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Abstract 
 

Non-orthogonal multiple access (NOMA) is widely studied in both academia and industry due 
to its high spectral efficiency over orthogonal multiple access (OMA). To effectively improve 
spectrum efficiency, an amplify-and-forward (AF) cooperative NOMA system is proposed as 
well as a novel detection scheme is proposed, in which we first perform successive 
interference cancellation (SIC) twice at U1 for the two signals received from two time slots to 
remove interference from symbol 2, then two new signals apply max ratio combining (MRC).  
In addition, a closed-form upper bound approximation for the ergodic capacity of our 
proposed system is derived. Monte-Carlo simulations and numerical analysis illustrate that our 
proposed system has better ergodic capacity performance than the conventional cooperative 
NOMA system with decode-forward (DF) relay, the conventional cooperative NOMA system 
with AF relay and the proposed AF cooperative NOMA system in [16]. In addition, we can see 
that ergodic capacity of all NOMA cooperative systems increase with the increase of transmit 
SNR. Finally, simulations display that power allocation coefficients have little effect on 
ergodic capacity of all NOMA cooperative systems. This is due to this fact that ergodic 
capacity of two symbols can be complementary with changing of power allocation 
coefficients.    
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1. Introduction 

As a effective solution to obtain higher transmission rate, the non-orthogonal multiple access 
(NOMA) has attracted tremendous interests in both industry and academia [1]. The main idea 
of  NOMA is to adopt the superposition coding at the transmitting terminal as well as utilize 
the successive interference cancellation (SIC) at the receiving terminal [2]. Especially recently, 
some novel research works have appeared on NOMA [3-5]. A new definition of fairness for 
uplink NOMA was proposed based on power domain by Gui et al. [3]. To effectively improve 
energy efficiency (EE) and spectrum efficiency (SE). Wang et al. [4] proposed a novel 
technology, which multiple unmanned aerial vehicles (UAVs)  aided NOMA technology to 
enhance the EE and the SE of the uplink cellular systems. In addition, Gui et al. [5] look ahead 
a new development trend of NOMA technology in the future sixth generation (6G) wireless 
networks.  

Cooperative communication is an effective  scheme  to overcome multipath propagation as 
well as enhance reception reliability of communication systems. Interplay between 
cooperative communication and NOMA constitute the cooperative NOMA systems which is 
widely studied  in recent years [6-14,16]. According to the difference of selected relay node, 
the cooperative NOMA systems are mainly divided into two types: The first  type of  
cooperative NOMA systems utilizes one NOMA user as the relay, while, the second type of   
cooperative NOMA systems mainly uses the dedicated relay as the relay. 

There are many research works have been undertaken for the first type of cooperative 
NOMA systems. Ding and co-authors [6] proposed  a cooperative NOMA system, where the 
user of strong channel gain as the relay forwards the decoded messages to the user of poor 
channel. Compared with the conventional NOMA system and the conventional cooperative 
OMA system, the proposed cooperative NOMA system obtains higher ergodic capacity as 
well as better fairness. Xu et al. [7] proposed using maximum ratio combining ( MRC)  to 
improve the gain of spatial diversity for cooperative NOMA system. In addition, Ding et al. [8] 
proposed  a two-phase relay selection operating mode to reduce the outage probability  of the 
proposed cooperative NOMA system. To further make better the performance of system, the 
Full-duplex (FD) work mode also was applied to cooperative NOMA system [9-11].  

Based on the second type of cooperative NOMA systems,  the main works are as follows: 
Men et al. [12] analyzed the outage performance of the proposed cooperative NOMA system, 
where the system adopted a multi-antenna as the relay with AF transmission protocol. In 
addition, a novel two-way relay selection cooperative NOMA system was also proposed by 
Yue et al. [13]. Furthermore, considering the uplink situation, a uplink cooperative NOMA 
system was proposed with relay-aided for multi-cell circumstances [14].   

The aforementioned works based on the second type of cooperative NOMA systems assume 
that dose not exist direct links between the base station (the source) and the downlink users 
(the destination). Namely, all users obtain information need through the dedicated relay 
forward information. However, in some typical small cells  5G  scenarios [15], part users can 
directly communicates with the base station, while others can not directly communicates with 
the base station. Actually,  based on the second type of cooperative NOMA scheme 
considering both direct and indirect links users is also addressed.  In particular, a recent work 
addressed in [16], a cooperative NOMA system was proposed with an amplify-and-forward 
(AF) relay as well as considering the direct link user, where the system outage performance 
was analyzed.  However, the ergodic capacity based on [16] system mode has not yet been 
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investigated, which inspired the investigation of this paper. In addtion, the difference between 
our work and [16] also lies in the signal detection method.  To eliminate interference from 
symbol 2, we first perform SIC twice at the user U1 to two signals received from two time slots 
in our proposed system, then we apply MRC to two new signals. Compared with [16], which 
first applies MRC next applies SIC, our proposed detection scheme obtains more received 
diversity gain for the symbol 1.  

The preliminary results given in this paper including:  
 Giving an AF relay cooperative NOMA system and a novel detection scheme is 

proposed, in which we first perform SIC two times for two signals received from two 
continuous time slots to remove interference from symbol 2. Then, using two signals 
after being eliminated symbol 2 by perform SIC to apply MRC.  

 A closed-form upper bound approximation analytical expression for ergodic capacity 
of our proposed system is derived.  In this procedure, we also provide four lemmas 
and five propositions.  

 Simulations show that our proposed system has higher ergodic capacity than the 
conventional cooperative NOMA system with AF/DF relay and [16] proposed 
cooperative NOMA system. 

The structure of this paper is as follows:  
Section 2 gives the system model. Next, ergodic capacity performance is analyzed in 

Section 3. The numerical results are discussed in Section 4. Finally, the Section 5 is the 
conclusion. 

2. System Model 
We consider a downlink cooperative NOMA system including one base station (BS), two 
users(U1 and U2) and one relay in Fig. 1. We assume that  U1 is closer to the base station than 
U2. Hence, U1 can directly communicate with the BS without needing help of relays. The BS 
and U2 does not exist a direct link because of the long distance or heavy shadowing, thus, 
communicates between the BS and U2 always need help of the relay. We also assume that, 
each node is equipped with a single-antenna and operates in half-duplex (HD) mode. In 
addition, the relay adopts an AF transmission protocol. Subscript S, R, 1 and 2 represents the 
BS (the source), the relay, U1, and U2.  The channel coefficients for the link from the BS to the 
relay, the link from the BS to U1, the link from the relay to U1, and the link from the relay to 
U2 are denoted by SRh  , 1Sh , 1Rh , and 2Rh , respectively. Here, all channels are assumed for 
Rayleigh fading channels. Therefore,  all channel power gain obey exponential distributed. 
The mean of the channel power gains  2

SRh  , 2
1Sh , 2

1Rh , and 2
2Rh  are defined as SRλ′ , 1Sλ′ , 

1Rλ′ , and 2Rλ′ , respectively. 
For the convenience of the following description, we assume that the time slot n  represents 

the first slot time as well as the time slot +1n represents the second time slot . At the first time 
slot, the BS broadcasts the superimposed signal 1 1 2 2[ ] [ ] [ ]x n P x n P x nα α= + , where P  

denotes the transmission power at the BS. Without loss of generality, we also assume that the 
relay transmission power is the same as the BS transmission power. Let 1[ ]x n  and 2[ ]x n  
denotes symbol 1 for U1 and symbol 2 for U2, respectively. 1α and 2α  are power allocation 
coefficients, where satisfy 2 1α α>  and 1 2+ =1α α . 
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The first slot time    S

U1

U2
R

The second slot time    

Relay

Base station

 
Fig. 1. System model 

 
During the first time slot, the received signal [ ]Ry n  at the relay, and 1[ ]y n  at U1 are given 

by 

( )1 1 2 2[ ] [ ] [ ] [ ] [ ],R SR Ry n h n P x n P x n N nα α= + +                                       (1) 

( )1 1 1 1 2 2 1[ ] [ ] [ ] [ ] [ ],Sy n h n P x n P x n N nα α= + +                                        (2) 

where [ ]RN n  and 1[ ]N n  denote the independent additive white Gaussian noises (AWGN) at 
the relay and U1, respectively, which satisfy normal distribution with zero mean and variance 

2 =1σ . 
 At the second time slot, according to AF protocol in cooperative communications,  the 

relay broadcasts [ ]Ry nρ  to U1 and U2 by an amplifying gain 2 2
=

[ ]SR

P
P h n

ρ
σ+

. Thus, the 

received signal at  U1 and U2 are respectively given by 

1 1 1[ 1] [ 1] [ ] [ 1],R Ry n h n y n N nρ+ = + + +                                                 (3) 

2 2 2[ 1] [ 1] [ ] [ 1],R Ry n h n y n N nρ+ = + + +                                                (4) 
where 1[ 1]N n +  and 2[ 1]N n +  also denote the independent AWGN, and also satisfy normal 
distribution with zero mean as well as variance 2 =1σ , at U1 and U2, respectively. 

For the convenience of the description, denotes 
2

2=
P h

γ
σ

 , e.g. 
2

2= SR
SR

P h
γ

σ
. Also, by 

defining [ ]=E γ λ , where [ ]E ⋅ represents  statistical expectation. Hence,  there is 2= Pλ λ
σ

′ ,  

where  variable γ  is also exponential distributed, the mean of the variables SRγ  , 1Sγ , 1Rγ , and 

2Rγ  can be defined as SRλ , 1Sλ , 1Rλ , and 2Rλ , respectively. To eliminate symbol 2 
interference, we perform SIC twice at U1 to both of received signals 1[ ]y n  and 1[ 1]y n + . Here, 
assuming the SIC is perfect. Thus, the  corresponding two new signals, in which generated 
after perform SIC, can be written as 

1 1 1 1 1[ ] [ ] [ ] [ ],Sy n h n P x n N nα′ = +                                                      (5) 

1 1 1 1 1 1[ 1] [ 1] [ ] [ ] [ 1] [ ] [ 1].R SR R Ry n h n h n P x n h n N n N nρ α ρ′ + = + + + + +                     (6) 

Next, applying MRC for 1[ ]y n′  and 1[ 1]y n′ +  at U1. Hence, the merged signal at U1 for 
decoding symbol 1 is given by 
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1 1 1 2 1[ ] [ 1],y w y n w y n′ ′= + +                                                            (7) 
where 1w  and 2w   are the MRC weighting factors. According to the MRC criterion, the MRC 

weighting factors are configured as 1 1
1 2

[ ]H
Sh n P

w
α

σ
= , and 1 1

2 2 2 2
1

[ 1] [ ]
( [ 1] 1)

H H
R SR

R

h n h n P
w

h n
ρ α

ρ σ

+
=

+ +
.  

where ( )H  denotes the conjugate transpose. Hence, the signal-noise-ratio (SNR) for decoding 
symbol 1 by U1 can be expressed as  

1 1
1 1 1

1

= .
1

SR R
S

SR R

α γ γ
γ α γ

γ γ
+

+ +
                                                              (8) 

U2 receives the AF signal 2[ 1]y n +  by the relay. The SNR for decoding symbol 2 by U2 is 
given by 

2 2
2

1 2 2

= .
+ + +1

SR R

SR R SR R

α γ γ
γ

α γ γ γ γ
                                                            (9) 

Hence, the ergodic capacity of our proposed system can be given by 

1 1 2 2
2 1 1 2

1 1 2 2

1 1log (1 ) log (1 ) .
2 1 2 + + +1

SR R SR R
proposed S

SR R SR R SR R

C E α γ γ α γ γ
α γ

γ γ α γ γ γ γ
 

= + + + + + + 
     (10) 

As a comparative analysis, in [16], to deal with 1[ ]y n  and 1[ 1]y n +  at the user U1, where 
first applies MRC next applies SIC to 1[ ]y n  and 1[ 1]y n + . Thus, the ergodic capacity of [16] 
proposed system can be written as 

2 2
1 1 1 1 1 1 1

[16] 2 2
1 1 1

2 2
2

1 2 2

( 1) ( 2 2 )1 log (1 )
2 ( 1) ( 1)

log (1 ) .
+ + +1

S SR SR R SR R SR S S

S SR SR R SR R

SR R

SR R SR R

C E α γ γ α γ γ γ γ γ γ γ
γ γ γ γ γ γ

α γ γ
α γ γ γ γ

 + + + +
= + + + + +


+ + 



            (11) 

3. Ergodic Capacity Performance Analysis  
In this part, we study the ergodic capacity, which is an important performance metric of our 
proposed cooperative NOMA system. However, as the closed-form expression of the precise 
ergodic capacity for the system is hard to get. we provide an approximation of the closed-form 
expression for the ergodic capacity. The asymptotic characteristics of the ergodic capacity in 
the high SNR regime are also investigated. 

In order to acquire the closed-form expression approximation of ergodic capacity for 
symbol 1 and symbol 2, the next  four lemmas will be given first. 
Lemma 1. Assuming the random variables S and T  obey exponentially distributed and the 
mean are 1β  and 2β , respectively.  If  , , ,x y z w， and u  are positive constant and 0x yr− > , 

the cumulative distribution function (CDF) of xSTR
yST zS wT u

=
+ + +

 is given by 

( ) ( )( )
( )

1 2 2
22

1 2
2 1 1 2

4 4( ) 1 ,

r w z
x yr

R
e wzr urF r wzr ur x yr K

x yr x yrx yr

β β β
β β β β

 
− + 

−       = − + − +
  − −−  

  (12) 
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where 1( )K x  represents the second kind modified bessel function.  
Proof.  According to the definition of  random variable R , its CDF can be given by  

( ) ( )

( )

( ( ) ),

RF r P R r
xSTP r

yST zS wT u
P S xT yrT zr wTr ur

= <

= <
+ + +

= − − < +

                                       (13)  

If 0xT yrT zr− − < , then 
( ) ( ( ) )

( )

1.

RF r P S xT yrT zr wTr ur
wTr urP S

xT yrT zr

= − − < +
+

= >
− −

=

                                        (14) 

else  
( ) ( ( ) )

( )

( ).

R

S

F r P S xT yrT zr wTr ur
wTr urP S

xT yrT zr
wTr urF

xT yrT zr

= − − < +
+

= <
− −
+

=
− −

                                       (15) 

From the discussion above, the CDF of the random variable R  can be further given by 

1

2

1 2
1 2

( )

0

( ) 1 1( ) ( )
( )

0
2

( ) ( ) + (1 ) ( ) ( )

1 .
( )

wtr urzr
xt yrt zrx yr

zrR T T
x yr

wzrr w z ur
x yrx yr q

q x yr

F r f t dt e f t dt q xt yrt zr

e e e dq
x yr

β

β β
β β

β

+
−+∞ − −−

−

+− + −− − −+∞ −

= − = − −

= −
−

∫ ∫

∫

              (16) 

Giving  equation (3.324−1) in [17] 

( )10
exp Re 0, Re 0,

4
x dx K

x
β βγ βγ β γ

γ
∞  − − = ≥ ≥ 

 ∫                       (17) 

By utilizing  the equation (17),  according to correspondence coefficient rule, the expression  
(12) can be acquired.  
Lemma 2.  Based on the assumptions for Lemma 1, furthermore, if 1 +β → ∞  and 2 +β → ∞ , 
the CDF of  the random variable R  is given by   

1 2

( ) .
( ) ( )R

wr zrF r
x yr x yrβ β

∞ = +
− −

                                              (18) 

Proof.  By utilizing the equation (9.7.2) in [18], we can have the following approximation 

1
1 , .K x x
x

 = →∞ 
 

                                                        (19) 

Then, by using the approximation (19), we can simplify the expression (12) as 

1 2( ) ( )( ) 1 .
wr zr
x yr x yr

RF r e β β
− −

− −∞ = −                                                   (20) 

Finally,  by applying 0
1lim 1

x

x
e
x

−

→

−
= , the equation (20) can be further expressed as (18) . 



KSII TRANSACTIONS ON INTERNET AND INFORMATION SYSTEMS VOL. 14, NO. 10, October 2020                                 4237 

Thus, Lemma 2 is proved.  
Lemma 3. Assuming the random variables 0X > , the probability density function (PDF) and 
the CDF of X  can be expressed as ( )Xf x  and ( )XF x , respectively.  the following expression 
exists 

20 0

1 ( )1log (1 ) ( ) .
ln 2 1

X
X

F xx f x dx dx
x

∞ ∞ −
+ =

+∫ ∫                                     (21) 

Proof.  The proof process is as follows 

2 20 0

2 20

2 20

2 20 0

0

log (1 ) ( ) log (1 ) ( )

log (1 ) ( ) ( ) log (1 )
0

log (1 ) ( ) log (1 )
0

log (1 ) ( ) log (1 )

1 ( )1 .
ln 2 1

X X

X X

X

X

X

x f x dx x dF x

x F x F x d x

x F x d x

d x F x d x

F x dx
x

∞ ∞

∞

∞

∞ ∞

∞

+ = +

∞
= + − +

∞
= + − +

= + − +

−
=

+

∫ ∫

∫

∫

∫ ∫

∫

                (22) 

The proof is completed.  
Lemma 4. Assuming the random variables X  obey exponentially distributed and the mean  is 

xλ .  If a  and b  are positive constant, the CDF of 
1

aXY
bX

=
+

 is given by 

( )( ) 1 ( ( ) ( )),x

y
a by

Y
aF y e y y
b

λ ε ε
−

−= − − −                                          (23) 

where ( )xε  represents step function, 
1 0

( )=
0,

x
x

else
ε

≥



，
. 

Proof.  According to the definition of  random variable Y , its CDF can be expressed as  
( ) ( )

( )
1

( ( ) )

YF y P Y y
aXP y

bX
P X a by y

= <

= <
+

= − < ，

                                                  (24) 

if 0a by− > , then 

( )

( ) ( )

( )

1 ,x

Y

X

y
a by

yF y P X
a by

yF
a by

e λ
−

−

= <
−

=
−

= −

                                                      (25) 

 else 
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( ) ( )

1.

Y
yF y P X

a by
= >

−
=

                                                       (26) 

According to (25) and  (26), the (23) is proved.  
Proposition 1. Based on high SNR regime, an upper bound approximation ergodic  capacity   
for the symbol 1 of our proposed system is given by    

[ ]
1

1 1 1 1

1
1

1
1 1 1 1

1 1( ) ( 1) ( ) ,
2ln 2

SR R

S SR Rhigh SR R

S SR R

E R me Ei m e Ei
λ λ

α λ α λ λ λ λ
α λ α λ λ

+ +
= − − + − 

  
              (27) 

where ( )
( )

1 1

1 1 1

S R SR

SR R S R SR

m
λ λ λ

λ λ λ λ λ
+

=
− +

, ( )
t

x

eEi x dt
t

−∞

−
= ∫ . ( )Ei x  is  exponential integral.    

Proof.  The ergodic capacity of the symbol 1 is expressed as 

[ ] 1 1
1 2 1 1

1

1 1
2 1 1

1

2

20

1 log (1 )
2 1

1 log (1 )
2 1

1 log (1 )
2
1 log (1 ) ( ) ,
2

SR R
S

SR R

SR R
S

SR R

R

E R E

E

E R

R f r dr

α γ γ
α γ

γ γ

α γ γ
α γ

γ γ

+∞

 
= + + + + 

 
= + + + + 

 = +  

= +∫

                                    (28) 

we assumed that 1 1SS α γ=  and 1 1

1 1
SR R

SR R

T α γ γ
γ γ

=
+ +

, hence, existing 1 1

1 1

1( ) S

s

S
S

f s e α λ

α λ

−

=  . By 

utilizing the (19) for the random variable T , we can obtain that 
1

1 1

( )

( ) 1
SR R

SR R

t

TF t e
λ λ
α λ λ

+
−

≥ − , thus 

1 1 1 1 1

0
1 1

( ) ( )
( )

1(1 ) ,sr r s

R

s r s r s
r

s

F r P S T r
P T r S

e e dsα λ α λ α λ

α λ

− −
+ −

= + <
= < −

≥ −∫

                                         (29) 

The derivative of random variable r  on both sides of the inequality becomes 
1

1 1 1 11

1 1 1 1

1( ) ( 1) ,
R SR

S SR R

r r
R SR

R
S SR R

f r m e m e
λ λ

α λ α λ λλ λ
α λ α λ λ

+
− −+

≤ − + +                               (30) 

where ( )
( )

1 1

1 1 1

S R SR

SR R S R SR

m
λ λ λ

λ λ λ λ λ
+

=
− +

, next,  giving  equation (4.337−2) in [18] 

0

1ln(1 ) ( ) arg , Re 0.xe x dx e Ei
µ

µ β µβ β π µ
µ β

∞ − + = − − < >∫                      (31) 

By utilizing the expression (31),  according to correspondence coefficient rule, the expression  
(27) can be obtained.  
Proposition 2. Based on high SNR regime, an upper bound approximation ergodic capacity  
for the symbol 2 of the proposed system is given by    
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[ ] 2
2 2

1

1 log (1 ).
2

E R α
α

∞ = +                                                     (32) 

Proof.  The ergodic capacity of the symbol 2 is expressed as 

[ ] 2 2
2 2

1 2 2

1 log (1 ),
2 + + +1

SR R

SR R SR R

E R α γ γ
α γ γ γ γ

= +                                      (33) 

when the symbol 2 in high SNR, equivalent to SRγ →∞  and 2Rγ →∞ , the expression  (32) 
can be obtained.  
Proposition 3. Based on high SNR regime, an upper bound approximation ergodic capacity  
for  the proposed system is given by 

[ ] [ ]
1 1

2 1 2
1 1 1 1 1

1 log ( ) log ( ) ,
2 2 ( ) ( ) 2ln 2

SR R SR R
sum S

SR R S SR R S SR R

EcE R λ λ λ λ
λ

λ λ λ λ λ λ λ λ
∞ = + −

− + +
     (34) 

where 0.5772.Ec ≈   
Proof.  If 0x → , existing 1xe x= +  and ( ) lnEi x x Ec− = + . Based on the symbol 1 in high 
SNR,  equivalent to 1SR Rγ γ→∞ →∞，  and 1Sγ →∞ , thus, [ ]1

highE R  is given by 

[ ]

( )

1

1 1 1 1

1
1

1
1 1 1 1

1

1 1 1 1

1
1 1

1 1

1

1 1= ( ) ( 1) ( )
2ln 2

1 1( ) ( 1) ( )
2ln 2

1= ln + ( 1) ln +
2ln 2

1 log
2

SR R

S SR Rhigh SR R

S SR R

SR R

S SR R

SR R
S

SR R

S

E R me Ei m e Ei

mEi m Ei

m Ec m Ec

λ λ
α λ α λ λ λ λ

α λ α λ λ

λ λ
α λ α λ λ

λ λ
α λ

α λ λ

α λ

+ +
− − + − 

  
 +

≤ − − + − 
 
  +

− − +  
   

=
[ ]

[ ]

1 1
1 2

1 1 1 1 1

1

log ( )
2 ( ) ( ) 2ln 2

,

SR R SR R

SR R S SR R S SR R

Ec

E R

λ λ λ λ
λ λ λ λ λ λ λ λ

∞

+ −
− + +

=

      (35) 

by performing addition operation on the (32) and (35), the proof is completed. 
Based on the high SNR regime, some important intuitive conclusions are as follows, on the 

one hand, the ergodic capacity of symbol 2 for our proposed system is only determined by the 
power allocation coefficient ratio, namely, the ergodic capacity of symbol 2 increases as the 
power allocation coefficient 2α  increases. On the other hand, we also can see that, the power 
allocation coefficient has little effect on the ergodic capacity of our proposed  system.  From 
the above two conclusions, we can infer that the ergodic rate of symbol 1 increases as the 
power allocation coefficient 1α  increases.  

In order to effectively evaluate the ergodic capacity of performance between our proposed 
system and other two conventional cooperative NOMA systems. Here, the ergodic capacity of 
conventional cooperative NOMA system with DF relay and the conventional cooperative 
NOMA system with AF relay are respectively given by 

2
_ 2 1 1 2 2

1

1 1log (1 ) log (1 min{ , }) ,
2 2 1

SR
con DF S R

SR

C E α γ
α γ γ

α γ
 

= + + + + 
                   (36) 

2 2
_ 2 1 1 2

1 2 2

1 1log (1 ) log (1 ) .
2 2 + + +1

SR R
con AF S

SR R SR R

C E α γ γ
α γ

α γ γ γ γ
 

= + + + 
 

                   (37) 



4240                                                                    Xie et al.: Capacity Analysis of an AF Relay Cooperative NOMA System Using MRC 

In two conventional cooperative NOMA systems, symbol 1 has no chance to do MRC at the 
second time slot. Thus, the conventional cooperative NOMA systems can’t obtain diversity 
gain. 

Next, two propositions is also given to describe the ergodic capacity analysis expression for 
two symbols of the two conventional cooperative NOMA systems.  
Proposition 4. the ergodic capacity for the symbol 1 of the conventional cooperative NOMA 
system with DF/AF relay is given by  

[ ] 1 1

1

1
1 1

1 1( ),
2ln 2

S
con

S

E R e Eiα λ

α λ
= − −                                               (38) 

Proof.  The ergodic rate of the symbol 1 for the conventional cooperative NOMA system with 
DF/AF relay is expressed as 

[ ] [ ]1 2 1 1
1 log (1 ) ,
2con SE R E α γ= +                                                 (39) 

where  1Sγ  obey exponential distributed and its means is 1Sλ , and we define that 1 1SX α γ= . 
The CDF of X is given by   

1 1( ) 1 .S

x

XF x e α λ
−

= −                                                           (40) 
By utilizing Lemma 3, the [ ]1E R can be further expressed as  

[ ]
1 1

1 0

1 .
2ln 2 1

S

x

con
eE R dx

x

α λ
−

∞
=

+∫                                                    (41) 

Giving  equation (3.352−4) in [18] 

0
( ) arg , Re 0.

xe dx e Ei
x

µ
βµ µβ β π µ

β

−∞
= − − < >

+∫                              (42)    

By utilizing the equation (42) and (41),  according to correspondence coefficient rule, the 
expression  (38) can be obtained,  Proposition 4 is proved.  
Proposition 5. the ergodic capacity for the  symbol 2 of the conventional cooperative NOMA 
system with DF relay is given by  

[ ]
2

2 1 21

1 1
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1 1 .
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Proof.  According to (36), we define that 2
2

1

min{ , }
1
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+
, the CDF of the variable Z  

is given by 
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                                        (44) 

By utilizing Lemma 4, the CDF of the variable Z  can be further expressed as 
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                                   (45) 
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Bring (45) to Lemma 3, the proof is completed.  
The best knowledge of the authors, based on the conventional cooperative NOMA system 

with DF relay,  the closed-form expression of ergodic capacity for symbol 2 was not obtained. 
However, the ergodic rate also can be effectively estimated via the definite integration (43). In 
addition, based on the conventional cooperative NOMA system with AF relay, we do not give 
the proposition to describe the analysis expression of the ergodic rate for symbol 2. This main 
because that the ergodic rate is identical for symbol 2 between our proposed system and the 
conventional cooperative NOMA system with AF relay. The proposition 2 has given an upper 
bound approximation for ergodic capacity based on symbol 2.  

4. Numerical Results 
In this section, the ergodic capacity of all cooperative NOMA systems are evaluated by 
Monte-Carlo simulations, based on 10,000 independent random channel realizations. For all 
simulations, we set 2

1 1 2=14 =5, =10, =10, 1SR S R Rλ λ λ λ σ =， .  

 
Fig. 2. Ergodic capacity versus transmit SNR for all compared cooperative NOMA systems 

 
 In Fig. 2, we compare the ergodic capacity among our proposed system, conventional 

cooperative NOMA systems with AF/DF relay and [16] proposed cooperative NOMA system. 
In simulations, we further set power allocation coefficients 1 2=0.4 =0.6α α， . As we can see 
from this  figure, our proposed system has better ergodic capacity than the other three systems. 
This is due to two reasons. First of all, our proposed cooperative NOMA system utilizes MRC 
for symbol 1, so the symbol 1 obtain two signals ergodic capacity gain from two time slots. 
However, two conventional cooperative NOMA systems can't obtain diversity gain for symbol 
1 due to not applying MRC at U1. On the other hand, at the second time slot, comparing the 
strategy in [16] of  performing MRC before SIC, our detection scheme for symbol 1 can obtain 
better diversity gain. Hence, our proposed system achieves the best ergodic capacity 
performance. In addition, we also see that ergodic capacity increases with increasing  transmit 
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SNR for all compared system. Besides, we see approximated ergodic capacity of our proposed 
system given by (34) which is an upper bound for simulation ergodic capacity.  

Fig. 3 presents the ergodic capacity versus power allocation coefficient for our proposed 
system, two conventional cooperative NOMA systems and [16] proposed cooperative NOMA 
system. As can be seen from the figure, under fixed transmit SNR, approximated ergodic 
capacity upper bound of our proposed system is changeless with the increase of power 
allocation coefficient. This is due to that approximated ergodic capacity upper bound is only 
determined by transmit SNR and channel power gains, as expression (34). Also, ergodic 
capacity of  all compared systems are improved by increasing transmit SNR.  In addition, from 
this figure, we also find that power allocation coefficients have little impact on ergodic 
capacity of all cooperative NOMA systems.  

 
Fig. 3. Ergodic capacity versus power allocation coefficient for all compared cooperative NOMA 

systems 
 

Fig. 4 depicts the ergodic capacity versus transmit SNR and power allocation coefficient 1 
for our proposed cooperative NOMA system, using Monte-Carlo simulations. From this figure 
we can see that ergodic capacity of our proposed system significantly increases with the 
increase of  transmit SNR. However, we also see that power allocation coefficients have little 
impact on ergodic capacity of our proposed cooperative NOMA system. The corresponding 
reason will be explained in the analysis part of Fig. 5.  

Fig. 5 shows the ergodic capacity versus power allocation coefficient 1 for our proposed 
cooperative NOMA system. In simulations, we further set transmit SNR 30dBρ = .  From the 
figure we can see that the ergodic capacity of each symbol increases with the increase of its 
own power allocation coefficient, in which satisfy 2 1α α>  and 1 2+ =1α α . In other words,  the 
ergodic capacity of symbol 1 increases with the increase of power allocation coefficient 1. 
However, the ergodic capacity of symbol 2 decreases with the increase of power allocation 
coefficient 1. Hence, we can understand that power allocation coefficients have little impact 
on ergodic capacity of our proposed cooperative NOMA system and the other three 
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cooperative NOMA systems. This is because the ergodic capacity of two symbols can be 
complementary with changing of power allocation coefficients.  

 

 
Fig. 4. Ergodic capacity versus power allocation coefficient and transmit SNR for the proposed 

cooperative NOMA system 
 

 
Fig. 5. Ergodic capacity versus power allocation coefficient for the proposed cooperative NOMA 

system 
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5. Conclusion 
This paper proposes an improved NOMA system with the help of an AF relay. A closed-form 
upper bound approximation is derived for the ergodic capacity of our proposed system. A 
novel detection scheme is applied at U1. Monte-Carlo simulations and numerical analysis 
show that our proposed system can obtains higher ergodic capacity than the conventional 
cooperative NOMA systems with DF/AF relay system and [16] proposed cooperative NOMA 
system. In addition, the ergodic capacity of our proposed system increases as transmit SNR 
increases. Finally, simulations also indicate that power allocation coefficients have little 
impact on ergodic capacity of all cooperative NOMA systems. This is because ergodic 
capacity of two symbols can be complementary with changing of power allocation 
coefficients.    
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