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ABSTRACT. Data classification and clustering is one of the most common applications of the
machine learning. In this paper, we aim to provide the insight of the classification for Turing
pattern image, which has high nonlinearity, with feature engineering using the machine learning
without a multi-layered algorithm. For a given image data X whose fixel values are defined in
[−1, 1], X −X3 and∇X would be more meaningful feature than X to represent the interface
and bulk region for a complex pattern image data. Therefore, we use X −X3 and ∇X in the
neural network and clustering algorithm to classification. The results validate the feasibility of
the proposed approach.

1. INTRODUCTION

Turing discovered that inhomogeneous patterns or spatial nonuniformities may occur from
diffusion, called Turing instability [21]. Based on the tremendous work from Turing, numerous
applications for pattern formation have been researched via reaction-diffusion based model
including animal coat patterns [13, 14], neural models [18], feather pattern [17], and so on.
However, it is still a challenging problem to predict the parameters of specific pattern formation
since it happens near the transition from nonlinear stability to nonlinear instability [16].

Neural network (NN) is one of the most famous algorithms for the machine learning that
mimics the operations of human brain [8]. NN learns the optimal value of weights through
iterations using training data and extracts important features from the data during the training
process. The rules can be found through the process. Therefore, NN is considered as an
innovative approach for pattern classification based on many researches [2, 5, 20].

Clustering algorithm, which is a types of the unsupervised learning, has been widely used
to classify each data into a cluster [3, 4, 22]. After the training, we may find any hidden rules
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from the results; in other words, meaningful insights can be derived from the predictions or
results through machine learning.

Feature engineering, which extracts features from raw data and transforms them into suitable
format, is a crucial step in the machine learning [23]. The goal is similar to the data prepro-
cessing: output results with higher quality. Nevertheless, it is rarely discussed in spite of its
importance because of the diversity of the data and models.

In this paper, we aim to present the insight of the classification for pattern images generated
from the Turing models using machine learning with feature engineering. Our insight is applied
to the image data generated from the partial differential equations (PDEs) using both NN and
clustering method. As opposed the well-known proposition that the deep learning framework
is considered providing a nonlinear regression [19], proposed feature engineering can classify
and cluster the data with nonlinearity with a single-layered learning.

The rest of this paper is organized as follows: The description of the Turing pattern presented
in Section 2. We discuss the feature engineering of the classification for the Turing pattern
using NN in Section 3. The result of data clustering using k-means and agglomerative method
is shown in Section 4. Finally, the conclusion is drawn in Section 5.

2. PATTERN FORMATION

In this work, we choose the Lengyel–Epstein (LE) model developed to describe the Chlorite-
Iodide-Malonic Acid-Starch chemical reaction [12]:

∂u

∂t
= Du∆u+ k1

(
v − uv

1 + v2

)
,

∂v

∂t
= Dv∆v + k2 − v −

4uv

1 + v2
,

where u is the inhibitor, v is the activator, Du and Dv are respectively the diffusive coefficients
related with u and v, k1 and k2 are the positive constants, and the computational domain is
on a two-dimensional square Ω with the periodic boundary condition. Note that other kinetics
would also generate similar or equivalent patterns but the chosen equation is a just one of
examples for the Turing pattern [15]. The nontrivial equilibrium point of the LE model is given

as (ū, v̄) = (k2/5, 1 + k2/25). For the Jacobian matrix J(ū, v̄) =

[
a11 a12

a21 a22

]
of the system,

the minimal requirements for the diffusive instability is to satisfy the following condition [1]:

a22Du + a11Dv > 2
√
DuDv(a11a22 − a12a21). (2.1)

Figure 1 shows the phase diagram of the reaction kinetics varying Dv and k1 with Du = 1 and
k2 = 11 based on the condition (2.1). The colored region represents the stable state.

In the unstable region, the LE model produces various patterns including “spots”, “stripes”,
“inverted spots”, and mixed one. Figure 2 shows the patterns generated varing Dv and k1 with
fixed Du = 1, k2 = 11 at T = 320. Here, we perform the numerical simulation using the
fully explicit scheme on the domain Ω = (10, 10) with the spatial step size h = 0.2 and the
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FIGURE 1. Phase diagram of the reaction kinetics varying Dv and k1 with
Du = 1 and k2 = 11. The colored region represents the stable state.

temporal step size ∆t = 0.1h2. The major factor distinguishing between stripes and spots is
known as the dominant nonlinearity in the kinetics [6].

3. CLASSIFICATION

In this section, we select three groups of dissimilar patterns generated by LE model with
different parameters, who can be easily distinguished each other by humans (see Fig. 3). The
patterns are generated by LE model and implement classification using NN framework. Each
of three groups consists 167 patterns per each for training. The input is on a 64 by 64 pixel
array. As a preprocessing, we rescale the values of each pixel between −1 and 1.

Single layer NN is used for the classification of the patterns. To apply NN for 3-class
classification, we train a NN with a soft-max output layer comprising 3 output nodes. The
all of trainings with above structures proceed as follows :

(1) Initializting random weights
(2) Training on 504 images (2000 iterations) using gradient descent (GD) and Adam [10]
(3) Calculating test accuracy with 216 images

Finding meaningful features before training could increase classification accuracy. We de-
sign a way to increase accuracy by using the characteristics of patterns without increasing the
layer of NN. The network structure is transformed into a special form using prior knowledge.
Note that the conventional layer Z = WX+b whereX is a feature, W is a trained weight, and
b is a trained bias term, do not expect to produce meaningful accuracy because of the nonlin-
earity of input image. We will call the model with the conventional layer as a baseline model
in this paper.

The most important characteristic would be the location or distribution of a interface and a
bulk region to distinguish the spot and stripe patterns. Compared with the baseline model, the
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FIGURE 2. Various patterns generated from LE model varing Dv and k1 with
fixed Du = 1, k2 = 11 at T = 320.

modified feature could reflect better such as using gradient, Laplacian, nonlinear function, and
so on. Here, we consider the following Ginzburg–Landau free energy functional [11]:

E(X) =

∫
Ω

[c1

4
(1−X2)2 +

c2

2
|∇X|2

]
dx, (3.1)
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FIGURE 3. Dissimilar patterns generated by LE model with (a) Dv = 0.04,
k1 = 7, (b) Dv = 0.03, k1 = 5, (c) Dv = 0.04, k1 = 1

where c1 and c2 are coefficient. It is known that Eq. (3.1) can be used to model complex
pattern formation, who consists of mixed patterns with spots and stripes, of phase separation
[7, 9]. Here, we propose that the functional (3.1) can be used to classify patterns in a similar
manner if it is used to generate complex patterns. Figure 4 represents the mesh plots of (a) X ,
(b) (1−X2)2, and (c)∇X with two different image data. It is pointed out that (1−X2)2 and
∇X can present the bulk and interfacial region of the (circular or linear) shape of the given
image data.

Moreover, we can derive the minimized point of the following functional by taking varia-
tional derivatives to Eq. (3.1) as follow:

c1

〈
X −X3, Y

〉
+ c2 〈∇X,∇Y 〉 = 0, (3.2)

(a) X (b) (1−X2)2 (c)∇X

FIGURE 4. Mesh plots of (a)X , (b) (1−X2)2, and (c)∇X with two different
image data.
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FIGURE 5. Structure of single-layer neural network with 2 input features.

where 〈·, ·〉 is the inner product and Y is the nonzero fixed variable. Based on the results, we
use the modified forward propagation as follow:

A = σ(W1∇X +W2(X −X3) + b), (3.3)

where σ is activation function. In addition, it is important to train more weights for building
models to prevent underfitting with the dataset. Thus, we use a method of learning two weights
if there exists two features in same single layer.

In summary, we use only a single layer neural network classifier with 2 input features
and train a NN using a back-propagation algorithm. For each input feature, two weights are
trained separately in the single layer. Each weight is updated through an independent back-
propagation. Figure 5 shows a simple schematic diagram for the structure of a single-layer
neural network with 2 input features of above description.

Table 1 presents the accuracy of NN classifiers with single and double features discussed in
the above. We obtain significant improvement (0.90 accuracy) by using the proposed model
compared with baseline and other models. Moreover, the proposed features also quite affect the
convergence speed of network. The model shows less iterations (600 iterations) to convergence
for the classification compared with other models.

4. CLUSTERING

In this section, we perform data clustering using the features chosen above and all patterns
in Fig. 2 in order to extent our insight for a data clustering algorithm.

TABLE 1. Test accuracy of NN classifiers with single and double features.

feature GD Adam features GD Adam
X 0.36 0.42 X and∇X 0.42 0.44
∇X 0.40 0.36 X and X −X3 0.40 0.36

X −X3 0.44 0.39 ∇X and X −X3 0.90 0.90
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FIGURE 6. Visualization of all 36 patterns in a two-dimensional space. The
same kind of pattern is represented by points having the same color.

First, we visualize all of the patterns with 20 points per pattern in a two-dimensional space,
using the mean and variance for each feature in Fig. 6. The same kind of pattern is represented
by points having the same color. Figure 6 (a) is the result using the mean of X −X3 and ∇X
and would be a good clustering since it seems three or four cluster even in a human sense. The
clustering result using the variances is present in Fig. 6 (b). In contrast, this is the result that
fails to cluster using the variance of∇X . Figure 6 (c) is the result using the variance ofX−X3

and the mean of∇X and Figure 6 (d) is the result using the variance of X −X3 and the mean
of X . Overall, the results of Fig. 6 (c) and (d) seem to have formed the quite distinct cluster,
but the cluster criteria are still vague.

Therefore, we use three features of (c) and (d) (mean of X , mean of ∇X , variance of
X −X3) visualizing all patterns as 40 points per pattern in a three-dimensional space and the
result is shown in Fig. 7 (a). It seems that the clustering result is bettern than the previous ones
even in a human sense.

Finally, we perform agglomerative clusterings using the average of 120 data per pattern as a
single point in a three-dimensional space. We set the number of clusters to five. Figure 7 (d)
shows that the result of the clustering algorithm.
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(a) (b)

FIGURE 7. Visualization of all 36 patterns as (a) 40 points per pattern in a
three-dimensional space and (b) One point per pattern representing the points
in same cluster as same color.

α β γ δ ε

FIGURE 8. Patterns of each cluster which is indicated by Greek letters.

Based on the previous clustering, we check the patterns of each cluster, which is indicated
by Greek letters as shown in Fig. 8. The patterns chosen in Fig. 3 are indicated by α, β, and δ.
The complex pattern is denoted by δ. Note that γ indicates the stable state.

Figure 9 presents the phase diagram of cluster of the patterns indicating by Greek letters.
The region over the solid line satisfies the stability condition. It has a good agreement with a
stability theory and Fig. 2.

5. CONCLUSION

In this paper, we performed the classification for Turing pattern image with feature engineer-
ing using the machine learning with a single-layered algorithm. X −X3 and ∇X for feature
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FIGURE 9. Phase diagram of cluster of patterns indicating by Greek letters.
The region over the solid line satisfies the stability condition.

engineering had the significant improvement in both classification using NN and data cluster-
ing. It would be the noteworthy result considered the high nonlinearity of the used patterns. As
a future work. it is a challeging problem the more precise classification or clustering for all 36
patterns with high similarity. It would be a pre-step for inverse problem of the nonlinear PDEs.
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