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Abstract. Let φ be an entire self map on C and let ψ be an entire function on C. A

weighted composition operator induced by φ with weight ψ is given by Cψ,φ. In this paper

we investigate under what conditions the weighted composition operators Cψ,φ on the Fock

space over C induced by φ with weight of the form kc(ζ) = e〈ζ,c〉−
|c|2

2 is normaloid and

essentially normaloid.

1. Introduction

In this paper, we work with a class of weighted composition operators act-
ing on the Fock space F

2, also known as the Bargmann space over the com-
plex plane C. This is the Hilbert space of analytical functions f(ζ) such that

‖f‖2 = 1
π

∫
C
|f(ζ)|2e−|ζ|2dA(ζ), ζ ∈ C, where dA is the usual Lebesque measure

on C. In F
2, the inner product is defined as 〈f, g〉 = 1

π

∫
C
f(ζ)g(ζ)e−|ζ|2dA(ζ).

It is known that F
2 is a reproducing kernel Hilbert space (RKHS) with kernel

Kηζ = e〈ζ,η〉 for η, ζ ∈ C. Let kη =
Kη

‖Kη‖
be the normalization of Kη.

A composition operator Cφ on F
2 is defined as Cφf = f ◦φ, where φ is an analytical

self map on C. For an analytical function ψ, the weighted composition operator on
F
2 is defined as Cψ,φf = ψ.f ◦φ. It is clear that when ψ ≡ 1, Cψ,φ is reduced to Cφ.

The classical Fock space has been studied by many authors; see, for example [1], [6]

* Corresponding Author.
Received August 20, 2020; revised January 20, 2021; accepted February 8, 2021.
2020 Mathematics Subject Classification: 30H20, 47B32, 47B33, 47B38
Key words and phrases: Weighted Composition Operator, Fock Space, Normaloid, Essen-
tially Normaloid, Spectraloid.

889



890 C. Santhoshkumar and T. Veluchamy

and [11]. For more on background on composition operators, one recommend the
excellent books [2] and [9]. The book [12] is an excellent reference on the Fock space.

For a bounded operator A, we denote

• σ(A) the spectrum of A.

• σe(A) the essential spectrum of A.

• rσ(A) = sup{|λ|, λ ∈ σ(A)}, the spectral radius of σ(A).

• rσe
(A)}, the essential spectral radius of σe(A).

• W (A) the numerical range of A.

• rw(A) = sup{|λ|, λ ∈ W (A)}, the numerical radius of W (A).

• ‖A‖e = inf{‖A−B‖ : Bis compact}, the essential norm.

• rσ(A) = limn→∞(‖An‖)
1
n

• rσe
(A) = limn→∞(‖An‖e)

1
n

Also we have the following definitions for an operator A

• Normaloid if ‖A‖ = rσ(A)

• Essentially Normaloid if ‖A‖e = rσe
(A)

• Spectraloid if rσ(A) = rw(A)

It is also well known that every hyponormal operator is normaloid and an op-
erator is normaloid iff ‖An‖ = ‖A‖n for every integer n ≥ 1. By [[5], Theorem
1.3-2], if rw(A) = ‖A‖, then rσ(A) = ‖A‖. We will also use the fact that unitarily
equivalent bounded operators have the same numerical range and norm.

In [10], the author gave an exact characterization for when weighted composition
operators on the classical Hardy space H

2 are normaloid. Inspired by the article
[10], we will investigate under which conditions a class of weighted composition
operators on the Fock space F

2 is normaloid and under which it is essentially nor-
maloid.

2. Preliminary Results

In this section, we list well-known results on weighted composition operators on
F
2.

Theorem 2.1.([1], Theorem 1) Suppose φ : C → C is an analytic function.
(a) If Cφ is bounded on F

2 then φ(ζ) = µζ + ν, where µ, ν ∈ C, |µ| ≤ 1 and if
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|µ| = 1 then ν = 0.
(b) If Cφ is compact on F

2 then φ(ζ) = µζ + ν, where |µ| < 1.

By ([1], Theorem 2), the converse of the above theorem is also true.

Theorem 2.2.([[6], Theorem 2.2]) Suppose ψ, φ be analytic functions on C such
that ψ is not identically zero. Then Cψ,φ is bounded iff ψ belongs to F

2, φ(ζ) =

φ(0) + λζ with |λ| ≤ 1 and M(ψ, φ) := sup{|ψ|2e(|φ(ζ)|
2−|ζ|2); ζ ∈ C} <∞.

Theorem 2.3.([[6], Theorem 2.3]) Let ψ, φ be entire functions such that ψ is not
identically zero. Then the operator Cψ,φ is a normal bounded operator on F

2 iff
one of the following two cases occurs:
a. φ(ζ) = λζ + ν with |λ| = 1 and ψ = ψ(0)Kλν . In this case, Cψ,φ is a constant
multiple of a unitary operator.

b. φ(ζ) = λζ + ν with |λ| < 1 and ψ = ψ(0)Kc, where c = ν 1−λ
1−λ . In this case, Cψ,φ

is unitarily equvalent to ψ(0)Cλζ .

Theorem 2.4.([[6], Theorem 2.4]) If ψ, φ be analytic functions on C such that ψ is
not identically zero. Then Cψ,φ is compact on F

2 if and only if φ(ζ) = µζ + ν with

|µ| < 1 and lim|ζ|→∞ |ψ|2e|φ(ζ)|
2−|ζ|2 = 0.

In the following result, the author calculated norm of the composition operators
acting on the Fock space over Cn

Theorem 2.5.([[1], Theorem 4]) Suppose that φ is a self-map on Cn such that
φ(ζ) = Σζ+Λ, where either ‖Σ‖ < 1 and Λ is arbitrary, or ‖Σ‖ = 1 and 〈Ση,Λ〉 = 0

whenever |Ση| = |η|. Then on F
2(Cn), we have ‖Cφ‖ = e

1
4 (|w0|

2−|Σw0|
2+|Λ|2 , where

w0 is any solution to (I − Σ∗Σ)w = Σ∗Λ.

In one variable setting, when φ is of the form φ(ζ) = µζ + ν, the above result is

reduced to ‖Cφ‖ = e
1
2

|ν|2

1−|µ|2 where |µ| < 1. In [3], the author extended the norm
calculation into non-Hilbert Fock space F

p(Cn).

3. Main Results

In this section, we characterize a class of bounded normaloid weighted composi-
tion operators induced by the self map φ of the form φ(ζ) = µζ + ν where µ, ν ∈ C

such that |µ| < 1 and the weight function ψ of the form ψ(ζ) = kcζ for some c ∈ C.
By Theorem 2.1, |µ| = 1, implies ν = 0. This implies φ(ζ) = µζ which induces a
normal weighted composition operator on F

2. Moreover every normal operator is
normaloid. Therefore we consider the case |µ| < 1.

The following two lemmas are easy to derive.

Lemma 3.1. Let ψ1, ψ2, ...ψn be analytic functions on C and φ1, φ2, ...φn be an
analytic self-map on C. If Cψ1,φ1 , Cψ2,φ2 , ...Cψn,φn

, are bounded operators on F
2,

then Cψ1,φ1Cψ2,φ2 ...Cψn,φn
= Cψ1(ψ2◦φ1)....(ψn◦φn−1◦...◦φ1),φn◦φn−1◦...◦φ1

.
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Lemma 3.2. Let ψ, φ be holomorphic function on C and Cψ,φ is a bounded oper-

ator on F
2, then for ζ ∈ C, then C∗

ψ,φKζ = ψ(ζ)Kφ(ζ)

In the following result we derive criterion for a composition operator on F
2 to be

normaloid.

Theorem 3.3. Suppose φ is a holomorphic on C such that φ(ζ) = µζ + ν, |µ| < 1.
Then Cφ is normaloid on F

2 if and only if φ(0) = 0.

Proof. First, assume that φ(0) = 0. This implies φ(ζ) = µζ. Thus Cφ is an diagonal
operator which is normal. Hence Cφ is normaloid on F

2.
For the other direction, suppose Cφ is normaloid. (i.e) rσ(Cφ) = ‖Cφ‖. By ([1],

Theorem 4), we have ‖Cφ‖ = e
1
2

|ν|2

(1−|µ|2) .

In ([4], Proposition 3.3), it is given that σ(Cφ) = {µn;n ∈ Z+} for |µ| < 1. This

gives rσ(Cφ) = 1. Therefore, we have e
1
2

|ν|2

(1−|µ|2) = 1. This implies ν = 0. Therefore
φ(0) = 0.

Next, we find the criterion for the composition operator on the Fock space to be
essesntially normaloid.

Theorem 3.4. Let φ be a holomorphic function on C such that φ(ζ) = µζ+ν with
|µ| ≤ 1. Then Cφ is essentially normaloid.

Proof. Consider the case |µ| = 1, then by ([1], Theorem 1), we have ν = 0. Therefore
φ(ζ) = µζ. By ([8], Theorem 2.2), we have ‖Cφ‖e = ‖Cφ‖ = 1. In this case, we have
Ckφ = Cφk = Cµkζ with |µk| = 1. This implies ‖Cφk‖e = ‖Cφk‖e = 1. Therefore

rσe
(Cφ) = limk→∞ ‖Ckφ‖

1
k
e = 1. Hence Cφ is essentially normaloid.

On the other hand, if |µ| 6= 1, then |µ| < 1. This implies Cφ is compact ([1], Theorem
2). This implies ‖Cφ‖e = 0. Moreover, Ckφ = Cφk = Cµkζ+ν(µk−1+µk−2+...+1).

Since |µk| < 1, we have Cφk is compact. Therefore ‖Ckφ‖e = 0. Thus rσe
(Cφ) =

limk→∞ ‖Ckφ‖
1
k
e = 0. Hence Cφ is essentially normaloid.

In the next theorem, we will derive conditions by which the weighted composition
operator on the Fock space F2 induced by the symbol φ and the weight function of
the form ψ(ζ) = kc(ζ) for some c ∈ C.
For p ∈ C, denote φp(ζ) = ζ−p, Φp(ζ) = φp ◦φ◦φ−p and Ψp(ζ) = k−p(ψ◦φ−p)(kp ◦
φ ◦ φ−p).

Lemma 3.5.([11], Proportion 2.3) For p ∈ C, φp(ζ) = ζ − p, Ckp,φp
is unitary.

Theorem 3.6. Let φ be an analytic function on C such that φ(ζ) = µζ + ν with
|µ| < 1 and φ(p) = p for some p ∈ C and ψ(ζ) = kc(ζ) for c ∈ C. Then the bounded
weighted composition operator Cψ,φ is normaloid.
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Proof. Consider

Ck−p,φ−p
Cψ,φCkp,φp

= Ck−p.(ψ◦φ−p).(kp◦φ◦φ−p),φp◦φ◦φ−p

= CΨp,Φp

(3.1)

Hence Cψ,φ and CΨp,Φp
are unitarily equivalent operators on the Fock space F

2.

Since φ(p) = p, we have

Φp(ζ) = φp ◦ φ ◦ φ−p(ζ)

= φp(φ(φ−p))(ζ)

= φp(φ(ζ + p))

= φp(µ(ζ + p) + ν)

= µζ + µp+ ν − p

= µζ + φ(p) − p

= µζ

(3.2)

and

Ψp(ζ) = k−p(ψ ◦ φ−p)(kp ◦ φ ◦ φ−p)(ζ)

= k−p(ζ)(ψ(φ−p(ζ))(kp(φ(φ−p(ζ)))

= e−ζpψ(ζ + p)kp(φ(ζ + p))

= e−ζp−
|p|2

2 e(ζ+p)c−
|c|2

2 e(µ(ζ+p)+ν)p−
|p|2

2

= e−ζp+(ζ+p)c−
|c|2

2 +(µ(ζ+p)+ν)p−|p|2

(3.3)

From C∗
Ψp,Φp

K0 = Ψp(0)K0, we have ‖(CΨp,Ψp
− Ψp(0))K0‖ = ‖(CΨp,Ψp

−

Ψp(0))
∗K0‖ = 0. Since K0 = 1, we get (CΨp,Φp

− Ψp(0))K0 = 0. This implies
Ψp(ζ) = Ψp(0).

Thus from (1.3), we have Ψp(ζ) = Ψp(0) = epc−
|c|2

2 +|p|2(µ−1)+νp which is a constant.

Denote s = epc−
|c|2

2 +|p|2(µ−1)+νp.

Therefore, CΨp,Φp
= sCµζ with |µ| < 1

In ([7], Proposition 2.2), author derived the numerical range of composition opera-
tor Cµζ where |µ| < 1 acting on Hardy space H2 is a closed polygonal region, whose
vertices form a finite subset {µn|n ≥ 1}. It is clear from the proof that this result
is also true for the Fock space F

2.

It follows from ([7], Proposition 2.2), the numerical range of CΨp,Φp
= sCµζ is

{sµn|n ≥ 0}.



894 C. Santhoshkumar and T. Veluchamy

Thus rw(CΨp,Φp
) = |s|.

On the other hand, by ([1], Theorem 4), ‖CΨp,Φp
‖ = ‖sCµζ‖ = |s|

Thus rw(CΨp,Φp
) = ‖CΨp,Φp

‖. By [[5], Theorem 1.3-2], CΨp,Φp
is normaloid. Using

the fact that unitarily equivalent bounded operators have same numerical range and
norm, we get the desired result.

Theorem 3.7. Let φ be an analytic function on C such that φ(ζ) = µζ + ν with
|µ| < 1 and φ(p) = p for some p ∈ C and ψ(ζ) = kc(ζ) for c ∈ C. Then the bounded
weighted composition operator Cψ,φ is essentially normaloid.

Proof. Since |µ| < 1, by ([6], Theorem 2.4), Cψ,φ is compact. This implies ‖Cψ,φ‖e =
0. On the other hand, we know that Cψ,φ is unitarily equivalent to CΨp,Φp

, where
Ψp(ζ) = Ψp(0), which is a constant. Since |µ| < 1, CΨp,Ψp

= Ψp(0).Cµζ is compact.
Therefore ‖CΨp,Φp

‖e = 0. Since unitarily equivalent operators have same essential
spectrum, we have rσe

(Cψ,φ) = rσe
(CΨp,Φp

). Also ‖CkΨp,Φp
‖e = ‖Ψp(0)

k.CΨk
p
‖e = 0.

Thus rσe
(Cψ,φ) = 0. Hence Cψ,φ is essentially normaloid.

Corollary 3.8. Let φ be an analytic self map on C such that φ(ζ) = µζ + ν

with |µ| < 1 and ψ(ζ) = kc(ζ). Then Cφ is normaloid implies Cψ,φ is essentially
normaloid.

Proof. By Theorem 3.3, we have ν = 0. This implies Cψ,φ = Cψ,µζ . By
([6], Theorem 2.4), Cψ,µζ is a compact operator on the Fock space F

2. There-
fore ‖Cψ,µζ‖e = 0. On the other hand, by Lemma 3.1, we have Ckψ,µζ =

Cψ(ζ).(ψ(µζ)).(ψ(µ2ζ))...(ψ(µkζ)),µkζ with |µ| < 1 and |µk| < 1 implies Ckψ,µζ is com-
pact.
Thus rσe

(Cψ,φ) = limk→∞(‖Ckψ,µζ‖e)
1
k = 0. Hence Cψ,φ is essentially nor-

maloid.

Theorem 3.9. Let ψ be a holomorphic function on C and φ be a analytic self map
on C such that φ(ζ) = µζ + ν with |µ| < 1. If Cψ,φ be a bounded operator on the
Fock space F

2 such that Cφ is normaloid then Cψ,φ is normaloid.

Proof. By Theorem 3.3, we have φ(0) = 0. This implies φ(ζ) = µζ.
From Lemma 3.2, C∗

ψ,φK0 = ψ(0)Kφ(0) = ψ(0)K0 and ‖(Cψ,φ − ψ(0))K0‖ =
‖(Cψ,φ − ψ(0))∗K0‖, we have (Cψ,φ − ψ(0))K0 = 0.
Since K0 = 1, we have ψ(ζ) = ψ(0), which is a constant and denote ψ(0) = u.
Thus Cψ,φ = uCµζ with |µ| < 1.
Following arguments as in Theorem 3.6, we get ‖Cψ,φ‖ = ‖uCµζ‖ = |u| and
rσ(Cψ,φ) = rσ(uCµζ) = |u|. Hence Cψ,φ is normaloid.

Theorem 3.10. Let φ be an analytical function on C such that φ(ζ) = µζ+ν with
|µ| < 1 and ψ(ζ) = kc(ζ). Suppose φ(p) = p then Cψ,φ is normaloid if and only if
Cψ,φ is spectraloid.
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Proof. It is known that every normaloid is spectraloid. On the other hand, assume
that Cψ,φ is spectraloid. by definition, rσ(Cψ,φ) = rw(Cψ,φ). Since Cψ,φ is unitarily
equivalent to CΨp,Φp

where Ψp,Φp defined as in Theorem 3.6., by ([7], Proposition
11) and using the fact that unitarily equivalent operators have same numerical
range, we get rw(Cψ,φ) = |Ψp(0)|. Also from the proof of Theorem 3.6, we have
Ψp(ζ) = Ψp(0), a constant. By ([1], Theorem 4), we have ‖Cψ,φ‖ = ‖CΨp,Φp

‖ =
|Ψp(0)|. Thus rw(Cψ,φ) = ‖Cψ,φ‖. Hence Cψ,φ is normaloid.

In the next theorem, we will find the conditions for which the C2
ψ,φ is normaloid.

Moreover, this result can be extended to any power of natural number. In order to
prove the next result we need following proposition.

Proposition 3.11. Let φ be holomorphic on C such that φ(ζ) = µζ + ν with
|µ| < 1 and ψ(ζ) = kc(ζ). Then C2

ψ,φ is unitarily equivalent to CΨ′
p,Φ

′
p
, where

Φ′
p(ζ) = µ2ζ + µ2p+ µν + ν − p and Ψ′

p(ζ) = eζ(c(µ+1)+p(µ2−1))+c(µp+ν+p)−|c|2

Proof. By ([11], Proposition 2.2), Ckp,φp
is unitary and its inverse is Ck−p,φ−p

.
Taking Ψ′

p(ζ) = k−p(ζ).ψ ◦ φ−p(ζ).ψ ◦ φ ◦ φ−p(ζ).kp ◦ φ ◦ φ ◦ φ−p(ζ) and Φ′
p(ζ) =

φp ◦φ ◦φ ◦φ−p(ζ), and with the fact that reproducing kernels are dense in the Fock
space F

2, we have

Ck−p,φ−p
Cψ,φCψ,φCkp,φp

Kw(ζ) = CΨ′
p,Φ

′
p
Kw(ζ)(3.4)

This implies Cψ,φ is unitarily equivalent to CΨ′
p,Φ

′
p
where Φ′

p(ζ) = µ2ζ+µ2p+µν+

ν − p and Ψ′
p(ζ) = eζ(c(µ+1)+p(µ2−1))+c(µp+ν+p)−|c|2 .

Theorem 3.12. Let φ be an analytical function on C such that φ(ζ) = µζ+ν with
|µ| < 1 and ψ(ζ) = kc(ζ). For some p ∈ C, if φ2(p) = p then C2

ψ,φ is normaloid.

Proof. By Proposition 3.11, we have Cψ,φ is unitarily equivaent to CΨ′
p,Φ

′
p
. Taking

φ2(p) = p for some p ∈ C, we get

Φ′
p(ζ) = φp ◦ φ ◦ φ ◦ φ−p(ζ)

= φp(φ
2(ζ + p)

= φp(µ
2ζ + µ2p+ µν + ν)

= µ2ζ + µ2p+ µν + ν − p

= µ2ζ + φ2(p)− p

= µ2ζ

(3.5)

Ψ′
p(ζ) = k−p(ζ).ψ ◦ φ−p(ζ).ψ ◦ φ ◦ φ−p(ζ).kp ◦ φ ◦ φ ◦ φ−p(ζ)

= eζ(c(µ+1)+p(µ2−1))+c(µp+ν+p)−|c|2

(3.6)
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From C∗
Ψ′

p,Φ
′
p
K0 = Ψ′

p(0)KΦ′
p(0)

and ‖(CΨ′
p,Φ

′
p
− Ψ′

p(0))K0‖ = ‖(CΨ′
p,Φ

′
p
−

Ψ′
p(0))

∗K0‖, we have (CΨ′
p,Φ

′
p
− Ψ′

p)K0 = CΨ′
p,Φ

′
p
K0 − Ψ′

pK0 = 0. Therefore
Ψ′
p(ζ) = Ψ′

p(0) which is a constant. Denote Ψ′
p(ζ) = Ψ′

p(0) = s. Thus Cψ,φ is
unitarily equivalent to sCΦ′

p
where Φ′

p(ζ) = µ2ζ with |µ| < 1.

By ([7], Proposition 2.2) and following argument as in Theorem 3.6., we have
rw(CΨ′

p,Φ
′
p
= |s| and by ([1], Theorem 4), we get ‖CΨ′

p,Φ
′
p
‖ = |s|. Thus CΨ′

p,Φ
′
p

is normaloid. Since norm and numerical range of unitarily equivalent operators are
equal, we get the desire result.

Corollary 3.13. Let φ be an analytical function on C such that φ(ζ) = µζ + ν

with |µ| < 1 and ψ(ζ) = kc(ζ). For some wwwp ∈ C and any natural number n, if
φn(p) = p then Cnψ,φ is normaloid.

Proof. Result can be proved by following similar argument as in Theorem 3.12.
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