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Abstract

Repeated outcomes from the same subjects are referred to as longitudinal data. Analysis of the data re-
quires different methods unlike cross-sectional data analysis. It is important to model the covariance matrix
because the correlation between the repeated outcomes must be considered when estimating the effects of
covariates on the mean response. However, the modeling of the covariance matrix is tricky because there
are many parameters to be estimated, and the estimated covariance matrix should be positive definite. In
this paper, we consider analysis of multivariate longitudinal data via two modeling methodologies for the
covariance matrix for multivariate longitudinal data. Both methods describe serial correlations of multivari-
ate longitudinal outcomes using a modified Cholesky decomposition. However, the two methods consider
different decompositions to explain the correlation between simultaneous responses. The first method uses
enhanced linear covariance models so that the covariance matrix satisfies a positive definiteness condition; in
addition, and principal component analysis and maximization-minimization algorithm (MM algorithm) were
used to estimate model parameters. The second method considers variance-correlation decomposition and
hypersphere decomposition to model covariance matrix. Simulations are used to compare the performance

of the two methodologies.

Keywords: correlation matrix, hypersphere decomposition, modified Cholesky decomposition, positive defi-

nite, variance-correlation decomposition

H =73t 2185 H A4 ALE (longitudinal data)z} 3ok 22 JfAGA A3k
z4¥nz A4 ARNE BE BEA7 AR SHoleks FAA Aol 4ASA ¢
o] AYsA ke Az FALY ENE FHVTIY 1 A Age] Yol

£ BA57] Y= E3] AFRE = & TRFE (cross-sectional data) &
Aiks g, 354 1] AAde AWt SR EY Byge] 2HE wFolof ) ojn| IW
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Huk opAE A A1 AE (multivariate longitudinal data)ol] djsh FEAFI"E 233le] A9 FA3|oF
S 2Tt Wi, F4E gEAE o] A XA (positive-definiteness)& WESof stRE AWkl A

—r°ﬂ Hl OH W2 A7t ol R XA Tt mEbA & Aol s o

)3 2)9] AAAAE Azl 9§ AFd37 (serial correlations)o]™, 3)9] AAAAE A= F
st A otk oSt 37kA9] A FRA A AT, o] FHS RYPI} 3] 9
St Eo] 22 =RollA AAH AT o] =752 BT Pourahmadi (1999)°] +78€ &

3l (modified Cholesky decomposition; MCD)E ©|&3to 233} 31t Pourahmadi (19

A% 204 429 FEIRE BAS] H4) MODE o84303, o) o MODL 3249
A Balshe Aol opleh, FRAWLY AU BT uo] ABIAUG. =, T8

g duks} 217]3] 7] 24 (generalized autoregressive parameteres; GARPs)2} éﬂ—?‘_—’f}(innovation
variances; IVs) oz BagdozN, A gouME FAZHCRE u] Jx B4z BHEa, og
Al ‘:’]'—01 7 FEAE2 FPXYE BEoHA Frt. =S GARPsS} IVsS A3 /24P RY 40
cum neol 5 2 4 At

MCDZE o]&3F 3o g Xu®} Mackenzie (2012)2} Kim3} Zimmerman
A}

O AAA AFEA A £y
(2012)°] Qdt}. ©] F =% BEF F2HEE dwtsl 217]3] A8 E (generalized autoregressive ma-
trices; GARMSs)¥ HAlg-E 4l & (innovation covariance matrices; ICMs) &2 E3)|5lth w2413

2g 9o ¥ WYn welgos FEAWLS 0T RYon Ul & gon A4 Hae
6]-7] A% F83ltl. GARMs+ &5 3123 (block lower triangular matrix) Fejo|w, ZF 24 &
& ERUE 200 RN WSS A0 208 FBIAL 13f2)2 AHEAS 49T 5 315
ICMst a2 & (block diagonal matrix) 22 UERE 4= Ql31, o] PL thHEk FA|Z 270
A A 15 AT EAR 51 ARIAE AU 4 ek I = Az FEIAY
Mg o] £ YL FAsPl ZAN, M7k FRALE WSl AU BRAVLE 3
A4S W=t (Kim3 Zimmerman, 2012). wWekA IVMs7} FAA XA S WSS 233} k= 2
o] 23ttt o] ICMsE E33} sk ol webal oy 7H4] whse] Al ek (Xugl Macken-
zie, 2012; Kim¥} Zimmerman, 2012; Kohli 5, 2016; Lee 5, 2019).
Xu2} Mackenzie (2012)+= FAlZEAIHEH S
1l E (eigenvector) 2 TAAH 223 Eaﬂiq-
ICMs9] i:r_uﬂ@r?_ g% 53 2
E

2~HEZ B (spectral decomposition)E ©]-&35}o]
%%,\(elgenvalues) < 7= EH7"3“93E B3] a
AZ2HHE o= AFFY FrE BT o Aok
© mHolth GARMsS] £49 IVMsold] vhs
3} & o= 9t} Xue} Mackenzie (2012)2] FE4HY
g 233 e AR7F gl %E%‘f—%"( onotone dropout)°l] &3 E7% FEj L wfoll= AAE
2 FEEE Y3 oh= Zlo] Zbestthe Aol vk Zelvk ZF AR 3k 3] AAAAE A
817 18 T4 FEQ IVMse B9S85 5467 oAH jAst7] ofHdrhe de] ok Kimd}
Zimmerman (2012)%= Xu®} Mackenzie (2012)¢} Zo] FEAPHAS MCDE ©]-83t9] GARMs¥}
IVMsZ &35, IVMsE MCDE t}hA] o] &3] 233} 53t [VMs= MCDE o] &3] &
o 3ol whet Eﬁéﬁ}oﬂ o3k Aleks Al Aste] e} skl ot, FY AR NA Y] vEEEEl <A F
3lo] AA HlolElo HL3}7]ofl&= AV v ©d o] 9tk Kohli 5 (2016)2 Kim¥} Zimmerman

mﬁl—m



Comparison study of modeling covariance matrix for multivariate longitudinal data 283

(2012) 3} Xu&} Mackenzie (2012)2} Zo] MCDE o]&3}a1, IVMsE €83 FGXP=H 3} n)z]9] <F
TR Byl Ay Ao r ‘/‘rE]'%‘EE”ﬂ IVMs®] &A% % TEA A wetA SR A PE
£ A4S Aol A4, 5 AV PYOE FYATLE AATALL, IVMsE A% w3
3k 71& WEIE 2], Lee 5 (2019)2 IVMsE 44T £3] (variance-correlation decomposi-
tion) & Slo], FARFHAX }(mnovatlon standard deviations; ISDs)2} A&7 (correlations) 2 £
293} S0 ARASRLS RS B gl FAAAT BE BaTo] —17 1 Abolg] g2
JAoRaH tZblas MhEA LojoloF gtk AlokE o] Itk Lee 5 (2019)2 AAEE 23}
317] §J38 2753 (hypersphere decomposition; HD) #H-& o] &3}t EA-AR E|E o] &3
o] IVMs 233} 37] w9l Kohli 5 (2016)3= 22 3§ ¢] 7hsatrhe o] ot =3, Kim¥}
Zimmerman (2012)7H= 2] 22 AAAL] W7ol £AE RolsA] 9431, MCDE o]-§3to] 33
b AEE 2Y3) eiith fEle folA AAS thE BAA ZpR| e TR EY Rys) iy
%) Kohli 5 (2016)¢] W7} Lee 5 (2019)9] WS AR o7 A5 R uz} grh. 1 o]§+ Kohli
(2016) WH-2 IVMse] 233lol| thFst WPy A a3l aL, Lee 5 (2019)2 AA1e-2
T yolgb AF3ATE 28] Lee 5 (2019)8] o] Kim¥} Zimmerman (2012)2] 23 Hr}
FE4NA o U2 2= BRI 7] WEoltt (Lee 5, 2019). o] =&A fE& o IHE
S0l thal ul sl Bz} gk,
U ﬂu} 2740 MCDE AA3HAl A ¢, MCDE 7|Wke g & Kohli 5
Lee & (2019)9] 3¥g ARt 3”"“*1% o] T 7} WHE o]&ste] B4
gt 1 75_443 =gttt 430l 3gelAe AFE Hig o R 25 Wt
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2.1. ©HHEF ZAH KI20IM2| MCDE 0|88 2

Pourahmadi (1999)% FEIHEL 233} 317] gJaiA thee] mgS Adsieh Vi = (Ya,..
Yin)TE AR o dRke] S WElolt) (i = 1,..., N). 97]14 Y= idA] ogate] eds) S5
Folth (t =1,...,n). Yied Yie = pir + 2= 1¢m<m—uij>a}1 Aojaitt. 2|3 Ak Ao
Aol piy = B(Yyy) = 092 783t webd Vi = 307 ¢ V55013, 0] 2L uhx] 319140l 42
QA Fapeit) o] me] AZ QA e 0lM of = var(ei) oItk F,
en=Yu—Yu=Yu—> ¢u;Yij, t=1....n (2.1)

j=1

oW, A%® dZeAele A2 SHolth. U7} 1011 AL} Vi = 2L i, Vs o

o8l
€]

R 2

el

FAAAS e S G FBL T, W47} of = var(Yi — Vi) 8L Digta Aodicy. 5,
g =TV, 28 AT 7 Ql1, o}7]o] £k F8Hd v 2t}

cov(e;) = Ticov(YV;)T;" = TiXT," = D; (2.2)
ghe Aol EEHE Ae YT 5 Stk 4 (2.2)00A4 FE 718 248 dNE; A|F TR, P
D;E galdabolet At Ti7F itz g ela D 7F izt do| B B gy Ho] At T;9}
Di= TAALE sjAe] golotm, X5 F437] A= (1/2)n ( — 1) ¢t ; 9} log(of) T F7
s "ok X8 F387] 9l Thek Do) 94vt A5 Hu, 240 5 Fo)7] f AP L 7
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2 AFRge] ALE U Tio B4 ¢ie, ;9 Die FHZ 849 040 BJ3= vt 2o

bt = 2t 57 (2.3)
log (03) = hit\. (2.4)

olul zit,; & hie NA-5RZ FHFIH, v8F A5 EHAA §F Baolth

2.2. CHAZ AAIA XI=20M2] MCDE 0| 8%t 232

Pourahmadi (1999)7} A9+t MCD+= tﬂ AANA 270 A E W o]7] wFof thAZE FA|F
Zg oA MCDE ARE3l7] fEiE 3" 85 2427 &3] (modified Cholesky block decom-
position; MCBD) *¥-& AR&-3] o f‘f_H;]—, welA] MCDoA L 3ol zholdd T D; 9 Q4SS0
MCBDOA = FE =2 FHH ofof gt}

2.2.1. £EE 25 2d27] Boll K9 S40] Sl thiE BAA AR ClA Vi i0A oA
2pe] WA wkEgo] pAA S Jepdti =1,... Ny t=1,....n; k=1,...,K). o] 3<% g}
I e Aygrygor AT 4 gt}

T
Yitk = 51 Bk + €itk,
-1 K

ztk - mztﬁk + Zz¢ztk kg ( 1jg T zj;ﬂg) + €itk, (25)

j=1g=1

AN 2= px 1 FWF HE, B= WA BFAS AEjolth. 4 (2.5)E FE FE =2 vehlw

o)tk o1714
I 0 -0 Y1 Xi1 €i1
—®i1 1 -+ 0 Yio Xi2 €i2
T’L = 5 le = ) X’L = ; € = )
—®in1 —Pinz -+ I Yin Xin €in

AN @8 K x KO FER 1 24 dijum (L1 = 1,..., K)o, Yy = (Yin,...,Yux)",
X = Ik @ualye K x p oW, T3 ey = (€u1,...,€un)" Ot @F ARHIFE 9wt}
a3l &, 5 A3 AR E (generalized autoregressive parameter matrix; GARPM)o]2kal %]
A3t

e AA1F Atz A e] MCD g} A = A S A E 9l 6= tae T53ntal 7PE 3

m{o

)

T

i = 611'5"'7611‘71) NN(07D1)7

371X D, = diag{D;1,...,Din}5S FAE2E (innovation covariance matrix; ICM)<]2} X33}
A, Dy = var(eit)o] E]‘

MCDS$} ul7kA]2 MCBDeOA S T 5 3AAS JE3 Zo] ARE BA] ka1, AEof|A A A
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Aol 7ksetth. GARPME] 94291 dirjim<

Ditjim = wZ;jOélm (2-7)

ol i WA BEZ o]FolA i ax IMECW, wy, e ARNEAA FAG Aejolch. 1
U DK7Y AstelAe] FAQ $42 ousn, FA A4S wEsok sk Al%ke] gtk Dt
EARo= 40) F5d SAlo) Hrhe AkBA GBS FHSHE Ao] FaATh olHY 2AE
Rl D8 %4817] 91519 Kohli 5 (2016)7 Lee 5 (2019)& 74 T} W ES AAsiaith.
Dio) BRshe ofe] ATRES] «HE BRT 84 o, 24H o] FAAAL BEAN.

2.2.2. ShAEl SIAIZRARHESZ 0|88 2318l Kohli 5 (2016)2 D& FA4E A3 3E4 2
(enhanced linear covariance models; LCM)E& o] 83l FA3= Zlojt}. o]& 4oz a3 -2

7 2t

D = 7 My + -+ + Teg Mg, (2.8)
ojgfe] My (I =1,...,9)€ € FBA Aol rye A2 F7F obd B4 on|dint. =3
nﬁngbl%%%”é%?hﬁﬁﬁiﬂﬁﬂ7ﬁiﬁﬂ.ﬂHQXW“°Z@Q§LJ@ﬂﬂM%;i%§
t}. wEbA LCM 23S ARSshe o Slo] 718 S8 ARk A43 My & A9 sh= Zlojth. Kohli
5 (2016)& HET FHAYE M s /‘*E“?Wl Al Al ZHA S Al A oA e 2
A i oza, g T4 7N BE FoolM Mg A™ske Zolth 7 A S v
< WHoEN, 44854 (principal component analysis; PCA)< o] &3lo] gAgide] /S
ol gsl Mg Adst= Zloltk. mhA WS THH T regressogram 7H'd& &S] M o FAHAA

S5l My
W57 Aoltt.
AR

A BgZ ol v compound symmetry (CS)4 AR( )3 B BeA A A FRA
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% (2019)2 Kohli 5 (2016)3-= 2] o]E4Hd 71 18
Zb Sttt ot FAAAEE WEA717] SE Dis A 233
OI%ﬁPoq At dadEe Fefste]l Y3} siink. o2
gogn Y3}t A7t A 753 Kohli 5 (2016)9] 4-¢-2h=
° JJr% sfAlo] Zhsstthe el Atk wEE, o] RS v

flol= D 371 7hsste g AA dlolH & Age] o AAxFrh. AAFES B
Fe WHELE Lee 5 (2019)2 2728 e Aldstirt. 278817 Jade] FHXA
= UEAZIBR, AASHA Do) FAANAA7MA BEAZ = SUth Lee 5 (2019)9] w0l &3]
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D7k FAAAE WA D AFACE FAAE DEUL veb Do) PRALE UHA

Dt = CitRiClt, (2.9)
ol Cypv FAZFAANE HWALAE 7= tiddoln, Ri= ZF AJZAAAY vESHESE THe) A
Hi oty webA Ciuot RE 47 23383 Dy s AT & ok 94 Cq 9] tiz gl g4

log (diek) =hit Ak, (2.10)

4714 AE FEAA e Bmaeln] byt Azkelu Al SRA FHE o uBTh log (0u) 7k B4
EEAAE 22 NBE PR log (o) & Al gtk web Dy o) FAAAL RO FRA
4 ool Qg Wt
A A 3

R/ B8% @ o) Dejslof & Aoz £ A 77 Ank. A WA 28R R
= I T U Rl 22 202 AT 28 2ok -1 1 Aol

AR R tiZH 94t wEA] 1ojojof Stk Aotk o] Al X 1
= e 531517] 915ko] Lee 5 (2019)2 27 23 UL AU =
2o WrEe ol gk R HeT) 2ol Bala.

2

R; = F,F", (2.11)
714
1 0 o --- 0
fior fizz2 O -+ 0
Fi=| . . . A (2.12)
fik1 fixe fixs -+ fikk
22te] 9 29 fun e 2T} 2L Ao T8 4 k.
cos (witm ), form=1,1=2,...,K;
fitm = 4 cos (witm) H:":ll sin (wirr), for2<m<I<K;
H;”llsm(wm) forl=m; m=2,...,K;

kA Al kel e wim € (0,m)F F817] Aol dAAA b2 B4 veh FHF HE A gim £ ©]
g3te] The3 2o Ao7 mddr)
log <%> = Gitmv- (2.13)
T — Wilm

59 (213)3% 2L AOE wun® ARFHF et wan s (0,79 WAE BEAY. win B FIF
=M RiE 34T 5 U3, 1 FNE DuE AT 5 Yok

o] AN B AW Bl Al 28 AFE T A PHe] A5 v@stuz Bk mo| Ay
o 500709) ARAEL AT A4 ARPTeE SHASE 35 S4(K = 3)02 3L,
mHEO) T7)(N)9h MBS (n)E Aol webd Al sk AR $E Az agel A ANt
et
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Table 3.1. N =100, n=5

287

Lee Kohli(AR) Kohli(CS) Kohli(AR-CS)
B Mean ARB Mean ARB Mean ARB Mean ARB
(SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%)
B1o 0.312 3.962 0.282 5.756 0.292 2.396 0.289 3.630
(0.3) (0.8650.870) 88.000 (0.288p.288) 96.000 (0.3090.276) 96.600 (0.3150.279) 98.400
B11 —0.110 8.309 —0.075 24.490 —0.088 11.740 —0.082 17.401
(—=0.1) (0.7030.672) 85.000 (0.3370.311) 96.800 (0.3600.320) 97.000 (0.368¢.326) 97.800
B12 0.262 15.309 0.190 4.885 0.197 1.167 0.192 3.861
(0.2)  (0.8290.702) 89.200 (0.1300.121) 96.000 (0.1390.123) 96.800 (0.142¢.125) 97.200
B13 0.281 8.934 0.301 0.353 0.300 0.075 0.300 0.259
(0.3) (0.7300.698) 86.800 (0.0140.013) 95.200 (0.0150.014) 96.600 (0.0169.014) 97.400
B20 0.223 13.050 0.219 9.900 0.204 20.157 0.202 10.179
(0.2)  (0.5940.509) 89.200 (0.3070.281) 96.200 (0.3250.295) 97.800 (0.333¢.279) 98.000
B21 —0.129 30.493 —0.125 25.745 —0.109 9.902 —0.107 7.526
(—=0.1) (0.5320.483) 91.000 (0.3660.339) 96.600 (0.1430.134) 96.800 (0.1479.129) 96.400
P22 0.217 12.942 0.210 5.244 0.204 2.162 0.199 0.171
(0.2) (0.692¢.629) 82.600 (0.137p.125) 96.600 (0.1430.134) 96.800 (0.147¢.129) 96.400
P23 0.339 24.583 0.298 0.412 0.299 0.169 0.300 0.083
(0.3)  (0.82209.821) 89.200 (0.0150.014) 96.600 (0.0160.015) 96.800 (0.016¢.014) 96.600
B30 0.237 15.834 0.190 4.960 0.221 10.844 0.200 0.136
(0.2) (0.998¢.984) 90.000 (0.3150.300) 95.400 (0.342¢.300) 98.000 (0.348¢.280) 98.800
B31 —0.228 13.200 —0.184 7.561 —0.213 6.786 —0.206 3.359
(—=0.2) (0.7029.698) 85.000 (0.3700.345) 95.800 (0.4040.353) 97.600 (0.412¢.338) 98.800
B32 0.253 24.196 0.193 3.425 0.204 2.023 0.203 1.725
(0.2) (0.8249.794) 84.200 (0.133p.125) 95.400 (0.1450.127) 97.800 (0.148p.121) 98.400
Bas 0.434 6.292 0.400 0.203 0.399 0.132 0.399 0.076
(0.4) (0.883¢.829) 89.200 (0.0140.013) 95.600 (0.0150.014) 97.600 (0.0160.013) 98.200
F.norm 4.838 4.922 5.373 5.502

<A Kohli 5 (2016)°
Hog thHE ARz

2

t—1 K

ztk — xztﬂk + ZZ ¢zt] kg ( ijg xz;ﬂq) + €Eit,

j=1g=

1

1Ae ol gate] FET AR(1)FZ)
J4-2 AN AT

a7

=]
o—xf/\\_]_—

g ofefel A=A W

(3.1)

o714 WLzl = (1, Group,, Time;:, Time;: x Group;)°|™, Time;; = (¢t — 1)/100]W Group,+

0 =& 19 e 74t o
B =(0.3,-0.1,0.2,0.3)"

Qe A7) 8 A m o] B4 (2.

ghe ofele} 2.

(a11, 012, 13, @21, (a2, (23, 31, (32, 33) =

29 A% AAe
B2 = (0.2

(11, 72,73) =

p=4olw 1 ke ofele} 2.

,—0.1,0.2,0.3)" —0.2,0.2,0.4)"

(0.3,0.4,0.1,0.1,0.3,0.1,0.1,0.3,0.2),
(1.0,0.5,0.7).

g (2.8)9 2l o
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Table 3.2. N =100, n = 10

Lee Kohli(AR) Kohli(CS) Kohli(AR-CS)
B Mean ARB Mean ARB Mean ARB Mean ARB
(SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%)
B1o 0.318 6.309 0.291 2.712 0.292 2.460 0.298 0.429
(0.3)  (0.7940.759) 88.000 (0.157¢.137) 97.600 (1.8620.142) 98.800 (0.1950.144) 99.600
B11 —0.115 14.392 —0.093 6.112 —0.095 4.860 —0.099 0.213
(—=0.1) (0.6430.534) 90.200 (0.133p.117) 97.000 (0.1570.120) 98.800 (0.164¢.124) 99.200
B12 0.263 8.394 0.198 0.990 0.198 0.677 0.199 0.041
(0.2)  (0.5840.539) 85.000 (0.042¢.037) 97.000 (0.0500.038) 98.800 (0.053¢.039) 99.000
B13 0.285 4.742 0.300 0.063 0.300 0.004 0.300 0.013
(0.3) (0.4980.438) 88.400 (0.0040.003) 96.800 (0.0040.003) 98.800 (0.0050.003) 99.000
B20 0.220 6.306 0.205 2.561 0.201 0.795 0.201 0.834
(0.2)  (0.4340.423) 89.600 (0.1640.150) 96.400 (0.2000.153) 98.400 (0.211¢.160) 99.200
B21 —0.113 9.329 —0.102 2.298 —0.098 1.085 —0.098 1.940
(—=0.1) (0.4030.307) 90.200 (0.138¢0.128) 97.200 (0.1680.130) 98.400 (0.1760.133) 99.200
P22 0.220 10.391 0.201 0.639 0.200 0.047 0.199 0.177
(0.2) (0.594¢.528) 83.600 (0.048¢.045) 96.000 (0.0570.045) 98.400 (0.061¢.046) 99.200
P23 0.363 7.807 0.299 0.064 0.299 0.027 0.299 0.009
(0.3)  (0.6930.684) 88.200 (0.0050.004) 95.800 (0.0060.005) 96.400 (0.0060.004) 99.400
B30 0.284 14.236 0.200 0.135 0.201 0.652 0.197 1.295
(0.2) (0.9599.892) 90.000 (0.124¢.114) 95.200 (0.1430.118) 97.000 (0.1500.107) 99.200
B31 —0.218 6.493 —0.199 0.093 —0.201 0.552 —0.200 0.297
(—=0.2) (0.63209.611) 89.200 (0.1080.100) 95.600 (0.1250.101) 98.600 (0.1319.096) 99.900
B32 0.264 27.394 0.199 0.402 0.199 0.151 0.200 0.010
(0.2) (0.8130.743) 84.600 (0.0330.030) 94.800 (0.0380.030) 98.400 (0.0409.029) 99.600
Bas 0.433 4.302 0.400 0.030 0.400 0.018 0.400 0.013
(0.4) (0.843¢.892) 92.000 (0.0030.002) 95.600 (0.0030.002) 98.600 (0.003¢.002) 99.600
F.norm 4.493 4.530 5.248 5.395

FES 37 100, 300, 50022 3493, 27} 500709 AEATL BSc)
o213 50071 ¢] 2232 Al 270l 4] A A3 Kohli 5 (2016)2] 33} Lee 5 (2019)0] A H3t 23
< AFAZL Kohli S (2016)9] 238 AF Aol= 2RAHES 247 vbyel AR(1), CS, 18
T ARCSTZE 148 BAE 27 AYAZT. 1 A% 2RSS 2 Boo] 247 B (mean),
AoiA k] AH gk (absolute relative bias; ARB), #3228 £F 2 x| B+ (standard error; SE), 5
AXE2 FFHX}(standard deviation; SD), EL]_ 2 8- (coverage probability; CP) o2 g ok5]
t}. =3 Kohli 5 (2016)°] A<t 28} Lee 5 (2019)0] A<t 23 7ke] HlwE 98] ==Y
L2 % Z(Frobenius norm)< o]-&3le] FAH _E-A]-Eg 22w @At s},

. . T /.
F.norm (z) —tr { (22‘1 - 1) (22‘1 - 1)} ,
Tables 3.13} 3.2 ®Ho] 377} 10001, Z+z viE2271 5 10 o] ZEAP P L G4 AA|3 47}
A 25 Agen A% A9 ek Aol 223 Figure 3.19) (a) 2E
ﬁlj Bijl/Bij) x 1005 AAitst] 1 A&
s (

32

A=E 3 W stetalr) 9] ARBE &9 Y0 37 (]
agoz Yehglh ukESy) 27450 ko] Zojte AL & 4 9tk 183 Kohli 5 (2016)9)
RE PHEo] Lee 5 (2019)¢] WHHTR: BFo] AL & £ itk olx FRAYYY 72 O
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Figure 3.1. Figure 3.1: Sum of ARBs of mean parameters in Lee et al. (2020)’s and Kohli et al. (2016)’s models
using the data generated from Kohli et al. (2016)’s model.

Table 3.3. N =500,n=25

Lee Kohli(AR) Kohli(CS) Kohli(AR-CS)
B Mean ARB Mean ARB Mean ARB Mean ARB
(SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%)
B1o 0.307 2.394 0.294 1.813 0.305 1.891 0.299 0.090
(0.3)  (0.38209.311) 91.400 0.1290.125) 94.800 (0.1380.116) 97.800 (0.1409.109) 98.800
B11 —0.114 13.391 —0.093 6.668 —-0.110 10.319 —0.102 2.381
(—=0.1) (0.3990.328) 89.200 (0.151p.146) 95.200 (0.161¢.134) 97.800 (0.1640.132) 98.400
B12 0.223 5.730 0.197 1.098 0.204 2.198 0.200 0.403
(0.2) (0.528¢.493) 90.000 (0.0580.056) 94.600 (0.062¢.053) 97.800 (0.0630.050) 99.000
B13 0.292 3.088 0.300 0.065 0.299 0.179 0.299 0.050
(0.3)  (0.2119.209) 92.600 (0.0060.006) 95.200 (0.0070.006) 97.200 (0.0079.005) 98.800
B20 0.210 4.399 0.195 2.288 0.201 0.531 0.202 1.100
(0.2)  (0.2930.234) 92.600 (0.138p.122) 96.400 (0.1450.131) 97.600 (0.148¢.125) 98.000
Ba21 —0.109 7.203 —0.094 5.521 —0.098 1.842 —0.101 1.389
(—=0.1) (0.2780.300) 90.000 (0.1640.147) 95.800 (0.1720.159) 97.200 (0.1769.151) 97.800
B22 0.212 7.392 0.197 1.489 0.198 0.677 0.199 0.142
(0.2) (0.4949.440) 89.200 (0.0610.055) 96.400 (0.0640.059) 97.200 (0.0650.056) 97.600
B23 0.311 8.133 0.300 0.138 0.300 0.056 0.300 0.022
(0.3) (0.413¢.401) 91.600 (0.0060.006) 96.800 (0.0070.006) 97.400 (0.0070.006) 96.400
B30 0.213 7.742 0.199 0.257 0.202 1.300 0.194 2.940
(0.2) (0.293¢.246) 88.200 (0.141¢.128) 96.000 (0.1530.132) 97.200 (0.155¢.130) 98.000
B31 —0.209 4.300 —0.199 0.433 —0.207 3.711 —0.197 1.227
(—=0.2) (0.5330.510) 91.400 (0.1660.152) 96.200 (0.1810.155) 96.600 (0.184¢.153) 98.400
B32 0.214 6.483 0.199 0.433 0.203 0.632 0.199 0.446
(0.2)  (0.4299.412) 92.000 (0.0590.055) 96.800 (0.0640.056) 96.200 (0.066¢.055) 97.600
B33 0.417 3.205 0.400 0.003 0.399 0.088 0.400 0.037
(0.4) (0.1319.117) 94.600 (0.0060.006) 96.000 (0.0070.006) 96.200 (0.0079.006) 97.300
F.norm 7.193 8.745 11.224 11.914

5 WA 23 = ZHsiglrlel g Aotk 3]FiASl thE H et
=1 £ 239 SES} SD+ #adith asu =
[e)

F.norm 7]|&F02 45K FS uf], ¥FE-4 FA|9l0] Lee 5 (2019) 23 2] F.norm 3ko] 7FF 2t). o]=
Kohli 5 (2016)¢] ¥o® J4E BAANARE Lee 5 (2019) B o] FEA FPS o & A3t
E 5 k. =3 409 By BF 97 Ao whet Faorm gho] Zrobxitt.
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Table 3.4. N = 500, n = 10

Lee Kohli(AR) Kohli(CS) Kohli(AR-CS)
B Mean ARB Mean ARB Mean ARB Mean ARB
(SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%)
B1o 0.314 5.842 0.299 0.249 0.302 0.941 0.297 0.813
(0.3)  (0.1930.188) 92.000 (0.0070.006) 95.800 (0.0830.065) 99.200 (0.0860.064) 99.800
B11 —0.104 3.180 —0.098 1.169 —0.101 1.814 —0.098 1.998
(—=0.1) (0.3929.228) 92.600 (0.0600.050) 95.400 (0.0700.055) 99.200 (0.0730.055) 99.600
B12 0.232 4.843 0.199 0.131 0.200 0.401 0.199 0.324
(0.2)  (0.3219.319) 88.800 (0.019¢.017) 94.800 (0.0220.017) 99.000 (0.023¢.017) 99.800
B13 0.293 2.385 0.300 0.007 0.299 0.029 0.300 0.029
(0.3)  (0.1320.131) 92.400 (0.0010.001) 95.000 (0.0020.001) 98.600 (0.0029.001) 99.400
B20 0.208 3.492 0.199 0.230 0.195 2.150 0.203 1.674
(0.2)  (0.2430.203) 92.600 (0.0750.069) 95.800 (0.0890.070) 98.600 (0.093¢.070) 98.800
B21 —0.109 6.923 —0.100 0.402 —0.097 2.733 —0.102 2.920
(—=0.1) (0.2930.249) 95.000 (0.0630_059) 95.800 (0.0750,050) 97.800 (0.0780.059) 99.200
P22 0.206 6.423 0.199 0.097 0.198 0.643 0.200 0.475
(0.2) (0.243¢.221) 91.600 (0.022¢.020) 96.800 (0.0250.020) 98.600 (0.0279.020) 99.600
P23 0.321 4.312 0.300 0.017 0.300 0.055 0.299 0.030
(0.3)  (0.2199.234) 92.000 (0.002¢.002) 95.600 (0.0020.002) 98.600 (0.002¢.002) 99.200
B30 0.232 8.433 0.198 0.941 0.198 0.588 0.198 0.540
(0.2) (0.143¢.148) 94.600 (0.0540.043) 96.800 (0.0640.048) 99.200 (0.0660.049) 99.200
B31 —0.209 3.543 —0.199 0.187 —0.199 0.082 —0.198 0.671
(—=0.2) (0.2909.242) 93.200 (0.049¢.042) 96.600 (0.0560.043) 99.200 (0.058¢.044) 99.200
B32 0.239 5.694 0.200 0.127 0.200 0.223 0.199 0.270
(0.2) (0.0920.083) 95.400 (0.0150.013) 96.400 (0.0170.013) 99.000 (0.0180.014) 99.400
Bas 0.418 2.438 0.399 0.001 0.399 0.171 0.400 0.013
(0.4) (0.149¢.132) 95.000 (0.0010.001) 96.200 (0.0010.001) 98.200 (0.001¢.001) 99.000
F.norm 3.819 4.527 4.842 4.976

Tables 3.33} 3.42 &9 37|17} 5009 wf 4712 2o AES 1/}5}
(b)) BEE B ETE9 FHAEE & W gotetr] A ARBZE
©°F AHREGE ], ¥4 FAglo] Lee 5 (2019) 2] F.norm Zko ol THO 3_7]
7} 1008 ¥tk ofel 5009 Wil = Lee 5 (2019) 23 o] FEA & Attt & 4 3l
ok 3 4700 By BE BPE*W Ax o] wel F.norm gho] Zrobyith. wheba] whE7F A Zof w}ﬁ}
EE Byo] it dES & FR%0 A 5 Aok FAATo) Hidt AR VEer BYPS v
 23¢] SES} SD& #agith 2#uv 2§EE] W= Rt
‘% = T 9}11:]'
Kohli 5 (2016)°] A<t AR, CS, AR-CS 232 uwsld, vH2 471 AL wjo= A 3<] SE, SD
7S] Afol7t Atk AR 239 EE} SD7} 7k 2H& w7} won, AR-CS 239] SES} SD el 7H%
2 4%7t wrh o2 AM wjEo] AR-CS RFo|Ae) £38HE0] g IA yepdtt. T2y whE
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Table 3.5. N =100, n =35

Lee Kohli(AR) Kohli(CS) Kohli(AR-CS)
B Mean ARB Mean ARB Mean ARB Mean ARB
(SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%)
B1o 0.301 0.350 0.228 23.808 0.156 10.188 0.163 9.9780
(0.3)  (1.1551.152) 95.400 (0.124¢.145) 85.800 (0.4800.391) 94.200 (0.482¢.383) 94.200
B11 —0.100 0.170 —0.025 47.429 —0.014 60.813 —0.016 56.410
(—=0.1) (0.2229.217) 94.800 (0.7300.492) 82.000 (0.781p.625) 97.000 (0.718¢.650) 96.600
B12 0.206 3.086 0.170 14.591 0.210 15.318 0.225 25.186
(0.2)  (0.2960.287) 95.800 (0.9850.829) 84.600 (0.184¢.181) 78.600 (1.8421.743) 74.600
B3 0.305 1.866 0.189 36.769 0.153 41.082 0.149 45.461
(0.3)  (0.4230.421) 95.200 (0.821p.814) 86.200 (0.1520.137) 89.800 (0.152¢.142) 89.000
B20 0.202 1.225 0.128 35.887 0.061 46.910 0.125 26.260
(0.2)  (0.1299.124) 97.000 (0.1070.163) 87.000 (0.5870.608) 91.200 (0.585¢.634) 92.000
B21 —0.102 2.919 —0.011 58.841 —0.026 57.399 —0.095 13.440
(—0.1) (0.1840.183) 95.200 (0.6710_610) 82.000 (0-5270.408) 98.800 (0.5279.419) 98.800
P22 0.205 2.824 0.176 11.565 0.181 8.907 0.113 26.727
(0.2) (0.245¢.243) 94.200 (0.0900.128) 83.600 (0.1700.162) 89.200 (1.7111.655) 89.200
P23 0.310 3.347 0.193 35.441 0.247 45.332 0.257 37.365
(0.3)  (0.3500.357) 94.400 (0.088p.118) 71.000 (0.1300.132) 62.400 (1.2961.290) 86.000
B30 0.203 1.820 0.081 59.089 0.176 10.384 0.159 14.035
(0.2) (0.1379.140) 95.400 (0.123p.128) 82.800 (0.4990.471) 94.200 (0.501¢.482) 94.000
B31 —0.203 1.866 —0.053 45.382 —0.015 77.547 —0.039 58.033
(—=0.2) (0.1979.200) 94.800 (0.7120.468) 92.400 (0.4550.351) 96.400 (0.455¢.369) 96.800
B32 0.202 1.324 0.199 0.282 0.521 87.758 0.685 99.796
(0.2) (0.2619.262) 94.000 (0.0999.107) 92.400 (0.2099.195) 95.600 (0.2099.198) 94.600
Bas 0.409 2.395 0.207 48.095 0.863 69.842 1.067 86.998
(0.4)  (0.3730.377) 94.200 (0.089¢.097) 82.200 (0.1730.167) 95.600 (1.7251.739) 93.000
F.norm 4.796 4.802 4.811 4.918

(2.13)0ll4 WA= B4Ee) 2 ofefe 2ot

(O(u, 12, 013, (21, (022, 23, (31, (X32, a33) = (0.3, 0.47 0.17 0.1, 0.3, 0.1, 0.1, 0.3, 0.2),
(A1, A2, A3) = (0.2,0.2,0.2),
(l/]_, v, Vg) = (—0.5, —0.4, —03)
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Table 3.6. N =100, n =10

Lee Kohli(AR) Kohli(CS) Kohli(AR-CS)
B Mean ARB Mean ARB Mean ARB Mean ARB
(SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%)
B1o 0.304 1.424 0.122 32.536 0.231 22.950 0.233 22.048
(0.3)  (0.1650.170) 95.000 (0.4830.438) 93.400 (0.1290.161) 85.200 (0.1269.154) 87.200
B11 —0.102 2.483 —0.033 36.643 —0.037 33.234 —0.025 40.025
(—=0.1) (0.2350.240) 95.200 (0.7190.698) 95.000 (0.0710.048) 81.200 (0.722¢.502) 78.200
B12 0.231 0.667 0.126 23.063 0.164 17.978 0.156 21.600
(0.2)  (0.6590.667) 94.800 (0.808¢.819) 72.400 (0.102¢.142) 83.400 (0.1009.141) 79.800
B13 0.285 4.729 0.553 47.774 0.184 38.416 0.184 38.371
(0.3)  (0.9429.938) 95.400 (0.511¢.426) 87.000 (0.0820.123) 65.200 (0.0829.119) 64.800
B20 0.206 3.446 0.190 20.467 0.124 37.633 0.124 37.778
(0.2)  (0.1470.149) 95.000 (0.5830.716) 89.400 (0.108¢.182) 72.400 (0.108¢.174) 72.600
B21 —0.109 9.537 —0.126 37.305 —0.055 20.055 —0.077 17.922
(—=0.1) (0.2099.213) 95.000 (0.5260_438) 98.000 (0.6740,601) 71.100 (0.6730.613) 70.000
P22 0.216 8.388 1.195 67.659 0.172 13.861 0.172 13.779
(0.2) (0.5770.578) 94.600 (1.6891.624) 88.000 (0.0900.140) 78.800 (0.0900.134) 81.200
P23 0.323 7.807 0.257 57.099 0.187 37.614 0.180 39.938
(0.3)  (0.8240.821) 95.600 (0.9771.005) 56.600 (0.0920.129) 66.600 (0.089¢.128) 64.000
B30 0.201 0.752 0.396 20.269 0.072 63.551 0.086 56.767
(0.2) (0.1549.163) 93.800 (0.502¢.543) 91.800 (0.1279.141) 80.600 (0.125¢.138) 81.000
B31 —0.206 3.306 —0.093 39.534 0.104 50.521 —0.048 79.975
(—=0.2) (0.2209.231) 93.600 (0.4530.362) 98.000 (0.6990.459) 84.000 (0.705¢.477) 91.100
B3z 0.248 24.196 0.337 68.571 0.199 0.267 0.189 5.238
(0.2) (0.6109.622) 93.800 (1.0581.083) 92.400 (0.103p.121) 89.400 (0.1019.119) 90.000
Bas 0.401 0.424 0.686 47.170 0.206 48.311 0.198 50.457
(0.4) (0.872¢.878) 95.200 (1.0051.052) 90.200 (0.092¢.110) 75.400 (0.0900.108) 79.600
F.norm 4.121 5.343 6.522 7.131
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Figure 3.2. Sum of ARBs of mean parameters in Lee et al. (2020)’s and Kohli et al. (2016)’s models using the
data generated from Lee et al. (2020)’s model.

Table 3.7. N =500, n=5

Lee Kohli(AR) Kohli(CS) Kohli(AR-CS)
B Mean ARB Mean ARB Mean ARB Mean ARB
(SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%)
B1o 0.296 1.114 0.185 21.165 0.163 28.308 0.172 24.333
(0.3) (0.0749.073) 95.800 (0.212¢.182) 92.000 (0.209¢.223) 92.400 (0.1830.139) 91.000
B11 —0.098 1.357 —0.060 33.910 —0.075 20.845 —0.081 17.379
(—=0.1) (0.1060.108) 94.400 (0.3170.287) 95.400 (0.3590.373) 91.200 (0.3660.364) 91.200
B12 0.198 0.532 0.128 24.082 0.224 14.396 0.208 3.385
(0.2) (0.299¢.287) 96.000 (0.452¢.426) 87.200 (0.0930.100) 90.000 (0.2830.244) 92.600
B13 0.298 0.448 0.408 23.850 0.160 39.848 0.156 40.097
(0.3) (0.423¢.411) 97.000 (0.6730.600) 89.000 (0.158p.139) 87.600 (0.228¢.283) 90.000
B20 0.198 0.789 0.194 4.015 0.173 15.288 0.181 12.633
(0.2) (0.0660.063) 96.200 (0.2540.290) 92.400 (0.2320.298) 88.400 (0.2650.233) 88.200
B21 —0.099 0.049 —0.104 3.594 —0.088 17.391 —0.090 20.112
(—=0.1) (0.9450.954) 95.000 (0.232¢.187) 97.000 (0.2479.235) 91.400 (0.173¢.169) 92.400
B22 0.193 3.350 0.134 10.011 0.179 9.395 0.125 14.838
(0.2)  (0.2610.259) 94.800 (0.7520.693) 86.200 (0.3990.323) 87.000 (0.098¢.093) 88.400
B23 0.303 1.313 0.273 9.494 0.267 20.934 0.261 23.776
(0.3)  (0.3700.380) 94.400 (0.5670.562) 93.400 (0.6320.655) 88.200 (0.5330.518) 89.800
B30 0.196 1.892 0.194 3.022 0.187 7.394 0.188 8.332
(0.2)  (0.0700.067) 97.200 (0.2200.215) 92.400 (0.238p.277) 90.400 (0.163¢.132) 92.200
B31 —0.192 3.771 —0.179 7.001 —0.025 46.384 —0.083 35.365
(—=0.2)  (0.0990.098) 96.400 (0.2010_165) 88.200 (0-2110.236) 89.000 (0.2349.284) 90.800
B32 0.201 0.888 0.247 8.382 0.372 32.686 0.402 36.443
(0.2) (0.2769.272) 95.000 (0.4060.388) 93.600 (0.118p.106) 87.200 (0.1000.094) 89.200
B33 0.377 5.687 0.663 18.109 0.636 16.325 0.688 18.355
(0.4)  (0.3920.380) 95.600 (0.7510.779) 88.600 (0.0730.078) 89.400 (0.097¢.093) 90.000
F.norm 4.139 4.852 6.389 8.378
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Table 3.8. N =500, n =10

Lee Kohli(AR) Kohli(CS) Kohli(AR-CS)
B Mean ARB Mean ARB Mean ARB Mean ARB
(SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%) (SEsp)  CP(%)
B1o 0.297 0.852 0.234 21.858 0.236 19.134 0.242 16.332
(0.3)  (0.0700.069) 95.000 (0.0580.065) 77.000 (0.0730.081) 82.000 (0.0780.069) 84.200
B11 —0.091 8.216 —0.083 10.239 —0.073 17.389 —0.071 18.373
(—=0.1) (0.1000.098) 94.600 (0.341¢.242) 92.000 (0.032¢.038) 89.200 (0.2279.221) 88.200
B12 0.202 1.330 0.160 19.895 0.163 17.733 0.158 21.229
(0.2)  (0.1340.136) 95.000 (0.045¢.063) 76.600 (0.0510.068) 78.000 (0.0680.073) 81.400
B3 0.290 3.251 0.184 38.534 0.186 37.110 0.187 36.385
(0.3)  (0.1900.183) 96.600 (0.0370.051) 84.200 (0.0440.062) 81.200 (0.0530.066) 83.800
B20 0.195 2.430 0.126 36.892 0.153 18.331 0.151 19.989
(0.2)  (0.0580.056) 96.200 (0.0500.074) 86.800 (0.0560.099) 82.600 (0.0520.087) 87.200
B21 —0.094 5.104 —0.124 25.391 —0.077 10.378 —0.081 9.341
(=0.1) (0.0830.084) 94.200 (0.3179.312) 86.400 (0.2770_243) 87.600 (0-1920.188) 88.400
P22 0.205 2.677 0.171 14.112 0.168 16.776 0.175 10.378
(0.2)  (0.1110.109) 95.000 (0.041¢.057) 78.000 (0.0460.076) 81.400 (0.0650.078) 85.000
P23 0.294 1.7000 0.183 38.783 0.198 20.311 0.197 21.534
(0.3)  (0.1570.152) 96.000 (0.0400.058) 76.400 (0.048¢.064) 81.400 (0.0440.073) 83.400
B30 0.196 1.840 0.079 60.452 0.093 49.433 0.097 47.988
(0.2) (0.0620.062) 95.000 (0.058¢.057) 79.400 (0.0640.060) 82.600 (0.0760.072) 86.000
B31 —0.195 2.171 —0.132 20.061 —0.132 19.998 —0.123 23.423
(—=0.2) (0.0880.091) 94.200 (0.3330.199) 92.600 (0.208¢.200) 89.600 (0.1740.182) 90.000
B32 0.201 0.975 0.194 2.947 0.195 1.733 0.192 3.112
(0.2) (0.118p.120) 94.600 (0.0469.051) 91.000 (0.0460.051) 90.200 (0.0630.076) 91.400
B33 0.393 1.535 0.202 49.496 0.332 17.777 0.347 15.379
(0.4) (0.1670.169) 94.200 (0.041¢.046) 88.600 (0.0570.051) 82.600 (0.0460.042) 91.600
F.norm 4.912 9.273 11.634 12.337
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