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Abstract

This paper deals with the problem of estimating the log-transformed linear regression model to fit actual
battle data from the Ardennes Campaign of World War II into the Lanchester model. The problem of
determining a global solution for parameters and multicollinearity problems are identified and modified by
examining the results of previous studies on data. The least squares method requires attention because a local
solution can be found rather than a global solution if considering a specific constraint or a limited candidate
group. The method of exploring this multicollinearity problem can be confirmed by a statistic known as
a variance inflation factor. Therefore, the Lanchester model is simplified to avoid these problems, and the
combat power attrition rate model was proposed which is statistically significant and easy to explain. When
fitting the model, the dependence problem between the data has occurred due to autocorrelation. Matters
that might be underestimated or overestimated were resolved by the Cochrane-Orcutt method as well as

guaranteeing independence and normality.

Keywords: Lanchester combat model, combat power attrition rate model, autocorrelation, multicollinearity,
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< WRE FolXl Aol thek H A3} SdolA A AlEslen, A4 WHes HId AlRe
Bracken (1995)3} Fricker (1998)7} 22} MIAItHA 5 Ardennes Aol t3t A5 & o]-8-3}o] A ~H
23e TAAZLH, Wiper 5 (2000)2 o] Atgoll thek wo] At 322 A =38kt

S X
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2.1. SH|AH AYisIRH

Lanchester (1916)+= )AL AFE£4E (casualty rate) S AFHY 317 A2 w & At 2
ZAF4 o v Aolgta AZsitt. ol & £egH o g HHIH ofefje} 22 vl 2 4lo] ik

B = P — o,
R(t) = d}zit) = aB(1), (2.1)

714 B(t)S R(t)S tA8e BEI RTS AT Ho|x, B(H)S R(t)S 94 7)7kol| 3

RZ9] £Aolm, aiT axe 7 29 SAASoITh dB(1)/digh dR(t)/dte &9 AT 18 71EL
2 R s Yujst B =wolAs 1Y F A4S Auth aea 4 (2.1)E5 FEstd
O¢2(B(O)2 — B(t)?) = a1(R(0)> — R(t)?)o] Ho} AR Y olgti% shet] o] Ade] A% &4
y exchange rate) dB(t)/dR(t) = cuR(t)/2B(t)°]|B&2 HZ2RH T57MA] A sto] I
j Hel B(0) Ex R(0)7} &2 ol = o]Zith= ou]o| 7= sttt

ClpsA MRlEo] 8% 9t Bracken (1995)& ol#ld ofe] 717 Rl AFH
oz diglsigitt. Aol AEY S5 4, A AFY 55 2 BYetd @
3 otef et 2t

. dB(t
By = 20 = a1 R0 B 500),
dR(t

ity = P = 0B (1) RO f2(6), (22)
71N f(0)E AN AEHOR AL 5 A oW BAD FLEA 55 FARST Fhd 4
fB(0)9) B BTl FAA 5olat WAl 1/50]9, fr(5)& ROl FAA] ol3 WojA] 1/50]c}. &
AAoR BT Yol FRIAA ke Aol BALE BRYoAE f(5) = 12 T At
Morse2} Kimball (1951)¢] 438t A1AFRFLS A (2.2)d4 g = v = 09 F%, A243d2FP2
f=v=19 F¢etn & 5 Atk AIRFL A o A mx 27 o 779 2E2AFoR wA)
£ 9ol A48T 5 don, Bre] AFY 42 AHEL Bl T AFY 23 1 AdS ¥
a3 Qe Brel ATl ndtke ujolth. Telm BAAE ASEFL f =1, 4 = 02 F9o]

of

58 o] AR Aol BAAE AYR Y A5ETS A8
AR5 9 2019 AT £de A0l Aol Al e wol A% o) 4
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AS|A R WA BT = Appe] DAl ek ASRUS B, T AR HYs ASRYL G

AL B 227 S0l A FEA AL Q4o oFolAE A7} Wb wA F R
o AEE WsE RN Fee) BAsH RYon wE ARale dddes aAst Uk 1
dA A2E mee A AN BEES FAGE i e FEEAT el GEH BAL W
B Eoh= 23 A 2 (deterministic model) 0] 7] wfZ ol w2 w|S whopglitt. 53] 2 H Y
< AF o] AT 5 A B AeF JAEA ol MiAlFE o oA HEHY S B W& 3}
g g 24 59 H&e T 5 e DAl Adrk A o S-S SHCH] Hste] 24
2 EYHoe $A4 Yo et dAAH RYS ATt Al

Fricker (1998)+ 4 (2.2)& A337ERPo=E wsto] TAA HZ WHLE Bracken (1995)7%
Hartley2} Helmbold (1995)2] A+ 23E ASst v&3d =], 2= 544 B3og A 8317 9
3 2ts FL2 of#jet 2ol 21 WS st

log(B(t log(R(t)), log(B(t
v — [ lo8 X = (X1, Xs) = og(R(t)), log(B(t)) (2.3)
log(R(t)) log(B(t)), log(R(t))
23 933t A5 PES A API ARG Hstd ot e Zrt
Yi = a+ Bri; + v + clai + dlpi +ei, ei~N(0,6°), i=1,...,n, (2.4)

7NN Ias FATS f(6)E 223 3192 WS T A T2 A g0 fPsts Boj7t =
A A1, o] Al -1 zk=t}). Iri+= B33 RTY AolE 3] {3t 7} < (dummy variable) 2
10|31

A y: 7t R0l 3 g3t 10] °]“d 3% 00lth A (24) o8] FAHT Z4E A (2.1)3 4 (2.2)9]
242 A5 41 = e, G2 = elatd) 5 =e“o|t}.
T ARIANEYer A5t ]'?5}— ol W E ] FTAE A AW 5 X nHE o
ST 5 7 wEY Zojth APRFPor AAA JARAS T of RSl e F42 92
2 H 2 A 35 % (least squares estimates) 22 T’@ﬁ}ﬂ] Hey ow] YA, AFA, SEAY S 2
ol 7Hl e FiS A9 7t Ut o AT THY S AR A AR AT 1o
=940l FEH ol the34143 (multicollinearity) TZ{]é Wzt e B3 4¢ HeE F7ksHA
U AAE wf) FAE SAASTE 2A wskete] Byo] S8 d4de] WS AY FA4E IAASTT
ol2Hoz e gt 2as the A ekt @450 g

3. JI&E Aol tiet 0=

3.1. A xl20] thst HH

u] &7 NIEA = (U.S. Army Concept Analysis agency; CAA)2 1990 @ = o) u]= J=F Sdo] 7}
Z 23 9 Az A22RE A3 AANA AEE S 2F 19449 129 1501‘:'15% 1945

19 16¥7}A] Ardennes AFoA YA AgdE S AF A5 S HA5ke] Data Memory Sys-
tem Inc. (1990) The Ardennes Campaign Simulation Data Base (ACSDB)E %313, Bracken
(1995)2 o] At5& &85t
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Bracken (1995)2 ACSDBE& 0]38}01 21 (2.2)9F 22 SA2~H BYS Iuts)ste]
Zotletl ARl =Rl O] AR E 70 & FElE ATt Stk of7]ole A%t
T(R)S Ak, A3Ay, 24, ZﬂEg AFY, TAFY, 3AFY s €AE=
d&e AABEL Utk o714 CAACNA AAZE 7] @A ol 77
Asete] AR 2ATEHS T8 E AASUTE oS S0 tY BEY AEH
2ol s A F7] RS Foke] 20 x AR 45 x A +40 x 2 41
< oy, FAFHL AFLS g4l 7ﬁE A A9 g s Fo FAFAT
AP SAze) WY <4 AFA BO)sh ROE 2 FAAA) €4 7
racken©o] ApAe} =M AAH o7 L-ZF T
2 1047k AR RS ARSIl ET] ol 271 5
2tz olH, o3 = Aol A4 delung A8 w32 1AL Aer A7
Z}g). Fricker (1998)7} A&+ 2k8 = Bracken (1995)°] A|AI3F Ardennes A%
o] GA] A7 SUTol FAHUY 2HFETA Y 4E (Sorties) TS F7hsto] EAJ3t
9ei o] 23 o3 52 991 22840l Brackeno] AT A4RE +23
7h e A 124 15 ARE AT 3297 AR E &8tk A= A%
o] ARE A (2.3)4F W] 64709 BRAE A (24)9] B AN A
T FAEY AL B2 Brackeno] AAIS Wi 5Lt SHFFA DY 4EHSE
300.% A4rshe] 7153S THACH oI5 Fricker ),
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3.2. Bracken 230] Cist HI}

Bracken (1995)2 10¥7Fe] Bracken ALRE ©]-83}o] 4714 =
9+=d| Table 3.1 7|22 AH3sH Caselo] TaH BIYPYESL AEHES 7|Fo7 BAS)
Case2¢] >335 Dﬁﬁ%% FRAFYS 7|eo 8 A 2go|rt. 19 23 BM1 B A
£ VFeR B =4 = 12 7HH3 FFARS §E A3 o FRE Fon, BM2 2%
FHE VIEeE B %—iré stsith. BM3 = 4
o 28& A% A7, BM4 2y FAF _—
BM2, BM3, BM49] 3¢ @28 HAREQ § = = o)A 2gsto] 544 = 28k AlFzAL 7
For BeE 23 t‘f}%‘\v}.
Bracken®] 24 24 W2 4] (2.4) B HaAF F |
o thal 5709 TH FHES YA AA IFo] HABAS 2= ByL 2 43]'951‘3]' aga ﬁ 7=
22 AtEAL NFoR HALAF 2AWL A897) wEe] 24l (global solution)7} obd A
A3f (local solution)E Ztohdl ZAx}7} ﬂoﬁ:} Table 3.10]%= ©A] Brakeno| A|A|SF B4 Z=AZFS
BM(a) 202 AASIIL, FL3 AARE o]&sto] flolA AT §+ v = 28= Al 22 flo] F
3t 235 BM(b) 2322 A3t BM2(b), BM3(b), BM4(b)2] 3¢9} o] BAZcg F2
s ek WeEol Attd RS S0 dedlete] Aiuaeet v Rg 1] #A dHol g5 e

4

22
2
1o
:oé
—IN'
_?L
()
o
32
X
F+
l-u
al

Bracken® o18] 714 59 SAIAH 5P BE £2Y 5 gr Qv BYL AASAT o2 4
A 43 Aol 485000, 47 3L DeAT T4 D4 DI 2ol BMLZYAAAY £
Aol 4 Foi7h 0.8 A2 £40] A7 PABTH: 2
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Table 3.1. Parameter estimation by model

. A Non-significant variables

Case Model aq g B ¥ 4
(p-value)
BMl(a) 8.0x1072  10.0x 107 1.00 1.00 0.80
BM1(b) 79x107% 10.8x 107° 1.00 1.00 0.84
BM3(a) 8.0x1072  10.0 x 107° 1.30 0.70 1.00
Casel BM3(b) 9.2x 103 9.0 x 103 1.64 —1.72 1.00 21(0.06), 14(0.91)
FMl(a) 4.7x10727 3.1 x 10726 0.00 5.00 0.81
FM1(b) 1.1x10726  7.6x 10726 0.00 4.97 0.81
YM1 70x 1071 7.0x 107 1.84 1.00 0.90
BM2(a) 8.0 x 107° 8.0 x 107° 0.80 1.20 0.80
BM2(b) 1.2 x10° 2.8 x 10° —1.36 1.11 0.75
BM4(a) 8.0 x 107° 8.0 x 107° 1.20 0.80 1.00 x1(0.11), 22(0.19)
Case2 BM4(b) 1.9 x 10° 1.8 x 10° 0.32 —0.57 1.00 21(0.66), x2(0.44),
FM2(a) 1.7x10716  8.0x 10716 0.00 3.20 0.82 14(0.77)
FM2(b) 10x1071%  50x 10715 0.00 3.05 0.85
YM2  68x10719 6.8 x10710 1.14 1.00 0.90
FM3(a) 2.7x1072% 1.6 x 10723 0.00 4.60 0.80
Case3 FM3(b) 5.6x1072% 34x10723 0.00 4.50 0.81
YM3  65x107  65x 10714 1.84 1.00 0.91
FM4(a) 1.3x1071%  56x 10715 0.00 3.00 0.82
Cased FM4(b) 1.8x 10714  8.0x 10714 0.00 2.85 0.85
YM4  63x10719  6.3x 10710 1.15 1.00 0.90
Table 3.2. Comparison of VIF between FM and YM
FM model variables YM model variables
Model T2 Ia Ir Model T Ia
FM1 2.0 18.9 17.9 YM1 2.00 2.00
FM2 2.0 25.3 24.3 YM2 1.98 1.98
FM3 2.0 17.5 16.4 YM3 2.03 2.03
FM4 2.0 24.6 23.4 YM4 1.99 1.99

o

Hl

oto] Rys dedbebA] Rt

3.3. Fricker 230 C{st HI}t

Fricker (1998)+= 3.1Z0jA A3} Fricker AIRE o]-&3lo] 23 2] (2.4)5

+= 47}A] Fricker’s model (FM) 28 & 7“53]'% Ul Table3.1& 7|2 2 5l Casel} Case2+=
Bracken 288 717} A% _‘?_?‘fg A5 myoln, Case3®] A9t ZHTZAY Al AFY B2
¥, Casedv= ZHFTAY Al 45FY 23 O]“/} Fricker®] < W12 Brackeno] A|=3F 1047k
AFEAE7F obd Ardennes A% ijﬂ A8 647) AFAE ATk A FAFLA Sk B4
Wl Aok Qlo] FAIA TR FAolA ALR3I ) Fricker7}t 43 2452 FM(a) B qii
AABFAIL Blo] AFT R4 FAE FM(b) 2P o2 A AJSk3ITtE. Table 3.1014 (a)¢} (b)2d
ZARE s EE AR og GalE] Ho|Auk o]n 3 B4 2 XY 2 Wil ThE R4
A7} wro] W3 PSS FolE 4= QoA =B BAE A2 E AFE Table 3.2F A|A|3FAC].

q

= o
Silvey (1969)2} Chatterjee®} Hadi (2000)9] 2]3Hd thEaAAS Sasts dhe Ay 7o) A

$3tol RASTE 2

o,

rLJ >

Jlm

Al
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238 4 J= BAE QR (variance inflation gactor; VIF) 2 &# 2 S A 3o 2
7Fsshe VIFgEe] 10 o]/l A-¢ AZs te344d EAZE dvke As7h dvka ot
£ U H Fricker 232 25 thead4d 45 7HAL A= & 5 Atk
Fricker®] 2412 Ardennes 7 A 252 Fojste] BYPS T530 ZHTTAY LopAE B

3 S Al=S A7) 9tk Z8]a I Ardennes AR ] FF TAIAE APEFPo|)
Asmyon A% 7L AL AAH Sohn s AUee AR 5400 §= 0= nels
o] RS A Azen Ao SAL AT AFHE e A ARH & dFe ol e
o Aygstal ok deEl® GulfdolA ojztaye] £48 t=Awe] ddshn ojgkawe] ddr

ol o GFE Wol WS Aolgk FASHTE 2y ol a7t AR B A7 v
AE 7L QoA 29 F4E SR g S SAE 7L A RS

s Sk 1S £ 7 oI A WS BAen fIB 2 Yelckl s

/‘E’%Efﬂ Fricker
=Y 7 AARRA ) 9
ek A 23 4 Qo A
= E—’F—EO] Jﬂﬂoi ATt o = BM EHES A
SV arzh antl Aole A 29 » 1020152 ol e Rl 401 1091 % 5l 2995
017} ATk Sluloltk. Ardennes Aol Holg Aol HATE Hol ARG} 1077 B Aol
I H SHFHo] 1427 Hojghe 2L 13 F B 722 9n gl Folth. 28 B 4
(2.4)°A a1 = az = aZ IEI7| 2 Shc)

B0 43 9901 $oI9 29 Sl Al 46 4000 Ficers) T4 5w
28 ©ao) Aze) RO o o 4g doh ok 449 4
dathe S oﬁm AR 9] w2 we] BRol £A45 a1 axel °l v e A%
o] W3 o] ofULkE AL BTk et Sl s AT ;H fo)8A e Az
AA Y ztole o] H & 4L S é"/} A v =12 7H4 '}"’ ol AHo=E £7H

X rb R

AS) AFY 4 yo) AR SABA BO)/BOI AW/R() 22 A T84 AU
A e BB A9 F A 27, F RAR BEES weslsa 267 g 1l Az} A
F AFe0) BF T2IH Yoo's model (YM) BIL oleho} 2ol AR Ak

Ynew.i = Yi — T2i = @+ Bw1i +clai+ei, €~ N (0,02) ,t=1,...,n. (4.1)

2 = aR)P f5(5

B(t) « () fB( )7

R(t) 8

—— =aB(t d 4.2

) = B fa ) (42)
2= 239 L2 ATt Aol Je ATy AFH SAE0 HI 9L FTHLE TS Oe
A%, AdRe A5 S5, el Aed AR BARS0) SEse 2aolen @ 4 o)
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Table 4.1. Regression diagnostics

Model Independent-errors assumption Normality assumption Constant variance assumption
DW statistic p-value SW statistic  p-value NCV statistic p-value
YM1 1.11 < 0.01 0.99 0.93 0.43 0.51
YM2 1.09 < 0.01 0.95 0.03 0.14 0.71
YM3 1.17 < 0.01 0.99 0.96 0.43 0.51
YM4 1.11 < 0.01 0.96 0.02 0.43 0.51

Table 4.2. Parameter estimation after removal of autocorrelation

Model DW statistic p-value p & B 5
YM1(a) 1.91 0.30 0.48 1.5 x 10711 1.44 0.85
YM2(a) 1.84 0.21 0.42 7.1x107° 0.97 0.86
YM3(a) 1.92 0.31 0.44 3.0 x 10712 1.56 0.86
YM4(a) 1.87 0.24 0.42 5.3 x 1079 0.99 0.86

o] AT EAHE BYPL 4] (22)Hth 2749 B4E Al AT SR B o] FHoAh A (4.1) B
S AL3lo] 7]& Fricker A5 &85l B4E FHTE Zlo] Table 3.19] YM 2302 Hlodx] o]
A7 o] RYEL 747t A%, FAFY, THFEAY 8 A%, 2HFEAY 5 FHFY mYolr}.
BEE 2o A oln] Table 3.2014 AIAIGE vie}l o] 5 W2] VIFE 2.0 ostz g A o]0 A
s34 22 fle ez skt

BRETE 7HEE Xﬁﬂ i“% O]Fﬂ I} 7ML QNkell S wie AES 24E B3k
AE WAste]of sttt AAE AEY £AE 2¥A YM BZE tfdte] o8 71 9
A3} Table 4.12 AASFTE Chatterjee2} Hadi (2000)3} Faraway (2015)E %+
Durbin Watson EA %S o] &3t1, AFA AZL Shapiro Wilk EA S o] &3}

Non-constant Variance Score TestS o]-23}o] A=3t ZAT}o|t}.

Table 4.12 ZAZ3H BE 2ol =YALS ulsty 97 YM28 YM4 B3] AL HAPAS
FIRkskal 9tk ol Ardennes At ZHA|Z7F dAPE AR RS wbsr] wiEol ?'TP A AT
I A" BEL v AFH wdEo] A 2m7F gAd] SH€AY 5 fith o]
A} (autocorrelation) ©] 7F8F 2§ o) thst 2%+ Cochraned} Orcutt (1949)7} A|A|3E HbH o2 A
2 43E B g ”—‘4'74]7‘( )& FAsL, A (41N MEL Yhewi = Ynew.i — PlUnew.i—1,
zi; = x1 — pr1i1 2 A MBIt yi L9 o B BSE RS S BEE vHEEHe
Durbin Watson FA|%Fo] AF7ME-E 714381 £ w714 vt A4S AXh 27143 2y
< $A8to] 2438 23} Table 4.29] YM(a) 2302 1 23S AAsIPon BE 239 S o]
MAE AL & 5 At} Table 4.1004 AFAdE A7} d YM22} YM4 282 39 YM2(a)<}t
YM4(a) 23 ]/\1 = AL AAS3E A3} Shapiro Wilk A 8F0] 25 0.97 p-valueZ} 0.212 A+F
el ZAZE s FATE 4 AT

4.3. £ Z22E 0|88 ZAH iy

e

Ardennes AtEo] Tite] 2L @ WEES LU 1T & Jx BETAY TAS PN
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Figure 4.1. Fitting a regression line to Ardennes data.

YL Beasa, A7 4Bon Jste] o]E & Yt FRHD 24 £AL Hdste] FAGoR
R RYoR ATY £AE 2P YM(a) RFER Aok 193 oW 54 23S 5
Aoz AYAA FHE AE FASAR A3 A40) GolT FEE e Faskch 2o

CAR(Combat Power Attrition Rate)> A% = =4 E, TAR(Total Combat Power Attrition Rate)-2
FH5Y £4E, OFCP(Opposite Forces Combat Power)+ At AFEHoz Aol Ag3} 3
L 93 g,]Z_XJQE A= YM(a) P o) thate] =AA Hej2 Aty A (4.3)34. 3 Ar-
dennes 252} A AT HE 2AHALS =45PE Figure 4.13} 2t}
YMI1(a) : CAR = 1.5 x 10~ "' x OFCP"** x (Attack : 0.85, Defense : 1.18)
YM2(a) : TAR = 7.1 x 107% x OFCP%®7 x (Attack : 0.86, Defense : 1.16)
YM3(a) : CAR = 3.0 x 107'* x OFCP"® x (Attack : 0.86, Defense : 1.16)
YM4(a) : TAR = 5.3 x 10~? x OFCP%?? x (Attack : 0.86, Defense : 1.16) (4.3)
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I A7 AT e 712 R TAH SHdA 23S s st ofee}t 2t
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