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NUMBER OF LINEAR EXTENSIONS FOR A VARIANT OF
UP-DOWN POSET

HyEONG-KWAN JU* AND KYU-CHUL SHIM

Abstract. A variant of up-down posets described below and the number
of their linear extensions were studied. We obtained the exponential gen-
erating functions which showed that how they are related to the Euler’s
up-down numbers.

1. Introduction

We consider the following poset:
Ampm ={01 <02 < <Op1 <O <M1 <T2>T3 <74 >-<(or >},
where [n +m] = {o;};; U {7;}]_,. In other words, the orders between /s
in A, change alternatively. Let ¢(m,n) be the number of linear extensions
of the poset A,, . It is known that ¢(0,n) = E,, Euler’s updown number.
1,1,1,2,5,16,61,272,1385 are the first few terms. (See [4] OEIS id A000111

about this.) Our goal here is to represent the number of linear extensions of
Ay, using Euler’s up-down numbers.

Let Fy,(y) := E c(m,n)y—'. From the definition of F,,(y), we obtain
n!
n>0

2k

o0 y o0
F = Fop-—-— E
o(y) kz::(] 2k 20! + kz::[) 2k+1

2k+1
er

m = SeCy+taHy.

(See [2] for the zigzag poset.)
One way to get the formula Fj(y) is as follows: Note that
Ao ={m<m>m<m>---<(or >)Thi1}.
Consider another poset
Boyi:={ro>mn<m>1m3<14>->(0or <)T,}.
The number of linear extensions of the poset Ag n4+1 (which is E,,14) is same

as that of the poset B,, ;1 because there is an obvious bijection between them.

Received October 24, 2021. Revised October 27, 2021. Accepted October 30, 2021.
2020 Mathematics Subject Classification. 05A15, 05C30.

Key words and phrases. linear extensions, generating functions.

*Corresponding author



742 Hyeong-Kwan Ju and Kyu-Chul Shim

Since the sum of the number of linear extensions of B,,41 and that of A, ,, is
(n+ 1)E,, we have the formula ¢(1,n) = (n+ 1)E,, — E, 41 for n > 1. Thus
yn
Fily) = Y elmL;
n>0
n

=1+ Z((n+1)En _En+1)%

n>1
_ y" y" y"
STRD WILILANS SN ERS S
n>1 n>1 n>1

Since

yn ynfl d yn 9
;(TLETL)E =Y ; Enm = de 2 E"H = y(sec” y + secytany),
n> n=> n=z

n

ZEny—| =secy + tany — 1,
1 n!

yn B d yn+1
D Bnprt g = ay ZEHTJF 1
n>1

n>1
=—( +t —1—y)
sec an
Iy Y Yy Y

=sec’y +secytany — 1,
we get
Fi(y) =14 (14 (y — 1)secy)(secy + tany).
First few terms of ¢(1,n) are listed as follows:
1,1,1,3,9, 35, 155, 791, 4529, 28839, . .

(See [4] with id A034428. Note that ¢(1,0) = 1. There is certain relation with
the sequences appeared in [1] and [3].)
Another way to get the same formula for Fy(y) is as follows: Let

Fo(y) = (Fn(y) — Fn(-y)) /2,
Fo(y) = (Fn(y) + Fn(-y)) /2.

Theorem 1.1. (m = 1) The following system of differential equations
holds:

m Ft) vt [ Fs) dstany
(2) Fi(y)=1+ /Oy FY(s)dssecy

To prove the above theorem, we need the following lemma where a recur-
rence relation on ¢(1,2n + 1) is introduced.
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¢(n,0) [ c(n,1) | c(n,2)|c(n,3)|c(n,4)| ¢(n,5) | c¢(n,6) | ¢(n,7) | c(n,8)
2 ) 16 61 272 1385
3 9 35 155 791 4529
4 14 64 323 1856 | 11796
5 20 105 595 3801 | 26586
6

7

27 160 1006 7072 | 53954
35 231 1596 | 12243 | 101178
TABLE 1. ¢(m,n)-table

G| W= o3

Lemma 1.2. The sequence ¢(1,2n + 1) satisfies the following recursive
formula

1142
e(1,2n + 1) Z(JJ;) 9 — 2k — 1) Eapy1.

Proof. Consider the following poset:
A172n+1 = {01 <M1 <Tg>T73<Tqg > " <Top > 72n+1}

To construct the linear extensions of the poset A; 2,41 we match each number
in [2n + 2] with the element of the given poset so that the correspondence
satisfies suitable conditions for cover relations. The largest number 2n + 2 in
this correspondence match with one of 75,1 (where 0 < k < n —1) in the
poset Aj 2p4+1 so that the poset is decomposed into two parts. One part is
A1 9n—2k—1 and the other part is Ag ok+1. Thus, first we choose 2k+ 1 numbers
from [2n+ 1] for the part Ag 2x+1. Then we multiply (;;ﬁff) by ¢(1,2n—2k—1)
and ¢(0,2k + 1) = Eogy1 to get the desired formula. O

Now we provide the proof of Theorem 1.1.

Proof of Theorem 1.1. First we separate odd and even terms of F(y) as

n

Fi(y) = Y e(ln) 7 = FY() + Fi (y)

n>0
2n+1
Y

Y+ Zc(l,Qn—i— 1>(2n

n=1
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Then, as a result of the above lemma, FY(y) satisfies

— (1+2n 2l
Fiy) -y = z:: <kzo <2k + 1) — 2k 1)E2’“+1> (21 +1)!

_ i "Zl (1+2n)le(1,2n — 2k — 1) oy | y' 2"

= (1+2n—2k—1)!(2k + 1)! (1+2n)!

_ i i c(1,2n — 2k — 1)y2n72k Bk Y2t
= (2n — 2k)! (2k + 1)!

(1,20 + 1)y21+2 —  Eai1 2R+
(20 +2)! — (2k+1)! '

o1, 20+1 22 / c(1,21+1) G2+ _/y 0
Z (20 +2)! Z @2+ 1)! ds= | Fi(s)ds,

=

If we define 31 (y)

we get Equatlon (1). Similarly, we can obtaln Equation (2). O

Theorem 1.3 (m = 1). The exponential generating functions for odd terms
and even terms of ¢(1,n) are

FY(y) = tany + ysec’ y — secy tany,
Ff(y) =1+ ysecytany — sec” y + secy.
Thus, we get
Fi(y)=F(y)+ Fy(y) =1+ (1 + (y— 1) secy)(secy + tany).

Proof. From Equation (1), we have 81(y) —y = 51 (y) tany. Multiplying by
the integrating factor cosy on both sides of the previous differential equation,
we get

(B1(y) cosy)’ = ycosy.
Thus

Bi(y) = sec(y) /U scos(s)ds
0
= sec(y) (ysin(y) + cos(y) — 1)
= ytan(y) + 1 — sec(y).
Using this, we get
F(y) = Bi(y) = tany + ysec’ y — secy tan y,
Ff(y) =1+ Bi(y)secy = 1 + ysecy tany — sec? y + secy.
Hence

Fi(y)=FY(y)+ Ff(y) =1+ (1 + (y — 1) secy)(secy + tany).
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Now, we consider the case m = 2.

Theorem 1.4 (m = 2). The following system of differential equations
holds:

Yy Yy t
(3) Fy(y)=y+ / Fy(s)dstany + / / F§(s)dsdtsec®y
0 o Jo

Y y t
(4) Fy(y)=1 +/ F3(s) dssecy—l—/ / F3(s)0dsdtsecytany
0 0o Jo

Yy t
Let Ba2(y) = / / F3(s)dsdt. Then Equation (3) can be rewritten as
o Jo

5(y) =y + Bh(y) tany + Ba(t) sec? y.

Since this can be written as

y? '
(50 - % ~ ) tany ) =0,
we get

2
Bh(y) — %~ Baly) tany = c.

for some constant c. Since 85(0) = 0 = S2(0), ¢ must be 0. Similar to what we
did before, we get

2
(Ba(y) cosy)’ = Ba(y) cosy — Baly) siny = - cos .

Thus we have
Y g2 y?
Ba2(y) cosy = 5cossds: (2—1> siny + y cosy,

which gives
2

Ba(y) = <212 - 1) tany + y.

Theorem 1.5 (m = 2). The exponential generating functions for odd terms
and even terms of ¢(2,n) are
FS(y) = tany + 2ysec® y + (y* — 2) sec® y tany,
F§(y) =1+ (2—y?/2)secy + 2ysecytany + (y* — 2)sec® y.

Thus the exponential generating function for ¢(2,n) is

Fo(y) =1+ (1 —y?/2)secy + (1 + 2ysecy + (y* — 2) sec’ y)(secy + tany).
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2. Main results

In this chapter we generalize the previous results for m = 1 and 2. The
exponential generating function explains the situation that how they are mixed
with the Euler’s up-down numbers {E,, },>0. Now

Fuly) = Y elmm) L = Fo(9) + Fi(0)
n>0

y2n+1

2 1) ———
y+;c(m, n + )(2n+1)!

& n
!

Y2
1+ Z c(m,2n) 2n)

=1

+

Then F? (y) satisfies

2n+1

(2n +1)!

ym+2n (m—1)
(m + 2n)!
) oo (m—1)
Z Z c(m,2n—2k—1) ym+2n72k71 Eopt1 y2k+1
(m+2n—2k—1)! (2k +1)!

(m—1)
i c(m, 2l +1) 2L —  Ehr Y2
2o (m+ 20+ 1)! 2k + 1)

k=0 (

e n—1
m+ 2n
Fo(y)—y = Zl <2k+1)c(m72n—2k— 1) B i1

B i — (m + 2n)le(m, 2n — 2k — 1) Eop 14
N 4 (m +2n — 2k — 1)!(2k + 1)!

where

Note that

(Bm(y)'™ = F2(y) - v.

Similar to Theorem 1.4, we get the general results:
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Theorem 2.1. The following system of differential equations holds:
(5)
m—1 _ m—1\ e
Fo(y)=y+ ( 0 )Br(nm D(y)tany + ( 1 )B,(n D (y)(tany)’

+o (:;L - 1) B () (tany) ™Y,

)
Fa =1+ (") s wsecy+ (M) )secn)

et (mj)ﬁm(y)(secy)(m_”-

m

From Equation (5), we have

m

(m) - (L tan Y
B (y) m!+ﬂm(y) Y

which implies that
m
1

Y _
Bra(y) = Bm(y) tany + S Totayt cy? + o+ emory™

Since B, (0) = B,(0) = --- = " 1(0) = 0, we get

Brn(y) = Bun(y) tany + .

Similar to the previous case, we obtain the solution 5,,(y) as follows:

Yy .m
(7) B (y) = secy/o %cos(s) ds.
Therefore we get the following theorem.

Theorem 2.2. The exponential generating function for ¢(m,n) is

Fu(y) = (1 +y) + [Bu(y)(secy + tany)] Y.

Proof. We have

Fo(y) = Fp(y) + F(y)

(m—1) ym—l (m—1)
+ B (y) tan y} + [(m—l)' + Bm(y) secy

m

_|Y
T im!

= (1+9) + [Bu(y)(secy + tany)] "V
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3. Further Analysis of ,,(y)

In this section, we provide further analysis of ,,(y) and several questions.
First, we provide a recurrence relation of S, (y).

Corollary 3.1.
Bnly) = 3 tan(y) + (5 = Bm2(v)

Proof. From Equation (7

B (y) cos(y / — cos(

m m—1
= T S) + oy €05(w) = -2 (y) c05(y),
O
The next result provides the ordinary generating function of S, (y).
Corollary 3.2. Let B(z,y) Z Bm(y . Then
m>0
Bla,y) = 1 [+ tan(y)) — wsec(y)].
Proof. From Equation (7),
)= Bmly)z™
m>0
=sec(y / Z m' cos(s) ds
m>0
—sec(y)/ exp(sz) cos(s) ds
0
_e™(xcos(y) +siny) —
N (1 + 22) cos(y)
_e™(x +tan(y)) — rsec(y)
B 1+ 22 '
O
We close this section with a couple of questions and a problem.
Question 3.3. Now, if we let G(z,y) Z F,,(y)—, what is the shape

m>0

of G(z,y)?
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yn

= it is curious what
n!

o0
Question 3.4. If we represent G(z,y) = Z H, ()
n=0

H, (z) looks like. How will it be tied to B,,(y)’s?

Problem 3.5. One might consider the order polytope of the poset A,
and its discrete volume.
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