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EXISTENCE OF POSITIVE SOLUTION FOR A
SEMIPOSITONE SYSTEM WITH INTEGRAL BOUNDARY
VALUES

EunKYUNG Ko AND EUN KYOUNG LEE*

ABSTRACT. We establish the existence of a positive solution to a semi-
positone system with integral boundary condition for the large value of
the parameter involved in the system. We prove our results by using sub
and super solution argument.

1. Introduction

In this paper, we study the existence of a positive radial solution to the
following semipositone system with nonlocal boundary values on an exterior
domain:

—Au = MK (|z]) f1(u(x),v(z)), x € Qe,

—Av = MKy (|z|) fo(u(z),v(x)), x € Qe

u() =0, v(z) =0, i [2] — oo, W
= Jo. i(yho(y)dy, if |2 = o,
) = Jo, L(ly)u(y)dy, if || = 7o,

where Q, = {z € RY : |z| > rg for 7o > 0,N > 3}, X\ is a positive pa-
rameter, K; € C((rg,),(0,00)) is such that frzo rYi K (r)dr < oo for some
vi > 1, fZ € C(R%,R) and I; € L'(€,.) is a nonnegative function satisfying
0< riO —2 f rl;(r)dr < 1 for each ¢ = 1,2 when wy is the surface area of
the unit sphere in RN .
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Such differential equations with an integral boundary condition arise in var-
ious areas of applied mathematics and physics like heat conduction, chemical
engineering, underground water flow, thermo-elasticity and plasma phenomena.
One may refer to [4], [11] - [14] and [16] for integral boundary value problems
and the references therein.

Note that the change of variables r = |z| and ¢t = (%)Q_N transforms (1)
into:

—u(t) = Aar (t) fi (u(t), (1)), t € (0,1),
—0"(t) = Aas(B) fa(u(t), v(t)), ¢ € (0,1),

u(0) = 0 = v(0), (2)
u(1) = [y g1(s)v(s)ds,

u(1) = [ g2(s)u(s)ds,

with

1 2 —2(N—1 _
a0 <N—2> PRt N K (gt T,

1 o .
g(t) = wy <N_2>révt 2 ot ),

where a; € C((0,1),[0,00)) is such that fol 5% (1 — s)Pia;(s)ds < oo for some
a;,Bi € (0,1) and a nonnegative function g; € L'(0,1) is such that 0 <
fol sgi(s)ds < 1 for each i = 1,2. We know that the existence of positive solu-
tions for the system (2) guarantees the existence of positive radial solutions for
(1). Hence we focus on the system (2) to investigate solutions for (1).

Nonlocal boundary value problems have been widely studied especially on
a compact interval. The authors in [11] and [12] have established extensive
works of nonlocal boundary value problems involving integral conditions. Some
existence results are considered in [1], [2], [3], [8], [9] and [13] by applying the
fixed point theorem, mixed monotone method, monotone iterative method and
fixed point index under the condition either f;(0,0) =0 or f(0,0) > 0. In [15],
the existence of positive solutions for a semipositone (i.e.f;(0,0) < 0) differen-
tial system has been established when the boundary condition is local. To the
best of our knowledge, the existence of a positive solution for the semipositone
system with nonlocal boundary condition has not been treated. In this paper,
we study the existence of a positive solution for a semipositone system with
integral boundary conditions when a parameter involved in the system varies.
We establish our result by sub and super solution argument.
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In this article, we assume the following hypotheses on f; for i =1, 2.

(H1) fi(t,s) and fa(t,s) are quasimonotone increasing with respect to s and
t, respectively, (i.e., f1(t,s1) < fi(t,s2) for 81 < s9 and fo(ty,s) <
fQ(tQ,S) for tl S t2).

(H2) £(0,0) <0, for i =1,2.

. . fi(U,’U) .
H3 | i\U, = d i.00 - — 1 7:07f 21,2.
(H3) | Jim_ filn,0) = 00 and fuoo i= Jim SU50F =0, for
H4) a; :=inf,c9.1) a;(t) > 0 and there exist d > 0 and v € (0,1) such that
&i (0,1)

d
a;(t) < = for t € (0,1) and 7 = 1,2.

Now we state our main result precisely.

Theorem 1.1. Assume that (H1) ~ (H4). The problem (2) has at least one
positive solution for A >> 1.

For the problem (1), we have the following corresponding result.

Corollary 1.2. Assume that (H1) ~ (H3) and

(HY) Ki = inf,c(ry00) *NVDKi(r) > 0 and there exist d>0andn €
(0, N — 2) such that

Ki (t) S rN+n

forr € (rg,00) and i =1,2.
The problem (1) has at least one positive radial solution for A >> 1.

The paper is organized as follows: In the next section we introduce the sub
and super solution theorem. Section 3 is devoted to the proof of the main result,
Theorem 1.1.

2. Prelimiaries

We introduce a theorem for sub and supersolutions to the system (2). First,
we state the following definition of subsolution and supersolution of the system

2).

Definition 1. We say that (11, 9) is a subsolution of problem (2) if (¢1,2) €
C?(0,1) x C?(0,1) with satisfying

=91 (1) < Aax(8) fr(¥a(8), ¢2(1)), T € (0,1),
=Py (t) < Aa(t) fo (v (t),2(t)), te€(0,1),

1/11(0) S Oa 1/)2(0) S Oa

Di(1) < [ g1(s)a(s)ds,

o (1) < [ ga(s)1b1 (s)ds.
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We also say that ((1,(2) is a supersolution of problem (2) if (¢1,¢2) € C?(0,1) x
C?(0,1) with satisfying the reverse of the above inequalities.

Theorem 2.1. Assume that (H1) and there exist a subsolution (11,12) and a

supersolution ((1,(2) of the problem (2) such that (v1(t),¥2(t)) < (C1(t), (2(t))
for allt € [0,1]. Then (2) has at least one solution (u,v) such that

(1(8),92(t)) < (u(t), v(t) < (Ci(t), C2(t) for all t € [0,1].
Proof. See the Appendix in [8]. O

3. Proof of Theorem 1.1
Lemma 3.1. Suppose that (H3) holds. Let us define

fi(s,t) = max fi(u,v) for each (s,t) € [0,00) x [0, 00).
(u,v)€[0,s]x[0,t]

Then the followings are true: for each i =1,2,
(@) filu,v) < fi(u,v) for all (u,v) €10,00) x [0, 00),

(i) fi is nondecreasing (i.e., fi(s1,t1) < fi(sa,t2) for (s1,t1) < (s2,12)),
(¢i7)  lim  f;(u,v) = 00 and
vV—>00

u+ B
. r L . fz(uv U)
(“}) fz,oo o u—i—lil)goo w4+ v

=0.

Proof. Tt is obvious that f;(u,v) < fi(u,v) for each (u,v) € [0,00) x [0, 00). Let
(81,751), (Sg,tg) S [0,00) X [0,00) be with (S1,t1) < (Sg,tg). As [0,81] X [O,tl] -

[0,50] X [0,t], we know fi(s1,t1) < fi(sa,t2). Thus, f is nondecreasing for
each 7 = 1,2. Next, since 4_11151> filu,v) =00 and f;(u,v) < fi(u,v) for all

(u,v) € [0,00) x [0,00), we have +lim fi(u,v) = co. Now, it remains to show
U+v—>00

that f; o = lim filwv)

= 0. From (H3), for given € > 0, there exists K > 0
ut+v—oo U+ vV

such that
filu,v) <eforu+v>K. (3)
u+v

We take aset D := {(s,1) € [0,00)%[0,00) | s+t < K } and let M; := max_f;(s,t),

(s,t)eD
and then we define h; : [0,00) x [0,00) — [0,00) by h;(s,t) = max{e(s+t), M;}.
Now, we claim that

hi(s,t) > fi(s,t) for all (s,t) € [0,00) x [0,00).
Indeed, if (s,t) € D, we find that
hi(svt) > Ml = max fi(u7v) >

max
(u,v)eD " (u,v)€[0,s]%[0,]

fi(uav) = fi(57t)
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since [0, s] x [0,t] C D from (s,t) € D. If (s,t) € D°N[0,00) x [0, 00), we obtain

hi(s,t) = max{e(s +t), M;} = max{ max e(u+wv), M;}
(u,v)€0,s]x[0,t]

e(u+v), M;}

filu,v), max f;(u,v)}

max
(u,v)eDeN([0,s] x[0,t]) (u,v)€D

> max{ max
(u,v)€DN([0,5]x[0,t])

> max{

> max max ilu,v), max ilu,v
- {(u,v)ED“ﬁ([O,s]X[O,t]) / ( ) (u,v)€DN([0,s] % [0,t]) / ( )}

= fi(sat)v

where we used (3) in the second inequality. Choosing N > 0 such that eN >
max{Mi, M5}, it follows that for u +v > N,

fi(u)v) - hi(u, v) _ e(u+v) — e

u+v u—+v u—+v

0

Lemma 3.2. Suppose that (H2), (H3) and (H4) hold. Then there exists a
subsolution (11,12) of the problem (2) for A >> 1.

Proof. Consider the following boundary value problem

_¢N(t) = )‘(b(t)v te (07 1)’ 4
¢(0) =0 =o(1). @

Let ¢ € C2[0,1] be the eigenfunction corresponding to the first eigenvalue A\;
of (4) such that ¢1(t) > 0; ¢t € (0,1). Then, there exists d; > 0 such that

0 < ¢1(t) < dit(1 —t) for t € (0,1). (5)

Let 0 € (1,2 —7), e >0, m > 0 and g > 0 be such that

—m > [Mo¢? —a(o —1)|#}*] in (0, U[l —¢, 1) and (6)
¢1 > p in (6,1 —€). (7)
This is possible since ¢; = 0 and |¢}| > 0 at ¢t =0, 1.
Let us denote f; := min fi(s,t). Clearly, f; < 0 for each i = 1,2.
- (s,t)€[0,00) % [0,00) -
Now we define (¢1,%2) = (Ako@7, Akoo]), where kg > 0 is chosen so that
2—0o

d;%d
—ko < = min{f1, f2}. Then, we have —, = —\koo¢{ "¢}, which yields
m J1,J2

|41

2—
o1 7

—f = =Moo (o—1)¢] [} *~Mkood] ¢ = X | Mkood] — koo(o — 1)
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as ¢ = —\1¢1. For t € (0, ¢], it follows

- = X|Mkooo] — koo(o —1) |¢;/17|i
1

= O odt oo 116 ]
< 1)\l;()m —Akom
- 270 T @iTo2=0(1 — t)2—°
: o Sipn
< Aai(t)min{fy, fo}
< Aai(t) fi(yr, ),

using (5), (6) and the condition (H4). A similar argument holds for ¢ € [1—¢, 1).
Let t € (¢,1 —€). As (7) and +lim fi(u,v) = o0, it holds
UTV—> OO

Fi(Nkod (), Neod (1)) > %Alkoacb‘{(t) for A >> 1.

Thus, for such a A >> 1, we obtain

L N
¥ = AN|Aikood] — koo(o —1) 2o
1
< AMkoood (t)
< A fi(ANkoo (1), Ako@] (1))
< Aai(t) fi(dr, 1h2).

Also, it is easy to see 1;(0) = Mkop7(0) = 0 and
1

Bl = Magf(1) =02 [ g (o)a(s)ds
1

) = Magf(1) = 0= [ (o)in(s)ds

since g; and v; are nonnegative functions. Thus, (11,2) is a subsolution of the
problem (2) for A >> 1. O

Lemma 3.3. Assume (H3). For each A\ > 0, there exists a positive real number
M(X) >> 1 such that (M (X)ey, M(N)ez) is a supersolution of problem (2), where
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(e1,e2) is the unique positive solution of
76/1/(t) = al(t)7 te (Oa 1)7

—ey(t) = ax(t), te(0,1),

er(1) = [y g1(s)e(s)ds,

ea(1) = [y ga(s)er(s)ds,
and the exact form of (e1,e2) is in [10].

Proof. From Lemma 3.1, we recall that f;(u, v) < f;(u,v) for all (u, v) € [0, 00)x

fi(u7 1})

[0, 00), f; are nondecreasing, lim fi(u,v) = oo and fi,oo = lim ——==0,
u+v—00 utv—oo U+ v
for i = 1,2. Thus we can choose M(A) >> 1 such that
1 - FiMWlexlloo, M(N)|le2]]s0)
Alllex]loo + [le2lloc) = M(A)(Ier]loc + [e2]loc)

Now we define ((1,¢2) = (M (MN)eg, M(A)ez2). Then it follows

=C't)=—MNe/(t) = MNai(t)
> Aai(t) fi(M(N)ller]loo, M(A)e2][oo)
> Aag(t) fo(M(Nex (£), M(Nea(t))
> Aai(t) fi(Gi(1), C2(1))
Also, it is easy to see that ;(0) = M(A\)e;(0) =0 and

1 1
Gi(1) = M(A)el(l):M()\)/O gl(s)eQ(S)dS:/O 91(8)C2(s)ds
GO) = MNea(l) = M(N) / ga(s)ex (s)ds = / 92(5)Ca (5)ds.

Thus, (M (M\)ey, M(N)ez) is a supersolution of problem (2). O
Proof of Theorem 1.1

Proof. For A >> 1, by Lemma 3.2, there exists a subsolution (1, 12) of problem
(2) and we can choose M(A) >> 1 such that ((1,(2) = (M(Ney, M(N)es)
is a supersolution of (2) and (¢1,%2) < (M(MN)ey, M(N)ez) from Lemma 3.3.

Therefore, Theorem 2.1 concludes that (2) has at least one positive solution for
A>>1 O
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