The Korean Journal of Applied Statistics (2020) DOI: https://doi.org/10.5351/KJAS.2020.33.4.395
33(4), 395-407

Index of union and other accuracy measures

Chong Sun Hong®! - So Yeon Choi® - Dong Hui Lim?

“Department of Statistics, Sungkyunkwan University

(Received May 6, 2020; Revised June 1, 2020; Accepted June 13, 2020)

Abstract
Most classification accuracy measures for optimal threshold are divided into two types: one is expressed
with cumulative distribution functions and probability density functions, the other is based on ROC curve
and AUC. Unal (2017) proposed the index of union (IU) as an accuracy measure that considers two types to
get them. In this study, ten kinds of accuracy measures (including IU) are divided into six categories, and
the advantages of the IU are studied by comparing the measures belonging to each category. The optimal
thresholds of these measures are obtained by setting various normal mixture distributions; subsequently,
the first and second type of errors as well as the error sums corresponding to each threshold are calculated.
The properties and characteristics of the IU statistic are explored by comparing the discriminative power of
other accuracy measures based on error values.The values of the first type error and error sum of IU statistic
converge to those of the best accuracy measures of the second category as the mean difference between the
two distributions increases. Therefore, IU could be an accuracy measure to evaluate the discriminant power

of a model.
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1. Introduction

F R SExE R Y-S F8e= 7% (threshold, cut-off point)& FH 3= Wy

2 2857} o EF AR oF oA Wol AFHI Utk B AFoA = A-§H 7oA 25 (borrower)

o] ARTIAE 71Eo R EATSH| uel B (default; d)9+ B4 (non-default; n) e} S B3}

= TAE 283t

Age =43= FE XE o Heolw, HEol A4l Aefo o] HA Ba3tE 0 =
Z2Y4E 47 Fy(x) = P(X <

S
) n(z) = P(X < :r\G )O]D% R Rt e F(x)% Fy(z)S Fr(z)o] A¥EA3A F(x)
(z) + (1 = Y)Fu(x), 714 = jzﬂ—,—_‘l:_%(total probability of default)® A3t} Fy(x)<t
F.(z)E 8 E7 A (probability classifier)o]n], duldog BE zof thal] Fy(z) > F.(z)< 7}3
3t} (Metz2} Kronman, 1980; Hsieh®} Turnbull, 1996; Provost2} Fawcett, 2001; Engelmann 5,
2003; Pepe, 2003; Fawcett, 2006).
Receiver operating characteristic (ROC) 342 9|9 ER/ANAN & vj& F, F 25 FE2

%
317 o =38 v]2-9l Sensitivity (W7E, true positive rate, hit rate, recall; Fy(x))<} AA| A4
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S BEEE AR o F3E= v]E9 1 — Specificity (1 — 59°]%, false positive rate, false alarm rate;
Fa(e)& 27 ARE3 ARFon 2 30 Aol ARG, 94919 $54 ool Bha ROC F42)
3= (1 — Specificity, Sensitivity) = (u, ROC(u)), 9J7]14 ROC 3¢t ROC(u) = Fu(F, *(u)),
1]olt} (Egan, 1975; Spackman, 1989; Zweig2} Campbell, 1993; Bradley, 1997; Fawcett2}
Provost, 1997; Pepe, 2000; Tasche, 2006; Hong#} Lee, 2018). ¥ ¥ o] A& H7lsl= o3 2l
% 5 3UE ROC FA ofgfle] WAL ZH 3= area under the ROC curve (AUC)+= ROC g
o] HEA o7 FHHY (Hanley$} McNeil, 1982; Centor, 1991; Bradley, 1997; Krzanowski®} Hand,
2009; Engelmann 5, 2003; Vuk2} Curk, 2006).
44257 (optimal threshold)& A EsHE jiEe] 4oe ZEEe =7 F A2 o 49
SRotl 4 Aol Heoh A4 Aelel FARERE Fle), Fu(@)9F olo] theohe GEY
v oy

e FEEth 28y Unal (2017)2 7 S E36t FAREET Fy(x)9 Fu(x) 182
AUCE BEF 183l= M2 A¥= &% index of union (IU)E 4] (1.1)3} Zo] A3}t

IU = min{|Sensitivity — AUC]| + |Specificity — AUC|}
= min{|Fy(z) — AUC| + |1 — F,.(z) — AUC|}. (1.1)

Unal (2017)2 R=8} 44 AHE A2} kg EoA tregst 3719 58S F535 319 IU
Z29 FHAEFAEL Ak 282 Al 7Y A¥8E 552 Youden A4(J) (Youden, 1950),
(0, )71 H A e 7] (closest-to-(0,1) criterion; C') (Perkins®} Schisterman, 2006), &=
(accuracy area; AA) (Brasil, 2010)° th-g3dh= HH2FHE FokaL, IU S=9 vlastr] §sto] &
o) AR ) FHAF LAY FdS AF R g

H A= Unal (2017)0] 283t AZT =% o] Cantor 5 (1999), Greiner$} Gardner (2000),
Freeman3} Moisen (2008), Liu 5 (2009), 28|31 Hong 5 (2011) 59 tghst AT =59 o
slo] A3ty E3] Yoot Hong (2011)2 Unal (2017)9] AFoA H=3 A £/ A%z =&
Qo] oA F7F9 H4F A (maximum vertical distance; MVD) (Krzanowski?} Hand, 2009), <=
AE (0,1)7H] H A7 7] (the amended closest-to-(0,1) criterion; AC) (Perkins3} Schisterman,
2006), WA=} So]=2] 3 (sum of sensitivity and specificity; SSS) (Connell&} Koepsell, 1985), H
A (symmetric point; SP) (Moses %, 1993; Pepe, 2003), AA|H& %< (total accuracy; TA) (Lam-
bert2} Lipkovich, 2008), AA-& (true rate; TR) (Hong 5, 2010)S F715t] o} /o A= =
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Table 2.1. Conditions on optimal thresholds

Category Accuracy measure Condition
1 closest-to-(0, 1) criterion fa(@)/ fn(x) = Fn(z)/(1 — Fg(x))
Youden index, True rate, Accuracy area,
2 Maximum vertical distance, fa(x) = fo(x)
Sum of sensitivity and specificity
3 Symmetric point Fn(z)=1-— Fy(x)
4 Total accuracy fa(@)/fn(z) =1 —7)/v
5 Accuracy area fa(@)/ fn(z) = Fy(x)/(1 — Fn(x))
6 Index of Union min{|F4(z) — AUC| + |1 — Fy(z) — AUC|}

2. Accuracy measures

Hong 5 (2011)7 Yoo} Hong (2011)& HALRAS ARs: olF SR A4 252 A5
Reol A4 gele) FHARERS Fuo) 2 Fa(e) 1212 FBUEHS fu(@)9} fu()ol U 2202
TR O B2 Uiro] oe] 71X Adol A Hlm 2484t} Unal (2017)9] IU SA2S 233
A FRo ERAYE ZEES o4 WFE UL, 24 EFe] B AYE SE 243} olF BEHE
259 $H5S Table 2.17} 2o] Aelshair.

156 ok AFE 2 (0, 1)7H) ABALNZ(C) lr, LEFE AR ol /N £

C =min{(1 - Fu(x))® + Fn(a:)Q} =

o A2HFC] &3 AT ZEL Youden A5(J), ‘UPEY Bol9 FH(SSS)’, ‘4AH
A HBA 7 (AC), ‘AAL(TR), “Hr) 52472 (MVD) So|m, F F2LE9| o] 2
= 4749,

J = max{Fy(z) — Fn(z)},
SSS = max{Fy(x) + (1 — Fu(x))},
AC = min{1 — Fy(z) + Fu(z)},

TR = max {%[Fd(x) +(1— Fn(x))]} ;

MVD = max |ROC(u) — ul,

o A4EFo] Hole BYE SEv AABIE (TA) otk TAx+ U=} So|x9 7Hsdger o
o

{TP+TN
axd — 7

i } = max{vF4(z) + (1 —v)(1 — Fa(x))},

A7) AAREE v FAZL p/(p+n)elth
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Table 3.1. Thresholds and their errors with 03 = ai(: l)and v = 0.4

Category Ln Threshold «@ B a+ g
1 1.0000 0.1587 0.1587 0.3174

2 1.0000 0.1587 0.1587 0.3174

3 9 1.0000 0.1587 0.1587 0.3174

4 0.7973 0.2126 0.1145 0.1145

5 1.0000 0.1587 0.1587 0.3174

6 (IU) 1.0000 0.1587 0.1587 0.3174
1 1.5000 0.0668 0.0668 0.1336

2 1.5000 0.0668 0.0668 0.1336

3 1.5000 0.0668 0.0668 0.1336

4 3 1.3648 0.0862 0.0510 0.1372

5 1.5000 0.0668 0.0668 0.1336

6 (IU) 1.5000 0.0668 0.0668 0.1336
1 2.0000 0.0228 0.0228 0.0456

2 2.0000 0.0228 0.0228 0.0456

3 4 2.0000 0.0228 0.0228 0.0456

4 1.8986 0.0288 0.0178 0.0466

5 2.0000 0.0228 0.0228 0.0456

6 (IU) 2.0000 0.0228 0.0228 0.0456

oIU = ac = o0g = asp = 0AA < QTA,
Biu = Bc = B = Bsp = Baa = PBra,
(a4 Bhu = (a+B)o = (a+B)s=(a+ B)sp = (a+ B)aa < (a+ B)1a.
9
(

w

meba] F= 8 Rz $ate] 2 B (0] = op), AEHEF (IU)= AILEF (0), 2985 (J)
% (SP), 5%% (AA)S} , B 28T o+ 7} BL3ch 282 AGEFE (IU)= A48T (TA)R
2 AIE SR SRS TP, AP (TA)S] Al2% efRt Itk 2222 U $A%F
TA)E AT RE SAFEN T2 A1EH 2527, 2
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Table 3.2. Thresholds and their errors with 03 > aiand vy=0.4

Catogory  jin 02 =0.52 02 =0.752

Threshold a B a+ B Threshold « B a+

1 1.2611 0.1036  0.0697 0.1733 1.0987 0.1360 0.1147  0.2507

2 1.1694 0.1211 0.0483 0.1694 1.0361 0.1501  0.0994  0.2495

3 9 1.3333 0.0912 0.0912 0.1824 1.1429 0.1265  0.1265 0.2530

4 1.0818 0.1397 0.0331 0.1728 0.8920 0.1862  0.0698  0.2560

5 1.1864 0.1177  0.0518 0.1695 1.0545 0.1458  0.1037  0.2495

6 (IU) 1.1694 0.1211  0.0483  0.1694 1.0361 0.1501  0.0994  0.2495
1 1.9477 0.0257  0.0177  0.0434 1.6821 0.0463 0.0394 0.0857

2 1.8857 0.0297 0.0129 0.0426 1.6408 0.0504 0.0350 0.0854

3 3 2.0000 0.0228 0.0228  0.0456 1.7143 0.0432  0.0432  0.0864

4 1.8242 0.0341  0.0093  0.0434 1.5442 0.0613  0.0261 0.0874

5 1.8905 0.0293 0.0132 0.0425 1.6466 0.0498 0.0356  0.0854

6 (IU) 1.8857 0.0297  0.0129  0.0426 1.6408 0.0504 0.0350 0.0854
1 2.6259 0.0043 0.0030 0.0073 2.2606 0.0119  0.0102 0.0221

2 2.5788 0.0050  0.0022  0.0072 2.2307 0.0129 0.0092 0.0221

3 1 2.6667 0.0038 0.0038 0.0076 2.2857 0.0111  0.0111  0.0222

4 2.5322 0.0057  0.0017  0.0074 2.1550 0.0156  0.0069  0.0225

5 2.5840 0.0049 0.0023 0.0072 2.2332 0.0128  0.0092  0.0220

6 (TU) 2.5788 0.0050 0.0022 0.0072 2.2307 0.0129  0.0092  0.0221

Table 3.20) BAEZY] B pyn = {2,3,4}0A49 A4 W3l st AAZFHH
a, B, a+ B Ao Figures 3.15} 3.290&= pn = {1,2,3,4,5}4] &
Table 3.28 AHEWH, A6HF (IU)9] HAEFHE 4EEY 3 o 4t o
o] A4UF (TA)Y HAEF 7(41‘:}* 33, A5EF (AA)Y HAAEFHET= &on 7(1]2 HE (J)-°4
FAEFEASE 58 HHAEFHS 2T (wra < 2w = 25 < zaa < T < xsp). TEHA A6H
F (U)Y HAEFAN NSt ax JHERFAS 27 vjne} RIHE A5HFE (AA)S] akths 2
I, A48 (TA)S] alths Zrom A2y ()9 afks 543 s Zreth Al6E (1U)} Al2H
F (NHE AYE e AFEY o B AAEEY FHF peol ALATF AT (I0) A2 (1)
agel ZFsIERZ A4 W3 A1F &7 (ool the 27] &9 ata > arv = ag > aaa > ac >
asp °|T}.
tholl& Table 3.2004 A2E &7 (8)°l thete] A EAL A6 (IU)Y v HHEFHY 27
vlwe} vpRZRA 2 A4-SE (TA)S] gRTE 33, ASHF (AA)] R Zon A2HE (J)9
B LT e Feth AR EY FE pnol AZTE A6AF (I0) 2} Al2¥E (J)E AL o
E RFEY =g A6EF (T0)2 A2 ()9 prell 72 @& 7 oA W3] A2% &F
(B)oll thet 27 <99& Bra < Pv = By < Baa < fe < Bspolth
upx| 2t 8 Table 3.2014 2&/3 (o + f)o tste] AFRH th33} 2t} A6EF (1U)9 L7382
AR E (N)E A BE fFe] LFFET= 2, A2RE ()= 58T+ 2 ?J% 7HA A2
(1)< A L7l st A4 AFYE & 5 Utk BAEEY un o] AZLE A6HSF (IU)LH
A2y (J)E ALt 2 MEEe] 7T =3t AleHS (IU)<) A2 (1) a}f of w9 7}k 7%
« gt 27 9= (a+Pw = (a+B8)s = (a+ Baa <
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Figure 3.1. «a, 3, a+ B with U?i > O’i =0.52.
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Figure 3.2. «,f,a+ B with 0(21 > ai =0.752.

Figures 3.17% 3.2 A4222] 24t 070 27 0.523 0.75° 2 -0l thate] o4 3ol ﬂ%ﬂ a,
B o A7e AATES] BT p.o W3l wel AR OH, 27T a + gl tsiA= AW
(/)& ohe WFs 219 Aol %dﬁ}%iv} dEze] el MHE Table 320t Sristo] p, =
{1 2,3,4,5} 0l thate] 23 Bt} Figures 3.17} 3.29 Lﬁﬂr 7hedl IYES Bl AAEEe Bat

201 059 AHTE o7 0] 0.75°Q AollA BE AGRE FE pa o BE T2 he AT
(IUH a, f7F AI2WE ()9 a, foll | 77k Zle BAT 4 vk =3 Figures 3.1} 3.29] 28
& 2hES Tl AAEES B4 on 0l 0579 Afelle AARES] W paol 29 W) A2WF ()%
A6 (TU)2] 2] 7} 0ol 78k ¥k, o70] 0.75% 1 B9l tii2e] BgR2e] B pn 72
oA T HFE a+p Ael7k 022 S S B 5 Atk webA] AEEY B4k ool ALSS
BE RAGRZY B p FIA A6RFE (IU) a, 7 A2WF (1) o, Boll o 2T g2 71
H, F WE a+ g Ao7h whaA Fadshs AL BT 4 glrh od AdS B FEEES] 2
o] AMRIHTE 2 AL (03 > 02), AARZY HAl g2o ]

2ol A28 (J)o) the 2759 goll o el el AL sheta & o,
aTA 2> QU R g 2 0AA = Q¢ > QSP,

Bra < pv = Bs < Baa < Be < Bsp,
(a+ B~ (a+B)s~(a+B)aa < (a+B)c < (a+ B)sp < (a+ B)Ta
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Table 3.3. Thresholds and their errors with 03 < aiand vy=0.4

Catogory  jin o2 =1.252 02 =1.52

Threshold « B a+ B Threshold « B a+

1 0.9421 0.1731  0.1987 0.3718 0.9105 0.1813 0.2338 0.4151

2 1.0253 0.1526  0.2178  0.3704 1.0847 0.1390 0.2709  0.4099

3 9 0.8889 0.1870  0.1870  0.3740 0.8000 0.2119 0.2119 0.4238

4 0.7726 0.2199 0.1631 0.3830 0.7990 0.3121 0.2117  0.4238

5 0.9904 0.1610  0.2096  0.3706 1.0048 0.1575 0.2535 0.4110

6 (IU) 1.0253 0.1526  0.2178  0.3704 1.0847 0.1390 0.2709  0.4099

1 1.3730 0.0849 0.0965 0.1814 1.2834 0.0997 0.1262  0.2259

2 1.4236 0.0773 0.1036  0.1809 1.3965 0.0813 0.1425 0.2238

3 3 1.3333 0.0912  0.0912 0.1824 1.2000 0.1151  0.1151  0.2302

4 1.2559 0.1046  0.0815 0.1861 1.1995 0.1152  0.1150  0.2302

5 1.4148 0.0786  0.1024 0.1810 1.3689 0.0855 0.1384 0.2239

6 (IU) 1.4236 0.0773  0.1036  0.1809 1.3961 0.0813  0.1425 0.2238

1 1.8089 0.0352  0.0398  0.0750 1.6664 0.0478 0.0599 0.1077

2 1.8445 0.0326  0.0423  0.0749 1.7475 0.0403  0.0666  0.1069

3 " 1.7778 0.0377  0.0377  0.0754 1.6000 0.0548 0.0548 0.1096

4 1.7210 0.0426  0.0341  0.0767 1.5999 0.0548 0.0548 0.1096

5 1.8445 0.0326  0.0423  0.0749 1.7403 0.0409 0.0660 0.1069

6 (IU) 1.8445 0.0326  0.0423  0.0749 1.7475 0.0403  0.0666  0.1069
a¥Ee REREC] Bio] AARENT 2 49 (oF > ai)"ﬂ—ﬁ A6EF (V)9 A% 25 ()%
A2E &7 (B) 28 L/ (o + H)Y 37]7P -4"‘ obyAIet, FFEES] FFE pnol ST
= Aews (10)9 A% Fasiglon, Aews

=]
A= ZEE AR
U)ol g o550 gol

3. Case when the variance of the non-default is greater than the default
ong 1257 1579 ARzt A d4e oA gl REREo) Rake] A
0i < op) BAEZE The3 o] AA gt
Fy(z) = P(x:0,1), Fr(x

ARz theket Had wle oA Aol gk Xz
= e = {2,341 FEE9 e

g RE —?—“—I:I_FE% w38k

Table 3.3°14 #A6WF (IU)9] HAEFHAL AAEE] HF pn3 24t 029 27]9F BA Lol Al2W

F (NH)E ALS e 159 HHAEFAEYE 31, A2EE (J)9e 5¢3 FFEFHES 2=

T = TJ > Taa > Te > wsp > xTa). WERA A6HF (V)9 HAEFA 53 ot 2HF

E57Ae 37] vjuet R A2 (J)E Zi]ﬂf?_ 2

T TYE agtS Zeth A6EF (IU)& A2 ())& Al 3

T pnol AZASE A6 (I0) A2 (J)9] el 77 as 7HAH G4 f139] A1 2F7

a)oll tiet 27] 9+ (v = ay < aaa < ac < asp < ara)’} AT

(I)(ZU : ,LLn,O'i),
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Fi

Pl
] Figures 3.33} 3.4°04+= u, = {1,2,3,4,5} 4

—~

o o o\
o,
7%
z
N
In
(o}
o)
H
<
>,
>
A
o
1o
e,

—



Index of union and other accuracy measures 403

0.05;

0.04

Differnce
o
o
@
P

o

o

»
-

0.00:

Figure 3.3. «,f,a+ B with 0'5 < 0721 =1.252.
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Th3 0 & Table 3.3904 A2F 27 (B)°] tiste] Aojid, A6HE (IU)9 g+ -’-‘4@—?:%—7‘49] 37
v e} w7 2 A2y S ( )E AL o MEEY FHHERF EEF— 3y, A2HE ()Y o=
LT e gerh AeEF (IU)S} A29E (N)E AT oe

AdLE A6HST (IU) AW ()9 B3kl 23
A+E (v =B = Baa > Be > Psp > fra)olth.
Table 3.3914 273 (a + B)o thste] AW ths3t 2ot A6HF (IU)S] 27T o F7]
vl et vt &2 A28 (J)E AdS the BEsY 2 %
+ FYe S AT A2dE (J)E AT UE HFEEY SFPE FAEEY B pnol AZSF
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