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FUZZY MEAN OPEN AND FUZZY MEAN CLOSED SETS
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ABSTRACT. The purpose of this article is to study the concepts of fuzzy
mean open and fuzzy mean closed sets in fuzzy topological spaces. Further,
in what way they are similar to those of other. Also we discuss some
properties of fuzzy mean open and fuzzy mean closed with fuzzy paraopen
and fuzzy paraclosed sets in fuzzy topology.
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1. Introduction

After the introduction of fuzzy sets by the L.A. Zadeh[9], the concept of fuzzy
topology introduced by C.L.Chang[2] in 1968. The notions of minimal open[6]
and maximal open[5] sets explored by F. Nakaoka and N. Oda. Further the idea
of paraopen sets was studied by B. M. Ittanagi and S. S. Benchalli[4]. Consequent
of this, the concepts of mean open set and mean closed set investigated by Ajoy
Mukherjee and Kallol Bhandhu Bagchi in [1]. The idea of fuzzy minimal and
fuzzy maximal open sets studied by B. M. Ittanagi and R. S. Wali in [3].

In this paper (X, 7) or X stands for fuzzy topological space. The symbols ),
s, ¥, 1,... are used to denote fuzzy sets and a fuzzy point with support z(€ X)
and value a(0 < o < 1) will be denoted by x,. Then 0x and 1x will denote the
fuzzy sets having values 0 and 1 respectively at each point of X. z, € A\ will
mean a < A(z), where as A(x) < u(x), for each z € X.

Definition 1.1. A proper nonempty fuzzy open set « of X is said to be a fuzzy
minimal open[3] set if o and Ox are only fuzzy open sets contained in c.

Definition 1.2. A proper nonempty fuzzy open set 5 of X is said to be a fuzzy
maximal open[3] set if 1x and 8 are only fuzzy open sets containing 3.
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Definition 1.3. A fuzzy open set « of a topological space X is said to be a fuzzy
paraopen[7] set if it is neither fuzzy minimal open nor fuzzy maximal open set.
The family of all fuzzy paraopen sets in a fuzzy topological space X is denoted
by FPaO(X).

Definition 1.4. A fuzzy closed set § of a fuzzy topological space X is said to
be paraclosed|7] if 1x — 8 is fuzzy paraopen.

Theorem 1.5. Let X be a fuzzy topological space and A be a nonempty fuzzy
paraopen subset of X. Then there exists a fuzzy minimal open set u such that
w< A

Theorem 1.6 ([7]). Let X be a fuzzy topological space and A be a nonempty
fuzzy paraopen subset of X. Then there exists a fuzzy mazimal open set o such
that A < o.

Theorem 1.7 ([7]). If ¥ is a proper fuzzy paraopen set, then there exist two
proper fuzzy open sets ni,m2(F V) such that n < ¥ < ng.

Proof. Proof follows from definition of paraopen set. O

Theorem 1.8. Let X be a fuzzy topological space and o be a nonempty fuzzy
paraclosed subset of X. Then there exists a fuzzy minimal closed set v such that
v <.

Theorem 1.9 ([7]). Let X be a fuzzy topological space and o be a nonempty
fuzzy paraclosed subset of X. Then there exists a fuzzy maximal closed set v
such that o < v.

Theorem 1.10 ([7]). If « is a proper fuzzy paraclosed set, then there exist two
proper fuzzy closed sets v, v(# «) such that v < a < v.

2. Fuzzy Mean Open and Fuzzy Mean Closed Sets
In this section we introduce fuzzy mean open and fuzzy mean closed sets.

Definition 2.1. A fuzzy open set p of a fuzzy topological space X is said to be a
fuzzy mean open set if there exist two distinct proper fuzzy open sets A1, A\ (# )
such that \; < p < As.

Remark 2.1. It is observed from the definition that the union and intersection
of fuzzy mean open sets need not be fuzzy mean open sets which is showed in
the following example.

Example 2.2. Let X = {a,b,c}. Then fuzzy sets A; = OTI + O—f + %; Ao =
004024 01, \g =004 024 0.0 apd Ay = &L 4 %24 &L are defined as follows:
Consider the fuzzy topology 7 = {0x, A1, A2, A3, Ag, 1x}. Hence Ay and Ay are
fuzzy mean open sets but their union A; V Ay = A4 and intersection Ay A Ao = A3

are not fuzzy mean open sets.
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Definition 2.3. A fuzzy closed set n of a fuzzy topological space X is said to
be a fuzzy mean closed set if there exist two distinct proper fuzzy closed sets
¥1,91(# n) such that 91 < n < Js.

Theorem 2.4. A fuzzy open set of a fuzzy topological space is a fuzzy mean
open set iff its complement is a fuzzy mean closed set.

Proof. Let pu be a fuzzy mean open set in X. Then we have fuzzy open sets
A1 # Ox,pand Ao # p,1x such that Ay < p <X andsolxy — Ao <ly —u<
1x —A1. Since 1x — Ao #0x,1lx —pand 1x — Ay # 1x — u,1x; hence 1x —
is a fuzzy mean closed set.

Conversely, let u be a fuzzy open set such that 1x — p is a fuzzy mean closed
set. Hence there exist fuzzy closed sets ¥ # 0x,1x — p and 99 # 1x — p, 1x
such that ¥; < 1x — p < ¥2. It means that 1x — ¥y < p < 1x — ;. Since
1x —99 #0x,pand 1x — Y1 # u, 1x and hence p is a fuzzy mean open set. [

Theorem 2.5. A proper fuzzy paraopen set is a fuzzy mean open set and vice-
e-versa.

Proof. If a is a proper fuzzy paraopen set, then it is easy to follow by Theorem
1.7 that « is a fuzzy mean open set.

Conversely, let u be a fuzzy mean open set in 1x. Then there exist proper
fuzzy open sets 1,082 # p such that f1 < p < Ba. Since f; # Ox,p and
B2 # lx,p, p is neither a fuzzy minimal nor a fuzzy maximal open set. As
1 # Ox,1x, p is a proper fuzzy paraopen set.

O

Theorem 2.6. A proper fuzzy paraclosed set is a fuzzy mean closed set and
vice-e-versa.

Proof. If § is a proper fuzzy paraclosed set, then it is easy to follow by Theorem
1.10 that 0 is a fuzzy mean open set.

Conversely, let 6 be a fuzzy mean open set in X. Then there exist proper fuzzy
closed sets 11, m2 # d such that m1 < 6 < n2. Since m # 0x,d and 12 # 1x,0, 6
is neither a fuzzy minimal nor a fuzzy maximal closed set. As § # Ox,1x, ¢ is
a proper fuzzy paraclosed set. O

Theorem 2.7. [3] Let X be a fuzzy topological space.

(i) If B is a fuzzy minimal open and ¥ is a fuzzy open sets in X, then SAY = 0x
or B <.

(7)If B and v are fuzzy minimal open sets, then BAY = 0x or §=1.

Theorem 2.8. [3] Let X be a fuzzy topological space.

(i) If B is a fuzzy mazimal open and 9 is a fuzzy open sets in X, then BVI = 1x
or 9 < .

(i)If B and 7y are fuzzy mazimal open set, then BV v =1x or B =1.
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Theorem 2.9. [8] If ¥ is a fuzzy maximal open set and V5 is a fuzzy minimal
open set of a fuzzy topological space X, then either 95 < ¥y or the space is fuzzy
disconnected.

Theorem 2.10. Let a fuzzy connected topological space X contain a fuzzy maz-
imal open set PBa, a fuzzy minimal open set 51 # B2 and a proper fuzzy open set
9 # b1, B2. Then only one of the following is true on X :

(i) ¥ is a fuzzy mean open set such that 51 < ¥ < Pa.

(Zl)ﬁl <lx—-9< 52,

(227/) <, pP1VI=1x and Bo NI # 0x.

()9 < B2, B1 A B2 =0x and f1 V B2 # 1x.

Proof. By theorem 2.9 , we have 1 < (3. Since (; is a fuzzy minimal open set
and [, is a fuzzy maximal open set, we have 5; < ¢ or 81 A% = 0x and ¥ < 5
or B2 V¢ = 1x.The feasible combinations are (i) 81 < ¢ < S, (ii) f1 A ¥ = 0x
and By VO = 1y, (iii) f1 < 9 and By VI = 1x, (iv) f1 A¥ = 0x and 9 < fs.
B A9 =0x and B2 VU = 1x imply that 57 < 1x — 9 < Be. If f;1 < 9 and
B2 V19 =1x, then Ox # 1 < B2 A9 since 1 < B2.1f 1 AJ = 0x and 9 < fs,
then 51 V9 < s # 1x since [y < Ss.

If both (i) and (ii) are true, then we see that 8; < ¢V (1x — ) < B2 and
61 < 19/\(1)(—’(9) < ,82. 61 < 19\/(1)(—19) < 52 giVGS 51 <lyx < 62 and then we
get B2 = 1x, an absurd result. Also 81 < VA (1x —9) < B2 gives 51 < 0x < B2
and then we get 51 = O0x, again an absurd result.

If both (i) and (iii) are true, then ¥ < By and By V¢ = 1x give B3 = 1x, an
absurd result.

If both (i) and (iv) are true, then 8y < ¢ and §; A9 = O0x give 51 = Ox, an
absurd result.

If both (ii) and (iii) are true, then 51 < 1x—t and 81 < 9 give f; < (1x—9)AJ =
0x and thus 81 = 0x, an absurd result.

If both (ii) and (iv) are true, then we have 1x — ¢ < By and ¥ < S give
(Ix —9) VY =1x < B2 and thus By = 1x, an absurd result.

If both (iii) and (iv) are true, then we get §; < ¥ < 53,62 V¥ = 1x and
BiANY=0x.9 < By and B VI = 1x give B3 = 1x, an absurd result. 5, < ¢
and f; A9 = 0x give 51 = 0x, again an absurd result. O

Theorem 2.11. Let a fuzzy connected topological space X contain a fuzzy maz-
imal closed set 12, a fuzzy minimal closed set n1 with m1 # N2 and a proper fuzzy
closed set o # n1,m2.Then only one of the following is true on X :

(i) o is a fuzzy mean closed set such that my < o < ns.

(ii)nl <lxy—-0< 2.

(11i) o < ma,m No=0x and m Vo #1lx.

(iw)m < o,mVo=1x andna Ao # Ox.

Proof. We see that the fuzzy connected topological space X contains a fuzzy
maximal open set 1x — 71, a fuzzy minimal open set 1x — 72 and a proper fuzzy
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open set 1x —o with 1x —nm #1x —mp and 1x — o # 1x —n1,1x — 2. By
Theorem 2.10, only one of the following is true:

(i) 1x — o is a fuzzy mean open set such that 1x — 7o < 1lx —o <1lx —m
which in turn implies that 171 < ¢ < 13 Theorem 2.4 | we see that o is a fuzzy
mean closed set.

(11) 1x—772<lx—(1x—0')<lx—771 i.e.,’I71<lx—O'<772.

(III)IX -2 < lx 70’,(1){ 7’!}1) V (lX 70’) =1x and (lX 7171)/\ (lX 70’) 7&
Ox.ie,o0<mn,mAo=0x andm Vo #1lx.

(iV)lX —o <lx —771,(1)( —’172) A (]-X —0’) = 0x and (]-X —772) \ (1X —U) =+
1xie,m <o,mVo=1x and @ Ao # 0x. O

Theorem 2.12. If there are two distinct fuzzy maximal open sets and a fuzzy
mean open set in a fuzzy topological space, then the intersection of the two fuzzy
mazximal open sets is nonempty.

Proof. Let 1, 2 be two distinct fuzzy maximal open sets and w be a fuzzy mean
open set in a fuzzy topological space X. By Theorem 2.8, v1 V5 = 1x. w being
a fuzzy mean open set, it is neither fuzzy maximal open nor fuzzy minimal open
which means that.w # y1,72. Also w # 1x. By Theorem 2.8, we get w S 7 or
wVy =1x and w S 5 or wV vy, = 1x. The feasible possibilities are (I) w S 71
andw Sy, IHlwSyandwVy =1y, (IIl) wVy =1x and w S 72 and
(IV)wVm =1x and wV vy = 1x.

Case I: Obviously, 1 Ay2 #0x f w S and w S 7a.

Case ILIf w A 2 # Ox, then obviously 1 A2 # 0x. Now suppose w A2 # 0x.
As w S 1, then there exists z, € v such that x, ¢ 2. Since wV y2 = 1x,
T € y2. S0y Ave # 0x.

Case III: Similar to Case II.

Case IV: wVy = 1x and wV v2 = 1x imply that w V (71 Ay2) = 1x which in
turn imply that w = 1x if 73 A2 =0x. Asw # 1x, we have 13 Ay, #0x. O

Theorem 2.13. If there are two distinct fuzzy minimal open sets and a fuzzy
mean open set in a fuzzy topological space, then the union of the two fuzzy min-
1mal open sets is not equal to 1x.

Proof. Let 71, 2 be two distinct fuzzy minimal open sets and w be a fuzzy mean
open set in a fuzzy topological space X. By Theorem 2.7, v1 V2 = 0x. w being
a fuzzy mean open set, it is neither fuzzy maximal open nor fuzzy minimal open
which means that,w # 71,72. Also w # 0x,1yx. By Theorem 2.7, we get v1 S w
orwA7vy =0x and y2 S w or wA 2 = 0x. The feasible possibilities are (I)
mSwand v Sw, (II) n Swand wA vy =0x, (III) wAy =0x and v S w
and (IV) wA~y; =0x and w Ay =0x as w # 1x.

Case I: Obviously 71 V2 # 1lx if 11 S w and 12 S w.

Case ILIf w V 5 # 1x,then obviously 1 V 72 # 1x. Now suppose w V vo # 1x.
Since 71 S w, then there exists z, € w such that zo ¢ 71. As w A y2 = Ox,
T & Voo & 1,772 imply that 41 Ve # 1x.

Case III: Similar to Case II.
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Case IV: w Ay = 0x and w A y2 = Ox imply that w A (71 V v2) = 0x which in
turn imply that w = 0x if 1 V2 = 1x. As w # 0x, we have 71 V 2 # 1x.

On combininig Theorems 2.12 and 2.13, we get Theorems 2.14 and 2.15 and
the proofs of these two theorems can be proved similar to that of Theorems 2.12
and 2.13. O

Theorem 2.14. If there are two distinct fuzzy mazximal closed sets and a fuzzy
mean closed set in a fuzzy topological space, then the intersection of the two fuzzy
mazximal open sets is nonempty.

Theorem 2.15. If there are two distinct fuzzy minimal closed sets and a fuzzy
mean closed set in a fuzzy topological space, then the intersection of the two fuzzy
minimal closed sets is not equal to 1x.
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