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1. From beginning to obtaining the data

Consider the following linear continuous system
& (t) = Az (t) + Bu(t),
y()=Ct)z(t), 1)
s.t. 2 (0) = zp, and r () =y (6),
where z (t) € R™ is the state vector, u (t) € R™ is the input vector, y (t) € RP is
the output vector, r (t) € RP is the target signal, A € R"*" B € R™*™ C(t) €
RP*™ Given an initial condition 2y € R™, and a time 6, find one of the controls
| ()] < 1 such that the trajectory from xg of the system (1) arrives to the target
signal at time #. This problem is called the target control (TC) problem.
Moment problem is related to operator theory and has many applications (see
(1], [2], [4], and [5], etc). In this paper, we consider the target control problem
for the linear systems by using the solution of the Hausdorff moment problem.
Let Co, 1, be the set of all measurable functions on [0, §] such that 0 < f (7) < L
for all 7 € [0,0]. Then the L-Markov moment problem (MMP) for the interval
[0, 0] is stated as follows: Given a finite sequence of real numbers cg, ¢1, ..., Cg,
find the set of functions f € Cp r such that

0
cj:/ I f(r)ydr, j=0,1,... k.
0
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Let M [0, 8] be the set of all nonnegative measures on [0,6]. Then the Haus-
dorff moment problem (HMP) for an interval [0, 0] is stated as follows: Given a
finite sequence of real numbers sg, $1, . . ., Sk, find the set of measures o € M [0, 6]
such that

6
sj:/ rido (t), j=0,1,...,k
0

Recall from [5] that there is a bijection between the set Cy 1, and the set of
measures o € M [0, 0] satisfying foeda (1) = 1. This bijection is given by

[ (3 [ 1),

which determines the relation between (cj);:é and (sj)fzoz so=1,8 = ¢y, and

c1 -1 0
) 2¢o c1 0
k=1 , k>2. (2)
(k—1Dcr—1 (k—2)cp2 - —(k—1)
key, (k=1 ck—1 - c1

n—1

By [5, Theorem 2.1], we know that the MMP is solvable with moments (c;);_,
if and only if the HMP with (sj)?zo is solvable. As usual, we let d;; be the
Kronecker symbol.

Theorem 1. Let A = (8, 41) B=(100 -0 )T € R”, and
C (0) be invertible. And let

®(0) = e C1O) r(0) = ((D1(0), D2(0), -, D, (0))".

Then the TC problem (1) is solvable if and only if the Markov moment problem
with L =1 is solvable with entries ¢; (i =1,2,...n) as the following

(@0 —w)it+ (-0
1 2(~1) i |

Proof. Since C' (0) is invertible, we have

That is,
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Since u (1) = 2f (1) — 1,

0 6 0
/ e AT Bu(r)dr = 2/ e ATBf (1) dr — / e AT Bdr,
0 0 0

and
1 0 0
—T 1 0
7_2
e—ATB — T —T 1
(_1)71.;17_'”71
(n—1)!
we obtain

(®; (0) — xoi) il + (-1)" "' 0

2(-1)""

o o1[1] 1
0 0 0 —7
0 .2
0 0 - o
Lo :
(—1n—1yn-1
T 1] o] T

(4
:/ T (r)dr, i=1,2,...n.
0
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Thus, if the Markov moment problem with L = 1 is solvable with entries ¢;
as in (3), then the TC problem (1) is solvable, i.e., the trajectory z(t) satisfies

x(0) = xo, and 7 (0) = y (6).

step.

The inverse implication can be reserved step by

O

In [10], the authors introduced the method for obtaining the admissible control
of the system (1). We summerize that as following algorithm.

1. Calculate all data ¢; of (3).

II. Calculate s; by (2).

III. Calculate H;, u;,v;, T and Ry (z) by the following relations

ifn=2k+1 if n =2k
R so oo Sk
Hy
Sk+1 S2k+1 Sk v Sak
Osg — s1 Osy, — Sk41 Os1 — s2 0sy — Sk+1
Ho
Osp — Spy1 Osok — S2k41 Osp — Spy1 Osok_1 — S2k
Ul (780,781,...,7.5%) (0,*50,~-~775k71)
T (5i,j+1),ﬁj_0 (Ji,5+1)3 j—0
us (6T — 1) u (51—030,32—931,...,sk—93k,1)T
1 (1,0,...,0)T e RFHI (1,0,...,0)T € RFH1
va (1,0,...,0)T € RFF1 (1,0,...,0)T € RF
T (i +1)% 1o (6ij+1)% ;=0
T, (5i,j+1)fj:0 (5i,j+1)f]:0
Rr(z) | (I—=2T) (I —=2T)
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IV. Calculate Uy1,Ujo, Us1, and Usy by the following relations

if n is odd if n is even
Ui (2) | 1— zul Rs (2) H2_1U1 L — zui Ry (2) H1_1U1
Uiz (2) ui Rrs (2) Hl_lul M — zui R (=) Hl_lfUlM + 2ui Ry (2) Hl_lul
U21 () | = (0 — 2) 2v] Rrx (2) Hy oy —zvi Ry (2) H Tvy
U2z (2) | 1+ 2viRry (2) H; Tuq 1 — zvi Ry (2) H ToiM + zvi Rry (2) H; Tuq
M (1+0<u{H{1v1—u§H;1v2>) (9UTH;1U1)71

V. Let z =t + i¢, and calculate —zs (z) by the following relations
s (Z) o U11 (9 — (t + 26)) (F + ZG + i7T) + U12
Usy (9 - (t+i€)) (F+ZG+Z7T) + Uy’

where )
(0 —1)° + € e
TRy o GsmdagTaTs
VI. Let ¢ = 0, and calculate the real part X and the imaginary part Y of
—zs(z).
VII. Calculate X and Y, and obtain

2 Y
)= —"arg — — L.
u (t) 7raurg;X

F:lln
2

Theorem 2. The TC problem (if n=1)
t=u(t), [u <1, z(0) =z, s.t. z(0) =z, (4)
is admissible if and only if |xo — x¢| < 6. In this case, u(t) = —2arg & — 1,

where

1
X = g{t(t—@)?’(ﬂ—xo+xf)2(2t—9—mo+xf)F2

+% (t—0) (92 — (w0 — xff) (92 — (w0 —xy)2 +8t(t— 9)) F
+72t (t—0)% (0 — 20 + x) (2t — 0 — o + )

60—t
+(9+a:0—xf)2(2t—9+m0—xf)}, withF:lnT,

1
Yy = Eﬂ()f—@)(@—xo—l-a:f)z(@-&-xo—xf)2SO.

Proof. By the algorithm. O
Corollary 3. The TC problem (if n=1)
t=azx+u(t), a<0,u <1, z(0) =z, s.t. z(8) =y, (5)

is admissible if and only if |xo — xpe~°| < 6. In this case, u (t) = (2 arg X — 1)
e, where X and Y are as in Theorem 2.

Proof. Let z = xe~?, then by Theorem 2, we know that
t=u(t)e ™ :=a(t),la <1, 2(0) = 20, s.t. 2(0) = 24,
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is admissible if and only if |29 — zf| < 6, that is, |x0 - xfe“‘9| < 6. In this case,
i(t)=—2arg X — 1, that is, u(t) = (—2arg ¥ — 1) e O

2. Examples

In this section, we give some interesting examples, for n = 2 and n = 3.

Caw+( o )u,
01) ) + <t§,0 ) o

with initial state vector point x (0) = (1,202)" and output terminal point
y(3) =(2,3)", i.e., § = 3. In this case, we can find the admissible region

Example 1. We consider

O = = O

1 5 ) 1 1 )
Raa = {($01»$02)T‘ 193(2)1 R < o2 < —Zwﬁl — %ot 4} .

Xo2 10 T

Fig. 1. The admissible region R, of system (6).
Green line is zg2 = 122, — 2201 — 2, red line is zg2 = —223; — 2201 + 5.
In particular, we take z¢; = 0,292 = 1. Then (0, 1)T is in the above admissible
region and according to the algorithm, we finally obtain

X = %t(t—i%)(t(t—3)(2Ot_59)(20t_9)) <ln3t_t)2

1 3—t
+gptt—3) (1776t> — 480t° — 1062t + 81) (m - >

+8—11t (t —3) (7%t (t — 3) (20t — 59) (20t — 9) + 9 (4t — 1) (4t — 3)) ,

Y = 7t(t-3).
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The numerical roots of X in [0, 3] are t; ~ 0.0064797,t5 ~ 0.459614. Hence
the control is given by the following

—2 (arctan (é) —7) —1, if 0<t<0.0064797,
u(t) =< —=2 (arctan (%)) — 1, if 0.0064797 < ¢ < 0.459614,
—2 (arctan (%) — ) — 1. if 0.459614 <t < 3,
™ ( (X

£

b 6 6 o o o o o
@ o BN O N B o oo
(

T
|

05 1 156 2 25 t

Fig. 2. The plot of u (¢) for system (6)
The plots of state vector and output curve of system (6) are as following.

A

! I L L L ' !
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-02 00 02 04 06 08 10 12 14 16 18 20 22 24 26

Fig. 3. The state vector (pink) and output curve (green) of system (6)
Example 2. We consider

0 0 0 1
)= 1 0 0 |Jz@+ | 0 Ju(t),

0 1 0 0

1 sin %t 0 (™)
y®)=10 1 0 )=z(),

0 0 1
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with initial state vector point x (0) = (O, §,O)T and output terminal point
y(3)=(1,2, 3)T, i.e., # = 3. In this case, we can obtain

1, ) s (. 3—1t\°
X =7t (3t —5) (=8t +3t>+2) (t—3)" (In :

1 3—t
+5t(t—3) (60t + 101¢% — 54t 4 9t 4 5) (m t)

1 1
+ <47r2t2 (3t —5) (—8t +3t2 +2) (t — 3)° + ——t (3t —4) (—10t + 3> + 5)) ,

Y=nt(t-3).

25

The numerical roots of X in [0,3] are t; = 0.005692,t5 =~ 0.289924,t;
1.66483, t4 ~ 2.34597, and t5 =~ 2.9001. Hence the control is given by the follow-

ing

IS
—~
~
=
Il
3 003 (003 (203 0o [0 o

u(t) 1

08

06 [

04

02F

02fF

04

086

08}

The plots of state vector and output vector of system (7) are as following.

arctan (%) —m) —1, if0<t<0.005692,
arctan (3)) —1, if 0.005692 < t < 0.289924,
arctan (3) —7) —1, if0.289924 <t < 1.66483,
arctan (3)) -1, if 1.66483 < t < 2.34597,
arctan (Y) — 7r) —1, if 2.34597 <t < 2.9001,
arctan (%)) — 1. if 2.9001 < ¢ < 3,
Y i
. . . : t
0.5 1 15 2 25 3

Fig. 4. The plot of w (¢)

~
~
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Fig. 5. The plots of state vector and output vector of system (7)
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