East Asian Math. J.
Vol. 36 (2020), No.5, pp. 583-591 “YN
http://dx.doi.org/10.7858 /eam;j.2020.040 emm———

THE SINGULARITIES FOR BIHARMONIC PROBLEM WITH
CORNER SINGULARITIES

GYUNGSOO WOO AND SEOKCHAN KiM™**

ABSTRACT. In [8, 9] they introduced a new finite element method for ac-
curate numerical solutions of Poisson equations with corner singularities.
They consider the Poisson equations with corner singularities, compute
the finite element solutions using standard Finite Element Methods and
use the extraction formula to compute the stress intensity factor(s), then
they posed new PDE with a regular solution by imposing the nonhomo-
geneous boundary condition using the computed stress intensity factor(s),
which converges with optimal speed. From the solution they could get an
accurate solution just by adding the singular part. The error analysis was
given in [5]. In their approaches, the singular functions and the extraction
formula which give the stress intensity factor are the basic elements. In
this paper we consider the biharmonic problems with the cramped and/or
simply supported boundary conditions and get the singular functions and
its duals and find properties of them, which are the cornerstones of the
approaches of [8, 9, 10].

1. Introduction

We let Q be an open, bounded polygonal domain in R? and consider the
following biharmonic equation

A%y =f in Q, (1)
supplemented by the boundary conditions:

u = u, =0 on 09 ¢, )
u M(u) =0 on 0Qsg,

where f € L?(Q)) and A stands for the Laplacian operator and for o € (0, 1)
M(u) = Unn — OUtt. (3)
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FIGURE 1. Qp={(r,0):0<f0<w,0<r <1}

Here, o is the Poisson ratio for the plate and wu,, and u; denote the derivatives
of u with respect to the outer normal direction, n, and the tangential direction,
t, along 9. The moments given in the boundary condition are defined in [11].

For simplicity, we assume that there is only one corner with the inner angle
w: § <w <27 and it satisfies C'/S boundary condition as in Figure 1.

For the partial differential equation defined on the concave domain and/or
with mixed boundary condition, it is well-known that we have domain singu-
larities, which raise the lack of regularity and affect the accuracy of the finite
element approximation. Among the many ways to overcome this problem, there
have been a way which use the fact that the solution has a singular function
representation.([1, 3, 4, 6, 7] )

Recently, in [10], they considered the biharmonic equations on cracked do-
mains with clamped (or simply supported or free) boundary conditions along
the crack faces and derived formulas extracting stress intensity factors. For this
approach the derivation of the singular function(s) and dual singular function(s)
is essential steps. In this paper we consider the biharmonic equations on non-
convex domains with mixed boundary condition and give the derivation of the
singular function(s) and dual singular function(s) for the several special inner
angles.

We identify the singular function(s) and dual singular function(s) and intro-
duce the extraction formula for three cases: w =, 37”, and 27, respectively.

To isolate the singularity we use cut-off functions which have the following
properties; for 0 < a < b <1,

and
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and n(r) =1 for 0 <r < a, and, n(r) =0 for r > b, so that » satisfies

b b
/ n'(r)dr = —1, / ro(r)dr =1,

b b
/ 203 (r)dr = -2, / @ (r)dr = 6.

For the approach we are considering, we use a cut-off functions n with a =
0.75 and b = 1 and another cut-off function 7 with a = 0.5 and b = 0.75 as
follows; Let

O5(z) = (1 — 2)°(1 4 5z + 1522 + 3523 + 70z%)

and 1 and 7 be the C*-continuous cut-off functions defined by

1 if r <0.75

n(r,0) = O5(4r —3) if0.75<r<1 (4)
0 if1<mr,
1 ifr<0.5

7(r,0) = O5(4r —2) if 0.5 <r <0.75 (5)
0 if 0.75 < r.

Note that n = 1 on the support of 7.

2. Regularity and singular functions for biharmonic problem

Let us(r,0) = r*W¥(#) be one of the singular part of the solution u near the
corner such that z € (1,2). Then it is known that the equation A?ugs = 0
implies W(#) satisfies the following differential equation:

TD(0) 4 (222 — 42 + ) TP (0) 4 (2* — 425 + 422)V(0) = 0.

In the case 1 < z < 2, the general solution of this equation can be written as
follows:

U(f) = Asinz0 + Bcos z0 + Csin(2 — 2)0 + D cos(2 — 2)6.

We assume the boundary condition C/S, that is, us satisfies the crampted
condition on I'1 (6 = 0) and the simply supported condition on I'y(8 = w).(see
Figure 1.)

Therefore the regularity z can be computed by the following equation(See
[2]):

sin(z — 1)2w — (z — 1) sin2w = 0, (6)

If some specific angle w = wy is given, then we can find singular function(s)
and the corresponding dual singular function(s) by finding z € (1,2) satisfying
(6) with w = wy.

We consider the three cases and list the singular functions and the corre-
sponding dual singular functions for each case.
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2.1. Case1l: w=m

From (6) we have regularity z = % for w = 7, and we have one singular
function and corresponding dual singular function;

30 0 30 0

5 =51 :r%(cos?—cosi), s* :sizr%(cos?—cosi). (7)
2.2. Case 2: w=73
From (6) we have regularities z = % and % for w = 37”, and we have two
singular functions
40 20 5 50 0
s1 :r%(sing —25111?), So :rﬁ(cosg — cos 5), (8)
and corresponding dual singular functions
40 260 50 0
83 :r%(sing—Qsing), s5 :r%(cosg—cos §> (9)

2.3. Case 3 : w=2m

From (6) we have regularities z = %, %, and % for w = 27, and we have three
singular functions

30 0 0
s1 =71 (cos 4 cos Z), Sy = 12 (sin > —3sin 5), s3 = 11 (cos 5 cos Z)’
(10)

and corresponding dual singular functions
360 1 3 0 1 7 0

s = r%(cos 7 o8 Z)’ sy = ri(sin? — 3sin 5),s§ = ri(cos 7 o8 Z)

(11)
Define the index set A as follows;
{1} if w=m

A=< {1,2} if w=3 (12)

{1,2,3} if  w=2m

First we have some simple properties of the singular functions s; and the
dual singular functions s;;

Lemma 2.1. If u(r,0) is harmonic, then r? - u(r,0) is biharmonic.

Proof. First we recall that
Au = upp + —u, + —5 Ugo-
T T

Let w = w(r,0) = r? - u(r,0), then
1 1
Aw = A(r?u) = (r*u)p, + ;(’/‘2U)7~ + 72(7‘211)99
1

1
= rz(uw + ;ur + T—Quog) + 4u + dru, = 4du + 4ru,..
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So, we have

1 1

1 1
ZAzw = —A?(r?u) = Au+ A(ru,) = 0+ (ruy)pr + ;(rur)r + T—Q(ruT)gg

4
1
= (Fttpr + tp + —ugp)r + Au = (rAu), + Au =0,
r
and the lemma since w is harmonic function. O

Lemma 2.2. The singular functions s; and the dual singular functions s, given
in (7) ~ (11), are biharmonic;

A?s; = A%sF =0, (13)
for each i € A.

Proof. Each of the singular functions s; and the dual singular functions s} is a
combination of the following functions;

r sin o, r cos ad, r2~%sin o, 2% cos ab,

with a being a suitable real value.

The first two functions are harmonic because they are the imaginary and
real part of the analytic function z%, so they are biharmonic. Similarly we note
that r~“sinaf and r~* cosaf are harmonic, which implies that the last two
functions are biharmonic together with Lemma 2.1. O

3. Properties of the singular functions and their duals

In this section we give the cornerstones for the extraction formula for the
three cases: w =, 37”, and 2.
Suppose that the solution u of (1) is given as
u=w-+ Z i8],
i€EA
then we have
APw+ Y NAP(si) = .
€A
After multiflying s7n to both side and integrating, we have
< A2w,s;n > +Z)‘i < AQ(siﬁ),s;n >=< f,sin>.
i€EA
Note that all the integrands in the following three propositions are non-zero
only at (r,0) € [a,b] x (0,w) in polar coordinate and we need to compute
f: Jo, A2(sh) s* rdfdr to get < A2(si)),s™ >.
Proposition 3.1. If w = m, then the singular function and their dual singular
function in (7) satisfy the following :
< A%(sh),s*n >=< A*(sh),s* >= Ay, (14)

where A = 4.
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Proof. The first equality comes from the fact that n = 1 on the support of 7.

Note that s = r3/2(cos 3 — cos 2) and s* = r'/2(cos 3¢ — cos §). Now, using

the fact that A = 0, + 18 + - =09, we have, for (r,0) € [a,b] x (0,w)

A(Sﬁ) = —27“7% cosg ﬁ(?") - 47“% CcoS g sin? 3(477 ( )+ Tﬁ//( ))
and

A2(sh) = —2A(r2 cosg A(r)) — 4A(r? cos g sin? 2(47?’(7“) + (7" (r)))

: 0 0
= —4r~3 cos 5(—2 +4cos6) 7 (r) — 4r~ % cos 5((5 —4cosO)n"(r))
— 322 cosgsm g 73 (r) — 4r3 cosgsm g A (r).
- g 36
Now we can conclude < A?(sf), s* >= 4r by multiflying s* = r1/%(cos 3 —

cos 5 ) to the above equation and using the properties of 7 and the follow inte-
grals

/ Cosgcosg—edﬁz(), / cosgcosﬁ cos%dezz,

0 22 0 2 2 4
T 0 0 30 4 0

/o cos§s1n2§cos?d9——g, /O cos? §d9:g’
T 0 T 0 0

/0 cos? 5 cos 0do = g, /0 cos? 3 sin? 3 do = %

O

Proposition 3.2. If w = 37/2, then the singular functions in (8) and their
dual singular functions in (9) satisfy the following :

< AQ(SZ‘??), 5;77 >=< A2(Slﬁ), S;k >= Aidl—j, (15)
where A; = Ay = 8.

Proof. Note that we have two singular functions s; = r*/3 (sm 43 2 sin 239) and

Sg =15/3 (cos 59 _ cos 3) and by the similar methods in the proof of Proposition
3.1 we have

4 20 0
A(s19)) = —gr*% sin 3 <r sin? 3 (3rd (r) + 1149/ (r)) + 277(7"))
8 2 20 A 5 20,0

=-3r 5 sin 3 f(r) — 370 singsin grﬁ’(r)
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(27’ sin? 29 <2 cos %9 + 1) (3r7" (r) + 137 (r)) — 4ﬁ(r))
0
3

9 0 0 20
A(r) — %r 3 cos 3 sin? 3 (2 cos = + 1> rif (r)
0 . ,0 20
— 4773 cos 3 sin? 3 (QC Y + 1) 27" (r).

By applying the Laplace operator again we get

A2(S1ﬁ) = *307"*% sin 3(73 + 11 cos E)ﬁ/(r) — §7~*% sin 3(79 — 55cos g)rﬁ"(r)
_ %7’ % sin 3 sin? 3" 2303 () — 47~ 3 sin 3 sin2 grgﬁ(4) (r)
and
A®(s91) = —Er_é cos g(—13 cos 3 + 13 cos 3 +8)7/ (1)
2 0 20 40
_ §r 3 cos 5(91 cos 3 91 cos 5 +24)ri" (r)
104

0 0 26
f?rfécosgsm 3 <20 s3+1>r 73 (r)
0 . 50 20
—4r75 cosgsm 3 <2c 0s = + 1) S (r).

Now after a series of computations similar to those in the proof of Proposition
3.1, we may conclude < A?(s;n), s7 >= A;di; where A; = Ay = 8. O
Proposition 3.3. Ifw = 27, then the singular functions in (10) and their dual
singular functions in (11) satisty the following :

< Az(sm), 5;77 >=< A2(Siﬁ), S; >= Aiéij, (16)
where Ay = 4w, Ay = 247, A3 = 127.
Proof. We may have the proof by the similar way to those of Proposition 3.1
and Proposition 3.2. O
4. Stress intensity factors and their extraction formula

Now we may introduce the extraction formula which gives the stress intensity
factor using the three propositions given in the previous section. We only need
the following lemma, which can be obtained by a similar method to that of
Lemma 3.5 in paper [10].

Lemma 4.1. For w € H3(2), we have
< Azw,s n >=<w Az(s n) > (17)

Proof. See Lemma 3.5 in paper [10]. O
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Theorem 4.2. The stress intensity factors \; can be expressed in terms of u
and f by the following extraction formula:

1 1
\j = 7/ fnsjdx + —/ uAZ(ns;f)d:E, JjEA. (18)
Aj Jo Aj Jo

Proof. The proof is a direct consequence of the Proposition 3.1, Proposition 3.2,
Proposition 3.3 and Lemma 4.1. O

For example, if we consider the biharmonic problem (1) defined on a domain
with a corner point with inner angle w = 37” together with the boundary con-
dition (2), then we have singularity there, with two singular functions given in
(8). The solution u of the problem (1) has the following form

u=w-+ )\18177 + )\282']?,

and the coefficient \;, called by ’the stress intensity factor’, can be obtained by

1 " 1 20 % ;

where the dual singular functions s} are given in (9).
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