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NEW BLOW-UP CRITERIA FOR A NONLOCAL
REACTION-DIFFUSION SYSTEM

EuUN-SEOK KIM

Abstract. Blow-up phenomena for a nonlocal reaction-diffusion system
with time-dependent coefficients are investigated under null Dirichlet
boundary conditions. Using Kaplan’s method with the comparison prin-
ciple, we establish new blow-up criteria and obtain the upper bounds
for the blow-up time of the solution under suitable measure sense in the
whole-dimensional space.

1. Introduction

We study a nonlocal reaction-diffusion system with time-dependent coeffi-
cients
(1.1) up = Au+ ki (t)u? [ vide, (z,t) € Qx(0,t%),

: vy = Av + k()" [ utde, (x,t) € Q x (0,t%),

subject to null Dirchlet boundary and initial conditions

{ u(z,t) =v(z,t) =0, (x,t) € 00 x (0,t%),
u(x,0) =up (z),v(x,0) =vy (z), =z €,

where Q C RY (N > 1) is a bounded region with smooth boundary 9, ky (t) , k2 (t)
are bounded positive C'-functions, p, » > 0, g, s > 0, t* is a possible blow-up
time when blow-up occurs, otherwise ¢t* = +o00. The nonnegative initial data

ug (z) , v (z) are C*-functions which satisfy compatibility conditions. Then the
existence and uniqueness of nonnegative local classical solution to (1.1)-(1.2)
are well known ([1,2] and [3, Chapter 14]). More precise conditions for other
data will be given later.

Our nonlocal reaction system (1.1) serves as a typical model in chemical
reactions, population dynamics and heat transfer, where u and v represent
the thickness of two kinds of chemical reactants, the densities of two biological
populations during a migration and the temperatures of two different materials
during a propagation respectively [4].

(1.2)
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During the past decades, there have been many works to deal with the
blow-up phenomena for the solutions of local or nonlocal reaction-diffusion
equations (systems), we refer the reader to the monograph [3-5] as well as to
the survey paper [2] and the references therein. Roughly, it has been seen
that existence of global and nonglobal solutions and behavior of the solutions
to reaction-diffusion equations (systems) depend on dimension, nonlinearity,
initial data and boundary condition. In particular, Quittner and Souplet [5,
Chapter 5] introduced the qualitative properties of the solution to a nonlocal
reaction-diffusion equation with Dirichlet boundary in detail. In a sense, the
nonlocal models are more close to the practical problems than the local models,
and now many local theories are no longer holding. Therefore, they are more
difficult and challenging. In this paper, we would like to investigate the blow-up
phenomena of the solution for a nonlocal reaction system, and our main aim is
to establish a new blow-up criteria. As we all know, there are only a few works
about the blow-up criteria to the reaction systems.

In [6], Xu and Ye investigated the following weakly coupled local reaction-
diffusion problem for large initial data and suitable parameters

up = Au+uPol,  (z,t) € Q x (0,t*),
{ ve=Av 4ot (z,t) € Q x (0,t%),

they derived the exact value of the blow-up time under null Dirichlet boundary
conditions. Payne and Philippin [7] considered the semilinear parabolic system
with time-dependent coefficients as follows

{utAu+k1(t)f1(v), (z,t) € Q2 x (0,t%),
ve=Av+ko(t) fa(u), (x,t)€Qx(0,t),

under null Dirichlet boundary conditions, they obtained sufficient conditions
for the solution blows up in finite time therefore derived the upper bounds
for the blow-up time. Tao and Fang [8] investigated the weakly coupled local
reaction-diffusion system with time-dependent coefficients as follows

up = Au+ ki ()uPvl,  (z,t) € Q x (0,t*),
ve = Av+ ko(t)v™u®,  (z,t) € Q x (0,t%),

under null Dirichlet boundary conditions, they obtained the blow-up criteria
and lower bounds for the blow-up time of the solution under two different
measures in high-dimensional space (N > 3). Recently, there have been new
developments in the study of nonlocal reaction systems. In [9], the authors
considered our problem (1.1)-(1.2) for k1(t) = k2(t) = 1 and obtained the
lower bound for the blow-up time using differential inequality technique in
high-dimensional space (N > 3). At the same time, they derived the upper
bounds for the blow-up time in the norm of L? and L.

Inspired by [8] and [9], we will combine Kaplan’s method with the com-
parison principle to seek the sufficient conditions to guarantee the solution of
problem (1.1)-(1.2) exists globally or blows up in finite time, and then derive
the upper bounds for the blow-up time in whole-dimensional space (N > 1).
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2. Main result

We consider the fixed membrane problem
Ap+Xdp=0, z€q,
p(x) =0, z€0dQ,

where A1, 1 and p1,1; are the first eigenvalue and the corresponding eigen-
functions for region © and Q. := {z € Q| dist (x,0Q) > £} respectively.

Theorem 2.1. Suppose that k1(t), k2(t) are bounded functions and let
K :=min{ky () k2 (t)}, K :=max{k(t),ka(t)},

and (u,v) is the nonnegative classical solution of problem (1.1)-(1.2).

(I) For max{p + q,r + s} < 1, if the initial data are small enough and satisfy
(2.6), then the solution of problem (1.1)-(1.2) exists globally.

(II) For min{p,r} > 1, if the initial data are small enough and satisfy (2.9),
then the solution of problem (1.1)-(1.2) exists globally; Meanwhile,

(i) For p > 1, 0 < ¢ < 1, if the initial data are large enough and satisfy (2.16),
then the solution of problem (1.1)-(1.2) blows up in finite time t* with the
following upper bound

1 - 1-p

In [1 (k) (0)} ’
(1=p) (p1 — k1) K

where ki = —p’\%l, Ui (t) = [, witrde, and wy is defined in (2.12);

(ii) For p > 1, ¢ > 1, if the initial data are large enough and satisty (2.22), then

the solution of problem (1.1)-(1.2) blows up in finite time t* with the following
upper bound

! ! [ (s — o) U7 (oq
——In|1— . ,
(1=p) (g1 — k2) K|Qt~q
where ko = —%q, Us (t) = fﬂs wot)rdzx, and wy is defined in (2.18);

(iii) For r > 1, 0 < s < 1, if the initial data are large enough, then the solution
of problem (1.1)-(1.2) blows up in finite time t* with the following upper bound

1 In [1 (1 —ks) Vi (0)} ’
(1 —7)(u1 —ks) K
where ks = —T’\jl, Vi(t) = st wardx, wy = eFsty;

(iv) For r > 1, s > 1, if the initial data are large enough, then the solution of
problem (1.1)-(1.2) blows up in finite time t* with the following upper bound

1 ol (= ka) Vo'~ (0)
(1=7) (g1 — ka) 1 [1 K|Qft=» } ’

where ky = — 25, Vo () = [, wathrdz, wy = eFily.
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(v) For max{p,r} < 1, if gs < (1 —p) (1 —r) and the initial data are small
enough and satisfy (2.27), then the solution to problem (1.1)-(1.2) exists glob-
ally; while gs > (1 — p) (1 — r) and the initial data are large enough and satisty
(2.31), then the solution to problem (1.1)-(1.2) blows up in finite time t*, and
an upper bound for t* is

)
T

where positive constant T satisfies (2.30).

Proof. We will prove the theorem in three cases.
Case 1. max{p+q,r+s} < 1.
Let (u,?) be the solution to the following problem

uy = Au+ Ku® [ 0%z, (z,t) € Qx (0,t%),
9.1 v =AU+ Ko" [ utds, (z, )EQX(,t*)
2 W) =0 =0, (2,0) €00 x (0,67),
u(x,0) = () v (x,0) =vg(x), x€q.

then by the comparison principle we can easily know that the solution (u,v) to
problem (2.1) is a supersolution to the solution (u, v) to the problem (1.1)-(1.2).

Considering the auxiliary function
B(t) = [ (+0)prd
Q

where [, @1 (z) dz = 1.
leferentlatmg ® (t) and using (2.1), Green’s formula, we have

o’ (t):/ﬂ(ﬂt + U¢) prdx

:—Al/ﬂwldx+K/ﬁp@1dx/@qdw
Q Q Q

—Al/ﬁ@ldx—l—f(/ﬁrcpldx/ﬂsdx
Q Q Q

(2.2) :—)\1<I>(t)—|—f(/ﬂpcp1dx/T)M;E—&—f(/fﬂpﬂx/ﬂsdaj
Q Q Q Q
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Applying Holder’s and Young’s inequalities to the second and third terms on
the right hand of (2.2), we derive

f(/apgold:c/@qu
Q Q
_ e P ™ _a  pEa
< K( / gy dn) / ordz)” ( / PHpde) / or? dz)
Q Q Q Q

< f(i(/ aP T pydx) +KL(/ Lp;%daz)%(/ P, dr)
Q Q Q

Pt p+q
< K}%q(/ﬂawldx)wwrf(ﬁ(/g @;%dz)g(/ﬂwldx)“q
(2.3) < DiKOPHY,
and
(2.4) K/Q@TCPICZZ/QEdeSDQR(@TJrs,

PR VR o
where Dy = max{1, ([, ¢, "dz)c}, Dy = max{l, ([, ; "dx)"}. Substituting
(2.3),(2.4) into (2.2), we can lead to the inequality

Q' (1) < =M@ (t) + DIK®PTI(t) + Dy KP4 (¢)
(2.5) <O (t) (—A + KDy P 4 KDy @757 1) |

By p+qg<1andr+s<1wecan easily get that the ®?T9~1 and &+~ ! in
(2.5) are both monotone non-increasing about ®.

Hence, if the initial data small enough satisfies
(2.6) K (Di@f™ ™" + Dyapt 1) <

where ®g = [, (uo () 4 vo (2)) ¢1 («) dz, then ® (t) exists globally and by the
comparison principle we can know that the solution (u, v) to problem (1.1)-(1.2)
exists globally.

Case 2. min{p,r} > 1.

(Global existence) Let

where max p1(x) = 1, A, 11, are positive constants to be determined later.
Q
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By the condition min{p,r} > 1, we can directly compute

iy — AT — ki () up/ vldx
Q

=LA+ o @)+ A A+ g (2)

~ (0 @) (A + 07 [ o
Q
(2.7)
> o1 (@) (A+ D)7 [ (A+0) 7 + M = KIQ|(A+) 07D

and

Ty — AT — ko (t) ET/ u’dx
Q

(28) > (x)(A+1) 7" [—zg (A+t)" + 1 — K|Q (A + t)—“—l)lz—sh} _

For l1,l3 > 0, using p > 1 and » > 1 we know that —(p—1){1 — ¢l <
0, —(r—1)ly—sly < 0, it follows that —I; (A +1)"", —K|Q| (A 4 ¢)~®~Dh a2
Iy (A+t) " and —K[Q(A+ )" "D iy (2.7) and (2.8) are monotone
increasing about t respectively.

Hence, choosing A large enough satisfies
DA N —K(QAP D > 00 gnd 1, AN —K|QIAT (D >

Then we have

Uy — A — kq (t) ﬂp/ vidx >0 and vy — AU — kg(t)’l_)r/ u’dx > 0.

Q Q
Obviously, if the initial data small enough satisfy
¢1 (2) 1 (2)
(2.9) ug (z) < T v (x) < T TE€ Q.

Then (u,v) exists globally and therefore by the comparison principle we can
deduce that the solution (u,v) to problem (1.1)-(1.2) exists globally.
(Blow-up)

i)p>1,0<qg<1.

Let

(2.10) v=eulp] (2),

where [, ¢1(x)dz = 1.
By direct computation we have
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where wu is the solution to the following problem

u, = Au+ Ku? [ vide, (x,t) € Qx(0,t%),
(2.11) w(z,t) =0, (z,t)€dQx(0,t%),
u(x,0) =uo(x), x€Q,
then the comparison principle yields the solution (u,v) to problem (2.10)-(2.11)

is a subsolution to the solution (u,v) to problem (1.1)-(1.2).
Next, we need to prove that u blows up in finite time.

Let
(2.12) wy = efty,
where k1 = —p)‘jl.

Therefore, w; and u both exist globally, or both blow up.
Applying (2.11) and (2.12) we can compute that w; satisfies

Wiy — Aw; = kjwy + Kwq?, (.’,E,t) € Q x (O,t*) R
(2.13) w1 (@) =0, (2,6) € 9 x (0,17) ,
wi (2,0) =uo (z), z€

Considering the auxiliary function

Ui (t) :/Q w1 dz,

where [, 1 (2)dz = 1.
Differentiating Uy (t) and using (2.13) and Holder’s inequality, we have

Ul(t)+ (1 — k) UL (t) = K | wiPYrde

Q.

P
(2.14) > K (/ wlwlda:> = KU (t).

Qe
Now, solving the ordinary differential equation (2.14) we derive
K K

2.15 U 1-p t) < — -+ (U 1-p 0 _> 6(17—1)(L61—k’1)t7
(2.15) v p1 — ki Lo p1 — k1
Since p > 1 and A\; > 0 we can easily deduce that k4 = — A < 0 and

p—1
w1 — k1 > 0.

Therefore, by (2.15) we know that if initial data large enough satisfy

0= [ wo@n s ()T

€

(2.16) vo () > gala (), z€q,
then w; blows up in finite time 7,,, and
1 (1 — k1) U P (0)]
To, < In|l1-—
T (1 =p)(p — k) { K
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Hence, u blows up in finite time and an upper bounds for ¢t* is

1 | (= k1) U7 (0)
(1=p) (g1 — k1) K

(ii))yp>1,¢>1.

Similarly, let

(2.17) v=eMp (z),

where [, p1(z)dz = 1.
By direct computation we have

v, — Av = —XNje M (z) + \e Mg (2) =0 < kg(t)yr/ udz,
Q
where wu is the solution to the problem (2.11), then the comparison principle
yields the solution (u,v) to problem (2.17),(2.11) is a subsolution to the solution
(u,v) to problem (1.1)-(1.2).
Next, we need to prove that u blows up in finite time.

Let

(2.18) wy = eF2ty,
_ A

where ko = —pjlq.

Therefore, wy and u both exist globally, or both blow up.
Applying (2.11) and (2.18) we can compute that w, satisfies

way — Awy = kows + Kwo? [ oide, (x,t) € Qx (0,t%),
(2.19) wo (z,t) =0, (z,t) € 00 x (0,t%),
wa (£,0) =ug (x), x €.

Considering the auxiliary function

Uz (1) :/Q wotprde,

where [, 1 (x)dz = 1.
Differentiating Us(t) and using (2.19) and Holder’s inequality, we have

U 0) + (s~ k) U (0 = K [ e [ tda
Q. Q
P
(2.20) > K (/ wgwldx> Q)7 = K|Q|' 10U (1).
Qe

Now, solving the ordinary differential equation (2.20) we derive

- Ko ( 1- K|Q|1q> (g
2.21 U177 (1) < =220~ 4 (P o) — =22 ) p(p=D(ma—ka)t
(2.21) ? ()_m—kz 2" (0) p1 — k2

Since p > 1 and A1 > 0 we can easily deduce that ko = —p’\jlq < 0 and
w1 — ke > 0.
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Therefore, by (2.21) we know that if initial data large enough satisfy

1
K|Qf -2\ 7T
02 0) = [ uo (o) (oo > (B2 2) 77
Q. p1 — ko
(2.22) vo () > 1 (x), z€Q,
then wo blows up in finite time 7,,, and

i v, 0]
(1=p) (p1 = k2) K|Qft—e
Hence, u blows up in finite time and an upper bounds for ¢t* is

1 In [1 (= k) UP (0)}

(1=p) (p1 = k2) K[Qft=a
Similarly, for » > 1, when the initial data is large enough, the solution of
problem (1.1)-(1.2) is blow-up in the finite time.
Case 3. max {p,r} <1,
(Global existence) For gs < (1 —p)(1 —r),if p=1orr =1, then ¢gs = 0.
We assume ¢ = 0, while the discussion of s = 0 is similar. Therefore, by p <1
and the comparison principle we can deduce that the solution u to equation
(1.1)-(1.2) is global. It follows that for arbitrary T > 0, there exists M (T") such
that

Ty, <

u(r,t) <M((T), zeQt<T.
Suppose that V' is the solution to the following problem

Vi= AV +K[M (D) |1QV", (x,t) € Q2 x(0,T),
V(x,t)=0, (z,t)€dQx(0,T),
V(z,0) =vp(z), x€.

Then by r < 1 we can easily get that V is global and is a supersolution to
the solution v to equation (1.1)-(1.2), hence the solution to problem (1.1)-(1.2)
exists globally.

Ifp<landr<1,bygs<(l—p)(l—r),wecan compute

s
(2.23) 0< U‘Z’?ﬁ <1
Therefore, using (2.23) we know that there exists o > 0 such that
ogﬁgl, 0< - <,
Hence,
(2.24) op+q<o, os+r<l.
Let

a=cie’, T=cye,

where c1,co > 0 are constants to be determined later.
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Applying (2.24) we can compute

s — AT ky () 3 / Fdz = croe™ — ky (1) EelelortatQ)
Q

(2.25) > (U—K’c’fflcg\m) cret.

Uy — A0 =k (1) W/ w*dr = cae’ — ko (1) |Qcichel 7!
Q

(2.26) > (1— Kc§eh Q) eae.
Now, we choose c1, co satisfy
o— K& 0 >0, 1- K0 > 0.
Obviously, if initial data small enough satisfy
(2.27) max g () < ey, max v (x) < cq,
then by (2.25), (2.26) and the comparison principle we can deduce that (@, )

is a supersolution to the solution (u,v) to problem (1.1)-(1.2).
(Blow-up) For gs > (1 —p) (1 —r), let

C C 1
Mzilgpl(xi’ 2272()01(1:;, QZ‘EQ,OSt<*,
(1—r7t) (1—r7t) T
_ _ q+1l—r _ s+1—p
where mgxgal () =1, = qs—(l—p)(l—r)’/B = ot T C1,Cy > 0 are

constants to be determined later.
Let

vy=min{-pa—qgB8+a+1,—-sa—rf+3+1},
then by the definition of a, 8 we can easily know v = 0.
By directly computation we deduce

u, — Au — ky (t) gp/qudm

= CYTCl(pl (1 — Tt)iail + )\101(,01 (1 — Tt)ia

ko (£) CPCE QR (1 — )79 / lda
Q

< Cipr (1 =767 [ar + A (1= 78) = KCP'C4Cy, (1= 1)
(228) = Cipi(1—7t)"* ar + (1 —7t) = KCYT'CIC, |,

and
v, — Av — ko (t) QT/ u’dx
Q
(2.29) < Copr (1—7t) P [Br+ M (1 —7t) - KC{C37C,.]

where Cgaq = fQ pldz, Cop, = fQ pidz.
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Choosing C4, Cs > 0 satisfy

and

(2.3

A < Kor—ier'odc,,,
M < Kortosey'o,

s

KCY 040, — A scrto,, —
0) 7 =min{ —1 2 ¥ 1,KC102 Co =M > 0.
o B
Therefore, if initial data large enough satisfy
1) up (z) = Crp1 (), w0 (x) 2 Copr (2),

(2.3

then using (2.28)-(2.31) and the comparison principle we obtain that (u,v) is
a subsolution to problem (1.1)-(1.2). Therefore, the solution (u,v) to problem

(1.1)-(1.2) blows up in finite time ¢*, and an upper bound for ¢* is
1
T b
which completes the proof. O
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