV (€)
p HY j=1
where b; := w for j=1,...,n and HY is the domain defined by
J

HY :={(21,...,2n) €EC" : |21| < -+ < |zn| < 1}
It is easy for one to check that under the biholomorphic mapping
& & fn—1>
n=F¢) = ( . ;
© &' &7 n

the domain HY is biholomorphic to the product domain D x (D*)"*~! where
D and D* denote the unit disc and the punctured unit disc in C, respectively.
Therefore, we have that

[ e = [ v H [ [ Il #0av )

where B; := 25:1 bi, j =1,...,n. Then it follows that [y, [2°[PdV(z) < oo if
P
and only if B; +2(j — 1) > —2 for j = 2,...,n, which are equivalent to

J
Z(ﬂip+2)ki>0, ji=2...,n

i=1
Note that % €Zforj=2,...,nandi=1,...,7, then it is easy for one to
J
check that
J

61 i 2 ! k’L
;(@pnﬂ)k >O<:>; —EZD—j

Biki
<:>Z D, [
@Zﬂzkzz |:_

Vv

5
e
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for each j = 2,...,n. This proves the first part of the lemma. The second part
of the lemma follows directly from (5) and some simple calculations. The proof
is complete. (I

Denote 1:=(1,...,1) and ¢- 1 :=(c,...,¢), where ¢ > 0 is a real constant.
From the definition of Hy, it is easily seen that the domain H; coincides
with HY for any ¢ > 0. Therefore, in the following context, we identify the
multi-indices 1 with ¢ - 1 for simplicity and convenience.

As a direct application of Lemma 2.2, the irregularity results for the Bergman
projection By on LP Sobolev spaces are investigated in the following two lem-
mas:

Lemma 2.3. Letp € (1,00). If p #1 = (1,...,1), then By, the Bergman
projection of Hy, fails to map L}, (H}) — L}, (HR) for any k € Z+.

Proof. Firstly we note that by repeating the same argument as in [15, Theorem

1.2], it follows easily that the Bergman projection is bounded on L”(Hg) if and
only if p = 2 when the reals numbers Z—;, %’ ceey I% are not all rational
numbers. From this and the same method used in [16, Corollary 3.5], we can

obtain that if %’ %z’ ey p;—’l are not all rational numbers then By, cannot map

Ly, (H}) to itself for any an (1,00) and k € Z*. Therefore, we may assume

that p = (p1,..-,pn) € (ZT)".
Now we divide the rest of the proof into two steps.

Step 1. We first prove that if p ¢ I, := ( 23 i ki 230 ki ) =

i1 ki+Dn 320 ki—Dy
(ap,bp), then the Bergman projection By, fails to map L} (H7) to itself. Indeed,
from the proof of [25, Proposition 4.2] we know that there exists a function
flw) = w@w, 1w, P with 1 > 0, Bay..., By < 0and S0 (B + Vki =
D,, which satisfies

Bpf(w) = g(w) := w’ = wl" - wfr.

n

It is obvious that f € C*°(HE), therefore we have that f € L} (HZ) for any
l<p<ooand k € N. If p ¢ (ap,bp), then by Lemma 2.2 we know that
g ¢ LP(Hy), which follows that g ¢ L} (Hpy) for any k € N. This means that
By, fails to map L} (Hp) to itself.

Step 2. We prove that if p # 1 = (1,...,1), then B, fails to map
Ly, (H}) to itself for any p € (1,00) and k € Z*. It is obvious that aang =
ﬁjwfl ~~~wf"_1~~wﬁn for j = 1,...,n. We claim that aa—ui’j(j =1,...,n) can

not be all in L% (H). If not, that is, %gj € L% (Hp) holds for all j = 1,...,n,
then by Lemma 2.2 we have that

n 2 n
() S k=2 |- 23 kD] =t
i=1 P =1
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Note that S, ..., 8, satisfy >, (B; +1)k; = D,,. Then by a direct calculation
we know that (6) is equivalent to k; < D,, for all j = 1,...,n. Since D,, =
ged(ky, ..., k), we can conclude ky = --- = k, = D,, which means that
p=1=(1,...,1). This contradicts to the assumption that p # 1. Thus we
can suppose that ¢ Ler(Hp) for some jo € N and 1 < jo < n. From

this we know that ag ¢ LP(Hp) for any p € I,, which follows directly that

g ¢ L (Hy) for any p E I and k € ZF. Since g = Bp(f) and f € C*°(HE), by
Step 1 we know that By, fails to map L% (Hp) to itself for any p € (1,00) and
keZtifp#1=(1,...,1). The proof is complete. O

Lemma 2.4. For H}, we have that By fails to map L (H7) to itself for any
k>2 and k € N.

Proof. Consider two order derivatives of g

829 1 Bs—1 Be—1 Bn
aw awt = /BS/Btwl .. .ws .. .wt .. .wn s
S

where 1 < s;t < n, B1,...,0, € Z satisfy that 8y > 0, B2,...,08, < 0 and
Z? 1(@ + 1)k; = D,,. We claim that for any positive numbers 1 < s,¢t < n,
aw 3o & Lo (HY). If not, we assume that 8122891 o € L (HY) for some positive
numbers 1 < s,t < n. By Lemma 2.2 we know that Z?zl Biki — ks — k¢ >
— > k. By combining this with .1 ,(8; + 1)k; = D,,, we obtain that
ks + k‘t < Dn7 which is contradicted to D,, = ged(kq,...,k,). Thus we obtain
that Bw 3o ¢ Lo+(HY) for any s,t € N and 1 < s,¢ < n, which leads that
g ¢ LY (HY) for any k > 2 and p € I, = (ap, bp). Therefore, from the proof of
Step 1 of Lemma 2.3, we know that B fails to map L} (H7) to itself for any
k > 2 and k € N. The proof is complete. O

It is well known that the Bergman kernel functions play a critical role in
studying the mapping properties for the Bergman projections. For the n-
dimensional generalized Hartogs triangles HF with p € (z*)*, J.-D. Park in
[22] showed that the Bergman kernel of Hj can be represented in a rational
form. Later in [25], S. Zhang explicitly calculated the Bergman kernel of Hp
as follows, which is an important tool in our proofs of the main results.

Lemma 2.5 (See [25, Theorem 3.1]). Let n > 2 and denote m; ;11 = lem(k;,

kjy1) forj=1,....,n—1 and my pny1 = k,. We also denote k;j) = djkjﬁ
and k]+1 = dj++11 for j = 1,...,n — 1, where dj ;i1 = ged(kj, kjp1) for
j=1,....,n—=1and dpnt1 = kn. Then

Ny N,

ST S (P u(Py)rS g

_ 041:0 Oén:()

(7) Bp(z,w) = T 0 G0,

K- (1—rp)? [1 (’I“JJ TjJ+1)

Jj=1
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where r; = z;w;, j=1,...,n, K ==k ---ky,

N, = {2771172 ;11 - k‘1}7 N, = [277111,1 + 277};,1“ — k=2
and Py, ..., P, are defined by

Po=2mio—ki1+1—-kiar, P:=2my1—k—kog+P_1, 1=2,...,n.
The functions v(P)(I=1,...,n) in (7) are defined by

, l=2,....n

P -1, 2< P <my 41+ 1,
v(P) =< 2my 1 — P +1, my+1< P <2my 4,
0, P <2o0r P >2my 4.

Now we need to define a class of integral operators on Hp with p € (zZ )",
which contains the Bergman projections on Hy and the differentiated Bergman
projections.

Definition. Let 7" be an integral operator over HJ, with kernel k(z,w), that
is,

Tf(z) = [ k(zw)f(w)dV(w), =€ Hp.
H3
If there exist real numbers as, ..., a, and bo, ..., b, such that
n
H2 |21 [
k(zw)l S j?j) W |2
I |Gt = (@) 71— 2., 2
j=1

holds for any (z,w) € H}; x H}, then we say that T'is an integral operator over
H} of general type-(az,...,an;ba, ... by).

A comparison between the above definition and [25, Definition 2.1] shows
that the class of integral operators defined as above is more general than that
defined in [25, Definition 2.1], which required a; = b; for j =2,...,n.

The following lemma, gives an optimal estimate for the Bergman kernels By,
for H and determines the general type of the associated Bergman projections.

Lemma 2.6 (See [25, Proposition 3.2]). Let D; := ged(k1, ..., k;) and A; =
2”1767;“ —-1- D,ﬁ_;l + % for j=2,...,n. Then we have the following estimate
for the Bergman kernel By:

n A
[T |
j=2

|Bp(z,w)| <

~

n—1 ) O (Z,'U)) S H; X Hg
1=l T 15—
j=1

That is, the Bergman projection of H is an integral operator over Hi of general
typ€-(A2, ce Anv A2a LERE An)
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The LP boundedness ranges for the class of integral operators defined in Def-
inition 2 are determined in the following lemma, which extends [25, Proposition
2.4] to a wider class of integral operators.

Lemma 2.7. Let T be an integral operator over Hf of general type-(az, ..., Gn;
by, ..., by) with real numbers a; and b; (j = 2,...,n) satisfying the following
conditions:

(i) a; < 2/<;§-j:11), ji=2,...,m

(ii) b; > 2k Y — 1~
i D,
(111) a; +b] > 2<2k](j_11) —1- J1>7 j]=2,...,n,
where D; = ged(ky,...,k;j) for j = 1,...,n. Let p € (1,00) and denote

mj_1; = lem(kj_1,k;) for j = 2,...,n. Then T is bounded on LP(H}) if
p satisfies

23k 23k
j=1 j=1
2> ki =23 mj_1;+ > kjb; 2> mj_1;— . kja;
Jj=1 J=2 j=2 j=2 j=2

whenever

2 ij — 2Zm]‘_17]’ + Z kjbj > 2 ij—l,j — Z kjaj.
j=1 j=2 j=2 j=2 j=2
and
ijaj > Qij—Lj — QZkJ
j=2 j=2 j=1

Proof. The proof of the lemma is nearly the same as that in [25, Proposition
2.4]. We omit it here. O

3. Proof of Theorems 1.1 and 1.2

Proof of Theorem 1.1. We divide the proof into two cases.

Case 1. 2 < r < n. Let f € L’f(Hg), where 1 < p < oo and p =
(p1,---,pn) € (ZT)*. For any 2 < r < n and r € N, we define the sets
E,;(j =1,...,n) as follows:

{wr € C: |wi| < Jwppa| 71}, j=1
Er,j = {U)jE(CZ|U)j,1| Pj <|wj|pil|wj+1| Pi }, i=2,...,7;

Jr2
{w; € C:0 < |wj| < |wjs1] 7}, j=r+1,...,n,
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where w, 41 := 1. It is easy for one to see that the holomorphic derivatives of
the Bergman kernel By (z, w) can be transferred to anti-holomorphic derivatives
as follows:

%Bp(z,w) = Zi : %Bp(z,w).
Then for any 2 < r < n and r € N, we have that

% oBpf(?)
= g Bp(z,w) f(w)dV (w)

9z Jum P
= [ LBy fw)avw)

Hp Dz 27
= 2 [ w0l (Ba(ew)) fw)av (w)

zr Jum "ow, P

1

= = [ TuBpleu )iV )

L

w)dV (wy) -+ - dV (w2)dV (w1)dV (wy41) - - - AV (W —1)dV (wy,)

XL

X T, f(w)dV (wy) « - dV (w2)dV (w1)dV (wyy1) -+ - AV (wp—1)dV (wy,)

_ _i ", Bot ) Tun )V ()
® = [ Lot @i - [ LBy 2w

where Lemma 2.1 can be applied since E,., is an annulus centered at the origin.
The derivatives af and af should be interpreted distributionally. By Lemma
2.6, we know that Z’TB (z w) satisfies the following estimate:

|A2 .. Ar—1 An |A2 . A,

u)er(Z,w)‘ < |2:2

~
Zr

'|Zr

|w .. ‘wn

w2

k(J) ’

O a H
Rt J J+1
j:

where A; = le’;v Li 1 — D,i_ ! 7 for j = 2,...,n. From this and Defini-

tion 2, we can conclude that the mtegral operators w1th kernel 2= By (z,w) or
7”;’: Bp(z,w) are of general type-(As, ..., A, —1,..., Ay; Ag, ... ,A,.—|—1, AR,
from which and Lemma 2.7 we can know that they are bounded on LP(Hy) if p €
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2 i kj 2 i kj 5 5
( 1=l =t ) Since f € Lf(HgL it follows that ﬁ, % €
3 kj+Dacthor - 3 kg =Dtk . Ow,
Lp (Hg). From the above analysis and (8) we obtain that
0 W, of
oz ootn| < [ Zmpn o waviw)
p P p
W, of
+ /Hn ?er(z,w)a@r (w)dV (w)
P p
of of
< <
o]+ <om
P P
2 i kj 2 Xn: kj
holds for all p € < —=t , =t >, which means that % o By
S kj+Dntke 3 kj—Dntk, r
i=1 i=1
23 k; 23 k;
maps LY (H}) — LP(Hp) boundedly for all p € ( —= , =t )
Sy +Duthe 3 ky=Ducthy

and r=2,...,n.

Case 2. r = 1. In this case, firstly we need to do some tricky things with
the kernel of 8%1 o Bp. Then the key step of the proof is to obtain an optimal
estimate for the newly defined kernel.

As in Case 1, for any f € L} (Hpy) with p € (1,00), we have that

() %OBPMZZ% /E /E T By (2, w)) f(w)dV (wi) - dV (w,).

Denote the “modified” kernel B:,(z, w) by

(10)  Bp(z,w):= Bp(z,w) — Z > (z,w) € Hy x H,
€ A2 (HZ),a=0 @
where A?(H7) is defined in Lemma 6 and Cy, := [|2%|2.

Now we need the following claim, which concerns the estimate for the new
kernel Bp(z, w).
Claim. The integral operator on HY with kernel “2Bp(z,w) is of general
type_(AQ - %a A3a R Ana A2 + %a A37 R ATL)

Proof of Claim. Indeed, from Lemma 2.5, we know that
S w(P) - u(Py)rl o

Z z%w” _ acG,a1=0
C(Q] n—1 k(j) k(j) 2

(1)

2k j

Q€ A2 (Hy),a1=0 K ryt (L=rp)? IT (" =1yl
j=2
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> Cla)r
L acG,a1=0
B ok n—1 = .0) £ o’
7K ryt (1 —1y)? j];[2 (er“ rjj_l)

where C'(a) :=v(Py) - v(Py), r* =71 ---r2 and G := {a = (a1,...,0p) €
(ZT)": 0 < a; < N;,i=1,...,n}. Then it follows that

—~ 22w
Bp(z,w) = Bp(z,w) — Z o2
a€A2(Hp),a1=0 @
Zg Cla)r®
o ac
o n—1 () RCORPN
7K - (1 —1rp)? Hl (rj”l -
]:
>, Cla)r®
a€G,a1=0
(1) n—1 L) 1@
K - rgkl (1—rp)? I] (er“ — rij)z
j=2
(1) (1) (1)
Bt Y Ol = —nt )P 5 Cla)re
o ac acy,a;=
m™mK - rikﬁl) (1—1,)2 nﬁl (rkgﬂ’)l — 7"%2)2
J J
j=1
Cla)re
_ acG,a1#£0
B n—1 = .0) 9 o
7K - (1 —rp)? Hl (rj”l — rj_’H)
j=
1
neY e
aceG,a1=0
9 n—1 L) 1) 2
K st (1 _Tn)zjl;ll ( j”l _ j-]i-l
0
27“11€2 gz Cla)re
acG,a1=0
+ e 2n—l k§j+)1 [RCONP
K -1yt (1—1y) _]_[1 (rj- —7;41)
]:

From this and the triangle inequality, we know that the kernel %E;(Z',w)
satisfies

Cla)lre]
acG,a1#0

K |1 — 1?2 nﬁl |rk;7+)1 B T’%(-j) |2
j
j=1

w —~—
— By (2, w>\ <
21

wy

21

J+1
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(1)
[l 3 Cla)lr

ﬂ a€eG,a;=0
2 n—1 L@ 6@
U MU = 2 TT | - |
j=1
(11) = M(z,w) + N(z,w).

We first estimate M(z,w). We use the notations in Lemma 2.5. Take
aq,...,0p which satisfy o = (aq,...,ayn) € G and C(a) = v(Py) - --v(P,) # 0.
Then by Lemma 2.5 we know that P, < 2m;;4q for [ = 1,...,n. Again by
Lemma 2.5 we obtain that

l

Z(2mj7j+1 —kj —kjaj)+1 S 2m171+17 = ].,...,TL,
i=1

which is equivalent to

l
(12) Z(Qmju‘H —kj —kjo;) + Dy <2mygpq, l=1,...,n.
i=1

Similar to the proof of [25, Proposition 3.2], we define the functions
kj
kj1

@j(x):(foj) + a1, j=1...,n—1,

where A/1 = 0, A/2 = Ay — Z—; and A;» = Ajfor j =3,...,n. Let ®; :=
pjo---opy for j=1,...,n—1. Takel=2in (12) and we get that
kiaq + keog > 2my o + Dy — ko — Ky,

which follows that

kl le 2 2]{31 D2 ’
13 —-1)=— -1 > = - =+ —= —1=A,.
(13) p1(an — 1) kg(al )+ a2 > s o T 2
Take | = 3 in (12) and we have that
k 1
Fl(al -+ > k—(2m1,2 +2mg 3 — ko — k3 — kzaz — 2k + D3),
2 2
from which it is easy for one to check that
ko [ K /
@2(a1_1):£ —1(041—1)—1—042—/12 + a3
ks | ko
2ma3 Dy D3 '
> S == —1=A,.
— k3 ks + ks 3

From this and the same argument in the proof of [25, Proposition 3.2], we know
that

_i(a1—1)=p10-opi(ar —1) >4, 1=3,...,n.
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By noting that C'(a) = [[}_, »(P;) is a positive bounded function (this can be
easily seen from Lemma 2.5), we have

23T o)
Z1
a€eG,a1#0
=i Y Cla)lra | o g
acG,a1#0
k
<l Y Cla)ra| = @I sy o
acG,a1#0
!’ !
—lwi? Y C(@)lralf2 ]| * I Ay s
a€G,a1#0
’
<lwi? Y Cla)lraf2lrs| B o
aeG,a1#£0

’ !’ 7
<fwiP Y C(a)lral*2frslMe - frn[ A
a€eG,a1#0
A/

n

! !
S JwiPlro| A2 |rs|ds -y,

k k
< 2o TR |25 [z A g | 2T R g |9 - A, (2, w) € HE x HEZ

Here, from the first line to the second line we used the fact that a = (a1, ..., a,)
€ G and a7 # 0 implies that a; > 1. From the third line to the fourth line we
applied (13). The last inequality holds because w € Hy.

Therefore, we obtain that

Aot F1
Ay wg‘ 2+k2

k
A2 543 2y, 545 .

o w |An
i

|w

|22
M(z,w) < T T
K 1= ry|? _1:[1 |7 =i

which means that the integral operator with kernel M (z,w) is of general type-
(AZ - %7*’437" '7An;A2 + %71437"‘71471)'

Now we come to estimate N(z,w), the second term in (11). Take any o =
(a1,...,an) € G with C(a) = [[j_, »(Pj) # 0 and a; = 0. An argument
analogous to that in the proof of [25, Proposition 3.2] shows that

O _1(0)=p;_10--0¢p1(0) > 4;, [1=2,...,n.
Therefore, we have

D2 C@ltl= 3 C@lraf" Oyl |

aceG,a1=0 a€G,a1=0

3 Cl@)lraf A2 PO A2y [y
a€G,a1=0



1370 S. ZHANG

< D C@na st g
acG,a1=0

S D B N
aceG,a1=0
(14) Sl fral

where we again used the fact that C(a) = H;-L:l v(P;) is a positive function for
a € G. From (14), we can find that

()
2o Bl S el

a€g a;=0

N(z,w) < N

[€)]
W”K‘|7“2|k1 1 —7r,[2 H |r It ]_H’
]_

_k k1
2] ™ uon | Z Cla)lre|

a€eg,a1=0

9 _+1 k(J)
LS H1 ’Tj] —rial
j=

_k1 Aot E1 )
22|27 25|42 - 2| A ] T g 42 - g [ A

A

)

n—1 )1 k(J)
K - |1 —ry|? H }7’ It ]+1|

which means that the integral operator with kernel N(z,w) is of general type-

(Ay — 7Ag,...,An;AQ + %,A37...,An). Combining (11) and the above
estlmates for M (z,w) and N(z,w), the stated claim is proved. O
Now we come back to the proof of Case 2. Since > ZZEQ is

a€A2(Hp),a1=0
independent of w; and w;, we have that

7:111 (BP(Za U})) = 7:1)1 (Bp(z7 U)))
Therefore, by (9) and Lemma 2.1 we have that

ioB f(z)

El nJE1n_1 Ei1
= —— | Bp(zw)Tu, f(w)dV (w)

lHn

= [, BB g v ) = [ T Bt gV (o)

n 21 n 21
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Here ;—f and a* should be interpreted in the distributional sense. From
the aforementloned claim and Lemma 2.7, we know that the integral op-
erator with kernel ““B p(z,w) or fllB (z,w) is bounded on LP(Hy) for all

230k 23k
pE < — =t , =t >, which follows that
3k Dntki 3 ki =Dtk

0 of
[5z:omet0] = | [, 5Bt gz o]
0
+ /n%B (=, “’)afl( )V (w)
P p
of
S o I A

holds for all p lies in the above range. By the arbitrariness of f € LY (H}),
we conclude that 6%1 o By is bounded from LY(HZ) to LP(H}) for all p €

( 23k 23k
i=1 =1

n b n
> kj+Dn+ki >0 kj—Dntki
i=1 i=1

). The proof is complete. (I

Proof of Theorem 1.2. The sufficiency part of the theorem follows directly from
[25, Theorem 1.1] and Theorem 1.1. Conversely, if the Bergman projection
By maps L} (H}) to itself for some p € (1,00), then from Lemma 2.3 and
Proposition 2.4 we know that p = 1 = (1,...,1) and ¥ = 1. Thus now we
only need to focus on the domain HY. On one hand, from the conclusion
of Step 1 in the proof of Lemma 2.3, we can find that if By is a bounded
operator on L¥(B1) then p € (f—fl, ffl). On the other hand, we consider the
function f on HY which is defined in the proof of [25, Proposition 4.2]. That is,

flw) = wiw, i . @, with By >0, Bay..., B <0and 30 (Bi+1) =1
It is obvious that f € LY(HY) for any p € (1,00). Since Bj is bounded on
LP(H7), we have that g(w) := By f(w) = w?* ---wf € LP(H?), which means
that %gj = Buw? ~-~wfrl~-~wﬁ" € LP(HY) holds for all j = 1,...,n. By
Lemma 2.2, we know that Y. (8;p+2) —p > 0. Note that Si,... ,ﬁn satisfy
S (Bi +1) =1, it follows that p < 2. Thus we have that p € (-2%,2). The
proof is complete.

nti

4. Proof of Theorem 1.3

Proof of Theorem 1.3. Firstly we assume that £ = 1. In this case we divide
the proof into two steps.

Step 1. We first calculate the L> sub-Bergman kernel of H} and obtain an
useful estimate for it. By the definition of L°° sub-Bergman kernel, we have
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that
z%w”
B100<Z,w> = Z W,
Q€A (HY) 2

where

J
(15)  A*(HY) = {a:(al,...7an):a1 >0, Z%‘ZQ j:2,...,n}.

i=1
By Lemma 2.2, we know that

n

@ i
(T P— .
H(z%+0
j=1 \i=1

Combining this with (15), we have that

16 Brw =53 Y Y [ﬁxi%ﬂﬁﬁ

a1=0a2=—a; Qp=—Q1— " —Qp_1 i=

Denote t; := Zgzl aj for j = 1,...,n and to := 0. Then by changing the
summation indices from «; to ¢; in (16) and we get

(16) = 7717 2 i [H (tj +j>r§“”‘}
N (I

ap — Llmmm el om SR 4 =D (< B4 2rd)

" (L —7rp)2(rp —rp—1)?-+-(ra —r1)?
where 7,41 := 1. In the above calculations we used the formula
> A-B)z+B
Sn+pyen =W BEEB o asec
o (1-2)

From (17) it is easily seen that

n
1:[2|Zj|2\wj|2
= (z,w) € H} x HY.

18 B (z,w)| < )
(18) 1Bl S romn T TP
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Step 2: Now we come to obtain the boundedness range for the L°° sub-
Bergman projection B$® on the Sobolev space LY (HY). By an argument similar
to the proof of Theorem 1.1, for any r € {2,...,n} and f € LY(H}) with
1 < p < oo we have that

0

827" ° B(iOf(Z)
r 0 w, o
- /H %Bi"’(z,w)aui (w)dV (w) — /H %Bfo(z,w)awfr (w)dV (w).

From (18) we know that the integral operator with kernel %*=B{°(z,w) or
%Bl‘x’(z,w) is of general type-(2,...,1,...,2;2,...,3,...,2), where 1 and 3
appear in the r-th position. Then Lemma 2.7 implies that 8@% 0 B$° is bounded
from LY (HY) to LP(HY) for all 1 < p < 2n.

For the z; differentiated operator aizl o B3°, again by an argument similar
to that in the proof of Theorem 1.1, we have that

1o}
9z, ° B f(2)
_ W1 55 of W) = of
_ /H B ) g (waV () - /H | EB ) ) ),

holds for any f € L¥(HZ), where B{°(z,w) is the “modified” kernel defined by

(19) BX(z,w) = B&®(z,w) — Y IS (sw) € HY x HE.
ac A= (HY),01=0 HZ ||2

From (17) we can obtain that the integral operator with kernel %3?0(27 w) or
%E?(z,w) is of general type-(1,2,...,2;3,2,...,2). By Lemma 2.7, we can
conclude that 0%1 o B$° is bounded from L{(HY) to LP(HY) for 1 < p < 2n.
Note that the operator B° is bounded on the ordinary L space LP(HY) for
all 1 < p < oo, it follows from the above analysis that the proof of the case
k =1 is complete.

For the cases of k = 2 and k£ = 3, we can easily obtain the desired results by
using the same method as in the proof of the case k = 1, except that we need
to change the “modified” kernel in (19) to

s 2w n o o
Bl (Z, 'lU) = Z W, (Z, 'lU) S Hl X Hl
Q€A (HY),a1>2 2
and _
/—’\’_o/o P Tl . .
Bl (Z,lU) = Z W, (Z,'LU) EHl XHl
2

a€A®(HY),01>3
in studying the boundedness range for the differentiated operators 88—; oB$° (in
1

the case k = 2) and 68—;3 o B$° (in the case k = 3). The proof is complete. [
1
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