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Abstract

This paper presents ordinal probit semiparametric regression models using Bayesian Spectral Analysis Re-
gression (BSAR) method. Ordinal probit regression is a way of modeling ordinal responses - usually more
than two categories - by connecting the probability of falling into each category explained by a combina-
tion of available covariates using a probit (an inverse function of normal cumulative distribution function)
link. The Bayesian probit model facilitates posterior sampling by bringing a latent variable following nor-
mal distribution, therefore, the responses are categorized by the cut-off points according to values of latent
variables. In this paper, we extend the latent variable approach to a semiparametric model for the Bayesian
ordinal probit regression with nonparametric functions using a spectral representation of Gaussian processes
based BSAR method. The latent variable is decomposed into a parametric component and a nonparametric
component with or without a shape constraint for modeling ordinal responses and predicting outcomes more
flexibly. We illustrate the proposed methods with simulation studies in comparison with existing methods
and real data analysis applied to a Korean National Health and Nutrition Examination Survey (KNHANES)
2016 for investigating nonparametric relationship between smoking behavior and coffee intake.

Keywords: BSAR, Gaussian process, KNHANES data, Markov chain Monte Carlo, Ordinal probit, Semi-

parametric regression

WEY ARE ARe glol W (category) 2 Fol AL 92, Do, WRe Aol tet WA
271 A% ©]g3 (binary), 370 o]A<Y ¢ t}d3d (polychotomous) &2 vt} 3 HFo] =4
9] Ao e}, &A7F g Wl BE (nominal), A7} & Wl A1 (ordinal) 22 EF T 4= ot
(Agresti, 2013). & E°f, AH Al A, AWl A8A Ahe A AR o|FFPo|dA HE

This research was supported by a Korea University Grant (K1910951).
LCorresponding author: Department of Statistics, Korea University, 145 Anam Rd, Seongbuk Gu, Seoul
02841, Korea. E-mail: trchoi@korea.ac.kr



26 Dasom Lee, Eunji Lee, Seongil Jo, Taeryeon Choi

SIS Qe A9t R A WEFoln. w3k, A

BRI A9 7 W 247 A 9
, R BAL EAT B0 ohjz A3,
AA, oI5, A, WA S Bt Lol B8 glonl, A2 U YL B} AAATE
o] A= It} (Kim, 2015; Park 5, 2018; Lee$} Heo, 2014; Kockelman3} Kweon, 2002; Clark
%, 2001; Seok 5, 2017). o]# % WY A5 FAS AAE, 5P AAs Ao At 43 3
7 23 oAl guts) A 23 (generalized linear model)S ARl dwks)t A3 232 Nelderd
Wedderburn (1972)7} 22 39kt Rygo =z wkEwWgo] BEx 7} X ¢EZ = (exponential family)
o AP} WSS £33 AZ 4 (link function) g(-) & &t FASHA 2B Adh=
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Albert$} Chib (1993)9] 3

R

s
(1993)2 o] F=HEo] =23
d AR groll whet o] v
S A2 AP Bxe AR B2 71e] HH A (conjugacy) 22
ol ol ¢t MFE A5 B4 EdiZt Hitt. BEF WeE 93 HE
0]+ Chipman % (2010)2] Bayesian additive regression tree (BART)7}
o 9t BART+ A3} AFA EZ(regularization prior)S ARS-3F1, WHs

245 S mAe] AHo] kgt URES] Fog R Y40 R, R
BART 3|7]#]9] pbartdE ol AFE 4 vk BARTE &8 nlZ+d H2 Y £, Wood
(2017)A| A= mgev] 7129 jagamT4E E3] GAM RHS wo| x|t WAooz AFS 4 Q8 3}
Aot 7P 2ol o]F 3] v EsA wWo] b H Wi o= Bayesian Spectral Analysis Regression
(BSAR) (Lenk$} Choi, 2017)= el 7h9A\ot HEHAS B8 vms 9% 43 Pyl gom,
Jo 5 (2019)°IA A|F3 = bsamGPH 7| ] 9] gbsarTTE T3 HPRYH nR,RYP] Fo g %Y
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A ARE 95y RS dE vSHse B T SAE IHEe AREA, €A EXaY
ol B4 22 +& 23 2 (cumulative logit model)S ARE3lo] A7 oS o, Q7N
A AFE 7R e 54 g5 2y @ 5 gk oAt WEE2 Alberte} Chib
(1993) 0] Ao+t <=AF Zz2MYl A7} rFez, 25 & U (data augmentation)} =24l A
AT AN, AY¥IARYEE S8 AEEE AANHESTT Sk 71t wet yE B/ o]
Py zZ2Y AP vV E ZEgds o835t 7 EF(Gibbs sampling)& AT 4 9l
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s o], thekdk AR AR LA (Cowles 5, 1996; Chen} Dey, 2000; Xie 5, 2009;
Hasegawa, 2010). <& £9°], Cowles 5 (1996)2 Albert2} Chib (1993)°] Z&3F 7 HWAS
g3t 53 g /vEZZYA-Flag]s 8|S (hybrid Gibbs/Metropolis-Hastings algorithm)-&
AHEEST, Chenz} Dey (2000 T3l Adss oAl £3 ol 47EE QAATHE ol 84
ABBAZ D& A48 A5E B4 E8 Harris®} Zhao (2007)2 93 A48 =24 &
3 (zero inflated ordered probit; ZIOP)S WHAAIZ L, Gl 48] AEZAL A7 B3-S AHTAIZ
o, Sha$®} Dechi (2019)014E 248 AME BE §H 2&0] u|g84
1 3 (non-informative prior) T4l t]g]4:#] (Dirichlet) AP EX & ALg31=
&gS A7t olH 3 wo|A <t HITWHES FE E5A AYR P o=, v
Hohe RP S B A7} o] FolAA] ot H 2 o]FolFl A7 A Z+ Wood (2017)3%
Jara 5 (2009)7} Qlth. Wood (2017)2 B2 23 GAME A3 25 4o 28A17]7] 1A
yo BFE IAAS pol et EFsH= £33 A3 28 (cumulative threshold model)S vl 2
22 AATLE ALY, Jara 5 (2009)= Albert$} Chib (1993)9] #Halel et 14 E72 23

H

te o o
Rl ot

shstar, Wk gyt opAE Z2F UF 3 23 (mixtures of multivariate Polya trees) S AFE3= W
o]z ot x4 Awkst AMd E3 73 (Bayesian semiparametric linear mixed model) 2.2 2HA A 7 T}
olef], B =folA+= = = A% Hoh dubAQ o]t FR BYS Attt
oh FAHoEE 2AY m2y 57 BYo) Lenkst Choi (2017)14 A78 BSAR #he 423
of, FAMFE AYRYPH nAy 23] Fog = A 2R, 24 39 23S A
2 7] 3 ol 7RI F I (Gaussian
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=] BEE 2w, Albert9) Chib (1993)2 28 piol] 4 (2.1)7 o] AFRES] F AR L)
g AP Agels A Ul S 2.9 gol met B BReke A (22)9] HAL ATt
y; ~ Bernoulli(p;), &~ (pz) = zTﬂ’ (2.1)
07 Zi S 07
Yi = (2.2)
1, 2z >0,
zizw?ﬁ—i—e,‘, ei%i/\/'((),l).
ol# et FAAHUSTE 0] &3 0|3y eyl WhAlS Fdste] Albert?} Chib (1993)2 Q9 <A3H
279 Ay € {120k (=1 08 SUsE EAY 323 8 S8 AL o
9 22l B9 4 (22)9 o, 02 71E0% & 22 ghol wet 9] oF W7} 03 12 1A
o, w49 229 971 Q- 1) AR (a1, .. aq-1)°l W} y7} Q9] WEE PR
1, —o0 <2z <0,
2, 0 <z <as,

Q, ag-1<2z < o0,

zi:w;r,B—&—ei, Eii'i\gi./\/'(o,l)7i=1,...,n,

714 ap = —00, a1 =0, ag = 022 FYHY. Ay Z2Y BN =, FHH ag,...,a0-12
BE42 HAFH7 2ol AT EZE B3l AT, S g e E HEY W y 7 ¢HA A
£ 52 g3 2o FEATERTY FHEXYES 02 BFFE ¢ 5 I

P(yi = qlB,{aq}) = P (ay-1 < 2 < a) = © (a, —w] B) = @ (a,-1 —w] B).

w
=2y 39 245 B, A B4 U a = (a0, .ag-1], 12T FAAS N 29 AF AF 2
2 The 7 Zo) BT

p(a, B, zly) < p(y, 2|8, a)p(B; a), (23)
A (2.3)904 p(y, 2|8,a) = p(ylz,B,a)p(z|B, ) #H 7= (full likelihood) E= 2] 75
%= (augmented likelihood) &5 o]m]sic}. 0] ast Bo] TAR AMA B2 E spHed, A
(2.3)9] 2% AZ ExE F3le, g &A -‘:} AFS E3Z (full conditional posterior distribu-
o= ATFRLE, 78] B4 2% A BLE (0, — Loy )0l 0E AFLLE IBL $ET
% 9ok

Bla,z,y ~ N ((X'X) " X'z, (X'X) )
Z7,|a szﬂﬂlngN( ,1,ay‘] (w;rﬁ71)7 7::1727“‘7”

wa, ol e, AU w4 WH oo BW AR AT BES 04 go] FUREE m=r)
Be s 4+ ok

agla—q, B, 2,y H I(ag-1 <z < aq) H I(aq < 2i <ag41)
Y =q Yy =q+1

ind . . .
& agla—q,B,2z,y ~ Unif[lg, uq], lg =max {aq—lv il"l;.ag(q Zl} ) Uq = min {azﬁ—l: i~y@t§l+1 Zl} :
yi= Wi=
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o]# 3 Ztzte] A 2 AR AZREE 0] &35to] Albert?} Chib (1993)2 A2EHWHE 53 nf2F
2z 4f] ZHZE (Markov chain Monte Carlo; MCMC) WHE AR31= #lo|X| ¢t A48 =29 7

2.2. H[O|X|2t =AY Z28] =24 322
B =RAA Algste HolA g A8 Z2] SR AR 218004 AHe Albert2} Chib
(1993)2] <=M =29 AP2PL gste], ZAWS 2, 7F AHS: w0l g AP2Y w/ Bt A
‘I‘tﬂ—r z; o] N B T f(x:)d] o2 3+ EF Z2H IARYSEA, 4] (24)Y B2
EdH
1, —00< 2z <0,
2, 0< 2z < az,
Yi =1 . ) (2.4)
Q, ag-1 <z < oo,
z=w, B+ flz:) + e, eiiiJ/\/’(OJ)7 i=1,...,n.
53], £ =&l Atshe HlolAt AP ZE238 FRS RPN A (24)9 ¥R T

f(z:)E Lenk®} Choi (2017)°14 73 BSAR W2 53 F4stxl gt
BSAR HPH< Lenk$} Choi (2017)9A Atd vl RS = WO RA, dHA A G2
H| RS o)l GP AM BEE 7M35t1, o] & F o F4(Fourier serles) Fot o g ZAete] 3
S8 AYIA HE Aol WS Bol B AF B e, BT BRI BEUL, £
2, B2 5o Yo A%kS 2 ALolE BHHTo] Solshtt. TAFOT, BSAR BUAL =S
g f(x)E 7FAISH FEFA Z(2) Bk 73, Karhunen-Loéve A7l (expansion) & &3k TR
3} Zro] F3t7)9] 2 7] A g (orthogonal basis function)®] A8 ZAstoz T 4= Q)

f(x)=Z(z) = ZHJ‘/’J

Lenk®} Choi (2017)= FAZ L2 cos ?;V\% AW 7)1AT5{p;} (wo(z) = 1, @j(x) = V2cos(mjz),
j=1,2,...,0 <z < 1E ARSI, A AL Y3to], JNe] Al F-ES AFRSe 2Ud
o] 282 F8f T3 A f(o)E 2AHE HAle A8skih

f(@) = f1(x) =) 0;0i(@).

B 39 g5 240 QoA FAstA AEE B ohzel, 3 ol &
B Ao BE 4 M S e A AE

E3 22 JE)A A F(shape restriction)o] L3 =2
FomA, A4 Fe) AGE 71 2alol WA 4 A Bk, FAALE, AATS ) O
7V asttan AR, 13 84S ohe ) go ()9 Aoz Ry3iaFict
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fl@)=62%), Z(z) =) 6;p;(z), § € {-1,1}, (2.5)
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A7IA d& IATTTE S e gaete Al uet 47 13 —19] g ZAET o] & vl o R,
M4 B fo) BEZ R 220 OIS AR [(2) = 623(2)2) AEL B9, 0T 2L Y
HZ 2982 & 4 A}
T 1 x oo 00
flz)=14¢ [/ Z%(s)ds — / Z2(S)d8dl‘:| = Zzeﬂktp] k(),
0 0 /o 3=0 k=0
x 1 x
nte) = [ esetss— [ [ gy (sots)dsis
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(2.4)9] ZX
0, 7%y

T (8,0,7%,7,%, z|y)

mﬁq>(ayi—wfﬁ—f(m>)—@(ayifl w! B~ f(@:)) x Hexp(——(zi—wiﬁ—f(m)z)

X lill{(TQ exp(*]ﬁ)f% exp (7#@)} x exp(—woy) x (72)72 “lexp (72‘%) (27

o] %, Oooll thst Abd 2= FefAI ko] Q= Afollv Faf ATt
(27)3} 2ol AW AYAFEEES vigo 2, MOMC W€ Bojo] 2t R4o) AFREE 353}
NE22g ANF}ES gt PARCE, BRest: B SARAN REZA, Rests ddz7
I Al 2] 3z J

o
N
X,
ot
ro,
[
+
30,
o
e
oY,
[>
tm
)
)
IS
g
[}
®
=
T,
=
r



Bayesian ordinal probit semiparametric regression 31

HIES f(2)9] cosZ| AT ;0 Als ;00 o =
bk FelAeke] QL& W, 6o = 001, 8 = (61,...,605) A EEE 4 (2.6)7 Zol, 77 47}
T Bfolle, AEEEA, xR 2

J 2 2
1 T o (s 6
f(01,...,05]Rest) x Hexp 5 (Zz w; B 293%(%)) ) X exp ( 972 exp(_jfy)) ’

-1
0;|Rest ~ N (mj,,02), o2 =(¢p?4+ —— .:2.(1, T) N
J| ( Jn U]n) Ojin 303+7_Qexp( j’Y) s Mgy, O, \# wz;B PLj

ool Wkal, Fef Aeke 2k Arolle flx)E A (2.5)% 2ol 7FpAL FEFHA ] AlF

B2 295 7] wiEol, 0,9 AR ZxAE AelM Aateze] dalde o8 & g Ak ol
g FAIE ol 23t7] F1314, Lenke}t Choi (2017)04 = 0,9 A2 F5< Fl8te] 48 vf23xz
) B ZZ (adaptive MCMC) ¥ 4%&}@0@ g _“_-—_—F_#oﬂ/\-]g_ : AR
A3 2 sho). ek g7} AA

EZ {47 FEE,

J 2
_1 0 _ro _ S
2 2\~ 3 _ j 2 1 S0
7°|Rest) o | | {(T ) exp ( ST enn(— i) exp(—j’y))} x (7%)7 2 exp( 7272) ,

N

J 2
Th S 0;
RtNIG(" ") =0+, sn = %
7°|Res 55 r ro+J, s SO+Zexp( 7
A+RES ADREL AHETHE 19 DAZAFEEE 212 Fel7h o 7] W2l slice EHE o8
o ARFRES 2SI HS nEIz A ZHIZEWW T slice BFS 083 AAFFEF SR o
)&k Bt 2pA S AL Lenk?} Choi (2017)2 F%SEE dith upAwtog AuA g9 FAHS
2o 3 SFAZARTE 2180 AwE ule} 2o wAlog gr, zhzk thea} o] Folx| 1L,

aq|Rest ~ Unif[lg, uq], lq = max<qaq—1, maxz; p, uqg = min< ag+1, min z; o,
1Y =q Yy =q+1

zi|Rest ~ N (’wiT,B—F f(zs), 1) Iay,—1 < z; < ay,).

0|8 BB ATREEZZ| o|F0iR 7] AL},

28N AR £NY Z2y Fus Yo
AE 2T ©)F Astel, 31ReNNE WM

2 o, BSARC| 7|uk3t 0|8y mzyl 25
g3} W] X ¢ GAM (jagam) B} H|ws|E
el B4 YeIE £ W Fel A ool BE BSAR 0|9y w2 975 Ye) A0E v
S, 7 olde] SASE NFE ) URUSE AT Goiel £ m

Ahgeta, Gl Aok fol Be AYATE wws] Astel RYAPARE Foto] As Rt

i

3.1. olgkyd Z=2Yl
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Table 3.1. Numerical summary of model comparison for three binary probit regression models

BART JAGAM BSAR
LPML —291.661 —283.675 —289.902
WAIC 583.169 578.270 579.809
RMSE 1.006 1.031 1.060

BART = Bayesian additive regression tree; JAGAM = just another Gibbs additive modeller; BSAR
= Bayesian spectral analysis regression; LPML = log pseudo marginal likelihood; WAIC = Watanabe-

Akaike information; RMSE = root mean squared error.

37 29 AL Astol, 023} go] R APARE AHIHES AT},
0, 2 <0,
Yi =
1, =z >0.
zi=f(z:) + e, f(z:)=30(z; —0.2)(xi — 0.4)(z; — 0.7),

zi ~ Unif(0,1), & ~ N(0,1), i=1,...,500.

&, HES TS A% AYHs oe ‘E"%—F’:E Unif(0, 1)ollA #2S F23kL, Bol f(z)olxL

ko] 19 At 2 s was AT 29 ol wet 03 19 e Zhe o3 s yiE A
gste] 500708 A2 E FAE%rh RoJAF ] ARRE MBS F f(r)w & FE7L obY 7] wiE
o, BSAR %3l glojA Fejaloke] fle 495 ARSI =3, BSAR Wil 719k o3
@ zrY RS 39 By Aee Hlusty] Asl o|FAE A= A% BARTS} wlo]Ak GAM
HES By 37 A es gy wWo]A ¢ GAM EYoX = vBS s 95t B-2
Zglol A4S ARRSR T, WS knots)% SEoZ 2072 Fo] mgev::jagamIE AR

6(‘3 3t

o wat A AR NEEE 2Z)AE 10000719 £ 7Hburn-in)
B At 10W# ®Eulch KVE}E}@ Z 1,000708] At3EES Id=E gty BARTY 2ES
6,w, a,b, p, power, base, ntree, numcut)+= (0,1,0.5,1,2,0.95,50,100) 2 A2-3]+= BART: :pbart2] 7]
Hike g Aok, WAk GAMY} np7Rx &2 BSARS] 71X A4S J = 20702 Ashe] vaL
AEEE sic}

Table 3.1 o] &3t 2 2] A 7 o] tf3te] BART, #]©] X 9+ GAM (just another Gibbs additive mod-
cller; JAGAM), BSARE 71219] 0|59 =2 ¥l 37] 232 Fa) 499 A0E 21402 808 g
2 gEpdn, TAHCR, A mA] A% 4SS Muss TaBsel ojAl, wel AuelA A4
f(z)9F R4 f(z:)E WO Z root mean squared error (RMSE)E AlAtslal, £ 712 23
A1 8] (model selection) 7] log pseudo marginal likelihood (LPML)3} Watanabe-Akaike informa-
tion (WAIC)E AAbste] vlw3tE S 3t} (Geisserd}t Eddy, 1979; Watanabe, 2010). ©]28F Al 7}
A FAFEL TH ANTHES ]—E‘OE Ao, 90 ¢t =1,... TE B0 A5 FHolg} 3 uj,
RMSE, LPML, WAIC: tha3} Zro] Hoj= T}

I_E/-\

ok

RMSE = % zn: (f(a:i) - f(xi))2:

i=1

LPML = Z log(CPO;), CPO; ~

T 1
23 st |
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WAIC = 722 [log Esjy {p(yi | 9)} — Varg, {log p(y: | 19)}}

n T
~ =23 log | 1 > p (wlo™)
7 t=1

o] A% ¥WiAl, LPMLo] 245, WAIC® RMSE7Z} 2te5 sd 2 yo] A5 5 o & 443
15t0, Table 3.12] 235 nigo 2 A& u], BSARE ©] o
Fo O HES BYR U E0 R BYS AFsta 9

o

o o o
N fo o
od

rN

3.2. SEIHICIS VIKsle T2l 204 3)7] 93 At

3280 X+ HIRS Tt BRFTF B FAdhe AE, B =Rl AlQtehs vkel Zo] BSAR WY
< 53 T B 4o FEA S vkdshe oY 22 I B2y A5 n@stuat sl
ol& 13}, o]F3 WH4E BSAR o|Fy =2 B B3 Agetar, 3.18A Blws GAM,
JAGAM R 383} FejA| ko] 420 w2 BSAR 23 7+e] A3 A7 wlwsditl. =3 37 o|Ate] <=
At wAY Z2Y FRS IFARYS AR, JEjAF
A

Aste WFE 7 WL ueE A5

o ol mHE A3 0o MBE B VAR vhFoE A HIA Bk,

WA, o]y AREAe] oA el YelArl whE BSAR whEel A% A%E wwsh) 98
3143 2o Ao o9y =2yl 37 RYo) mE nldPARE YU FALoD, Tt
2ol Feh Aol WE F FF(DxAL, B2FNY MBS B4E 47 TS, 3149 oY =
2y £84 909 By TREYE BE717 5009 HelHE A Bk

o T 1 (R4 f(z) = —7w(x—0.5) —3sin(r(z—0.5)) +3sin(27(z —0.5)) — 2 sin(37(z — 0.5)) +
)

z
o T 2 (BFXRZ7)): f(x) = 0.8log(0.22 4+ 3) — 0.9
o T 3 (FxRF7h): f(x) =2sinh(dx —2) +1
B 12 VRS, B4 29 B 32 BE BRIV Bhol), B4 2 92 Felel BRI @
FolaL, 4 32 AR SHAe VK ©xFt ek Abelrt glow, FEjAlke edittd |
o U2 Aol F 210z JdEnt ol 3709 F-REE FAEE oF 22y 37 Yo
2HE A4 doleel FE Aleko] glv BSAR W dx257F B ool e Fu Aleke &
BSAR Wg 77 Agajel ATARE vRIES Aok o3 mwil mado] BSAR PUE A&
sk7] fsiA, RJ bsanGP 3 7]%¢] gbsar 85 Fo Z¥HS Aok, FEhAlF Fiol we 2F
7+e] W7} 7|22 RMSE, LPML, WAICZHS AM2317]2 3}, Table 3.2= 2o AR 5L HlEto
% 3 RMSE, LPML WAICS] ghe 7 gede FejA| o 5ol whe 2okghe Algshd, o 4%,
et}

RMSEZ} o 28 42, LPMLo| o 2 4%, WAIC7} o 22 48 o 459 ngow
Table 3.2004) eAeke Wedshe YL B, MR g RYL WRLE §
Frt BEgad BEFSE o

B(9z)o] WE) Aoke £ ke =Y (x
FAWS 29 MBS 5 f(2)7h ol AR D7
Aoke whdshe APRS A8 Ao] A

U

F7V4.02, BARTSE GAM el s el ore g e o 452
#1517] SAshel, ?‘% 9} 3¢ wgoR Y8 FIT BINYAEE AL, FAWS o5
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Table 3.2. Numerical summary of LPML, WAIC, and RMSE for BSAR with/without shape restrictions

FErLEE Tl (dx2a) o2 (F2357h 3 (d2357h
e ox Hgx oz e oz
LPML -183.848  —185.327 —347.821  —347.925 —88.369  —87.176
WAIC 367.476 370.660 695.647 695.853 176.666  174.343
RMSE 0.298 0.241 0.052 0.076 1.257 0.657

BSAR = Bayesian spectral analysis regression; LPML = log pseudo marginal likelihood; WAIC =

Watanabe-Akaike information; RMSE = root mean squared error.

Table 3.3. Numerical summary of model assessment for JAGAM and BSAR with/without shape restrictions under
functions (2) and (3)

A= 52 (2227 53 (d257h
- BART JAGAM  BSAR (9%) BART  JAGAM  BSAR (&%)

LPML —350.973  —348.969 —347.925 —89.39  —87.314 —87.176

WAIC 701.863 697.943 695.853 178.643  174.638 174.343

RMSE 0.169 0.107 0.076 1.439 1.151 0.657
Accuracy 0.612 0.554 0.540 0.926 0.916 0.916
Sensitivity 0.609 0.551 0.541 0.920 0.932 0.932
Specificity 0.617 0.562 0.537 0.937 0.889 0.889

BART = Bayesian additive regression tree; JAGAM = just another Gibbs additive modeller; BSAR
= Bayesian spectral analysis regression; LPML = log pseudo marginal likelihood; WAIC = Watanabe-

Akaike information; RMSE = root mean squared error.

Asle nE s g 24 ghol tldk RMSES AXBIREE S} ofge], ZAms 24 W vt ol
g, WSS 2 BEREs As B2 Yoo, thew 22 A7bA] B7)E, ABE (accuracy), W7
= | Eo]% (specificity) gt A4kate] nlwstua stk 2 =Ro] wejshs gy B
o] A9 2AW f(r)E EoR ;2 BRI, o] 2AHW 9 AA v, S HuS B, oS 2
o

True Positive (TP) : (/\E]Z-]] yi7b 19 ol =48 g7 12 4\_)7
False Positive (FP) : (A4 y:7} 0¥ o) 4= 4,7} 1 &),
True Negative (TN) : (AA] y;7} 04 wf =785 471 0 ),
False Negative (FN) : (24] y;7} 04 w] =49 4,7} 1 ),
) TP + TN . P
A% (accuracy) = TP + TN + FP L FN’ W 7= (sensitivity) = TP + PN’
TN
=6 < . . — .
5 o] = (specificity) TN £ FP (3-1)

o}
12 253k & 3] 2o e (1 - Selx)e (Uzs)9 2ei=zE vehd ROC F4 (receiver
operating characteristic curve)& UEFHTE



Bayesian ordinal probit semiparametric regression 35

e e ] e ]
o | Sens: 91.0% « _| Sens: 91.0% © _| 'Sens: 91.0%
o Spec: 93.1% =] Spec: 94.2% =] Spec: 94.2%
PV+:13.7% PV+: 13.6% PV+: 13.6%
PV-:4.4% PV-:3.7% PV-:3.7%
> < | > <o | > <o |
s S : ° : °
G < G < 3 <
[ [ 2R
N N N ]
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e Area under the curve: 0.982 @ Area under the curve: 0.981 e Area under the curve: 0.981
o =] =]
T T T T T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
1-Specificity 1-Specificity 1-Specificity
(a) BART (b) JAGAM (c) BSAR

Figure 3.1. Receiver operating characteristic curves of three binary probit regression models under function (3).
BART = Bayesian additive regression tree; JAGAM = just another Gibbs additive modeller; BSAR = Bayesian
spectral analysis regression.

Table 3.39) A7A BRAE B771% 2ok o, 9237} FelAloke & BSAR 2ao] LPML,
WAIC, RMSE 2% A2 vlgds = gle= BART, JAGAM Rt} 582 & 4 St} Al7EA]
57785 ¥7F71E€ 0l Figure 3.19] ROC F4& 58 54 SHolA=, BSAR 2% JAGAM}
vldt 235 Wela, BART 23] & o & 4,9 s A5 & 5 ATt ol F AHEL, o
2 71A] Wlo] A ¢k HI R T 224 ISl oA, FE Aok g AjtellA= BSAR EF o], oS0
AoA = BART 23 o] Hojuytl= 7]£2] 23 (Chipman 5, 2010; Lenk2} Choi, 2017; Tan3} Roy,
2019) 53} f ARt & 4 Sleh,

Fr4doe, ojs medl 37 wE B ok, WMeNGIt AR
<A =223 37 2y tisiA s FejA| oF F-Fol
SR o) S15jol, olRW 22y 57 Bl A
A AR (MR, B2E), G200 MBS B8 47 Deses Ao pAdeRE, WEs B
2 93 AYuS os FEEE Unif(0,1)ol4 BES 2281, A48 d-sws v, € {1,2,3,4} &
3200 f(r)ol 7 $00] 19 BTLEE MRS 5 Goll W2k 500719 el AU
al Qe A F FAE, 2,2 60% A5 20.63% 90%
BT 2095 0] 83ATE F, a = (—0,0, 2056, 20.9,00) °|H, o]F vl & HF FAHH doly 7=

£

O

= O
&

32

km

1
e
o

1, —oc0o<z <0,
2, 0 <z < 20,
3, 206 <z < 2009,
4, zp.9 < z; < 00,

ud

Zi :f(ac,) + €, X~ Ul’lif(o,].)7 (0 1) =1,...,500.

o 31 (HPR) : f(z) = 30(xz — 0.2)(z — 0.4)(x — 0.7),
o 3 2 (FEFE7)) ¢ f(x) = 2sinh(4x — 2) + 1,
o T 3 (xgA): f(z) = —3(2z —1)° — Ia.
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(a) B4 1 (b) 4 2 (c) B4 3

Figure 3.2. Simulation data (z, z) with n = 500 for ordinal probit regression model with shape restrictions.

N = = £ <
T T T T T T e T T T T T T e T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X X

(a) B5 19) A% 23 (b) W% yol A B8 (c) g wiso] et £ 88
Figure 3.3. Model fitting of simulation data with function (1) based on ordinal probit Bayesian spectral analysis
regression.
Figure 3.2 ¥4 1-302 36 443 500712] tlolee} A4 S48 212 HolETh ¥4 1L 0%

¥ ==yl 37 2y o] AYeA AR A 4T Hl‘ﬂr}— S, FEAte YA A=
2o, o< 29 ¥ 3L A IS dxgaste dolr] wi2el B2/ FEjA o st
+ BSAR €48 Z2Y] 39 2¥o] ¢ U2 AFES T Zler ogHn, olE RUT LS F3lA &
AHHES b ATFZES A% MOMC ol A ole B A@E vharbA= 2 10,0007
o AREES 2703, SUA ERUIT AR B 10007 ELS UL, FEE AFEES)
trace plot3} Re] CODA s{7|A|A A|Fgdhe FES vIFSEZ MCMC gxgEe] sHAc] 234
thoog wgoz, 2 meA@ARe et AW Tz 2Ye] BATHE Figures 333504 %
A% 4 9ow, (a)9 Ade AA 5 f(x)ol theted, FelAlF GO wet 4G T f(a)9
95% 1§ :rL7J , (b)8] A= oA A AR AA e yo] FE, P(Y = ¢lo,2), ¢ =
1,2,3,45, 221 (0)9] 2= FElA o frioll mhe =A% 223 232 F& F4T Wi yo
g, P(Y = q|m, z)E YErdth. T3 Figures 3.3-3.59 (b)&} (c)ollA A4 (solid line), 3}4 (dashed
line), A (dotted line), s 4 (dash-dotted line)& 2zt P(Y = 1|z), P(Y = 2|z), P(Y = 3|z), P(Y =
4lz)oll siBett. o]5 Fel, BSAR =A% 22U YoM dx/d Alte usHA =9, vEs 3
ol ek Aol oM o U2 23 HolFw, old tsdhes veuse] S5 33Eﬂxﬂ°k— e
Foan f & FAHETS & £ Utk dE 5o, Py = 1z, wi) = &(—f(z) — w B)E B
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Figure 3.4. Model fitting of simulation data with function (2) based on ordinal probit Bayesian spectral analysis

regression.
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Figure 3.5. Model fitting of simulation data with function (3) based on ordinal probit Bayesian spectral analysis

regression.

Table 3.4. Summary of LPML and WAIC for ordinal probit BSAR with/without shape restrictions

[ 5 1(dx) RGeS 5 3(DER2)
AeE gz Aex  wxz NgE  dxga
LPML —503.057 —501.039 —221.936 —218.084 —388.302 —385.553
WAIC 1006.115 1002.088 442.355 436.156 776.283 771.109

BSAR= Bayesian spectral analysis regression; LPML = log pseudo marginal likelihood; WAIC =
Watanabe-Akaike information.

VxR AGE 3 27} SAUSE FBL Fadl W1, BRe
ke 24¢ Btk 015} AR Ply: = Qe wi) = 1~ Blay -
0ol D2E7 AKE FH 2,7) 71R4E HEL ST, DRPL Al
g2 7aa Aok weld BSAR WS A8ohs €47 z2 37 2
Sl AR 0,0 WE AS W sA T W o
o]r,]..
0 P(Y = 1)2 EAE 4
%, Figure 3.42} Figure 3.5 4]

7] wiZell, f(z:)°l
R
—w B)oAE f(z
;7 VSRS 2
Tl L2 oo, ol i
@ kg se) 8ge) FepAloke
ol#st A3}=2 Figures 3.4-3.59]
Figure 3. 49141 JejAl ko] Qe 7
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Z2HE FA FEGS AR FrHHoR, FEHA ] el mE F 7] B3] vl E st
o], Table 3.404 <4 nke} o] LPMLY} WAICS] 7712 RPTH7|EE ARgskaL, FejA]efo]
A= Aol FejA kS 12fsh= BSAR =23 3] 23] o AsHS & 5 itk
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137 FgAFARE” 9 “sh 33 23 A5 A o e AF ST s VIeeE AXEY, <A
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Table 4.1. Frequency table of coffee intake and smoking behavior

AP HANE vEd =4 7 F4 e Fd 5

j
n:{oil
Q

0 119 (79.9) 30 (20.1) 7 (4.7) 18 (12.1) 5 (3.4)
0.23 24 (82.8) 5 (17.2) 2 (6.9) 3 (10.3) 0 (0.0)
0.58 39 (86.7) 6 (13.3) 1(2.2) 4 (8.9) 1(2.2)
1 45 (84.9) 8 (15.1) 3 (5.7) 5 (9.4) 0 (0.0)
3 114 (85.7) 19 (14.3) 6 (4.5) 12 (9.0) 1 (0.8)
5.5 57 (79.2) 15 (20.8) 1 (1.4) 13 (18.1) 1 (1.4)
7 263 (81.7) 59 (18.3) 11 (3.4) 42 (13.0) 6 (1.9)
14 375 (79.3) 98 (20.7) 22 (4.7) 60 (12.7) 16 (3.4)
21 159 (64.1) 89 (35.9) 13 (5.2) 61 (24.6) 15 (6.0)
28 49 (54.4) 41 (45.6) 3 (3.3) 29 (32.2) 9 (10.0)
35 28 (41.8) 39 (58.2) 4 (6.0) 26 (38.8) 9 (13.4)
42 6 (46.2) 7 (53.8) 0 (0.0) 5 (38.5) 2 (15.4)
49 6 (50.0) 6 (50.0) 0 (0.0) 3 (25.0) 3 (25.0)
HA| 1284 422 73 281 68
FABwet AN PARRe BoA BAS A7) Aste], WA FA/vIgAor TR oJFNEE
BSAR We 58 o|8¥ Z2yl 24 28S Agsta, Ave 23 AANE 0 $HA} vl
Fol £ote BB FAA ) S5 FEL L] A A NHALTe) BAE DB} o}
28, FAFF wE EF ¥ ol FAZ= uEt v e HFE FREEH AP A5 thshe,
FEfA ok Wdsks BSAR WS B3 €49 2y £u4 37 29 A%eln, 74 Wad 48
& 3433, oo mE FARE} AT Y] BAE W} AL ] AFES D).
ANHANE oo FrHdoz FA R W ZEs} APo] e PEY AW WERE A, 18P
F, F% o, YT SowA, 7129 AYAT (Kang 5, 2017; Moon, 2016) 4= 12id FA3}
A" AL, AAE 8QES AWttt TAIH SR, Table 4.2¢] 8.9k nRelzte], A% 5041 7]
FOo= 50 o] 194 o] 50A] wgke] & WHEE R, YL EEAYERF HEF I= F
)R}, AE7L D BAFAR, 2T AR FARE AGA 2542, AuaFAR Bl SAR)
£ “AMHla AP R, sHALSEZAAL 7ed 2 - 7s FARE A AR 9 27 FAF

A, AP A BEERFIE CSAREAZ BRI, B2 olRE XU & W ol Lokt A

o) o 5o e} 07} 19) e Rolate 2 By,

4.2. HIOIX[CH =28 224 |2Y : A 2ot U] HFPIx Zto] 20

2 AolNE, 418014 298 FUAZYFZA A 77 1T (201610)2] AZARZAL R AEA
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Table 4.2. Frequency table of smoking behavior with ordinal covariates

SHEA 5
PER: IRE: =S LSl
T B B e &d i & = 54
R 74 771 59 26 31 2
(sex) A 513 364 47 251 66
A < 50 902 328 59 221 48
(is01d) > 50 382 94 14 60 20
R 2 Z )3} 92 25 2 15 3
(edu2) z= 92 32 5 20 7
(edu3) = 438 150 23 108 19
(edud) ISP 662 215 43 138 34
Ezoug = 13] o]} 1024 201 41 130 30
(isBinge) = 13] o)A+ 260 221 32 151 38
AT H] & A =52} 647 182 34 120 28
(worker m) SA=Z2H 331 156 22 103 31
(worker_s) A B] 2~ E AR} 306 84 17 58 9
A 1284 422 73 281 68
4y z2Y FE4 3 22 v 2k
zi <0,
zi > 0,
=w; B+ flzi)+e, e SN(O1),i=1,...,1706. (4.1)
2 (4.1)9] HEFEE f(2:)E FA3H7] Y8 BSAR & A-831a1, f(aq)ol gt gx37ke] ey
A ks REdSt=E sty Table 4.1904 8 = xol, A 7 HANET S7HE-F vjFAxt
of £ FE2 FolEl, TAAY FEL2 FUe AFEE Holy, FA9 Ay AH T A9 A
e (Kang = 2017; Moon, 2016)E< SFSNE wj, Avle £ HHANEI} %—ﬂ%‘? == A &
Azt £ FEo] 7S AAAME 5 Ak A (41)oA EHE ukeh o], £ =80l A3
ojgy =2yl FR4 IARYPANAE U2 AYHS w7t TAE FAAS, EE Slg AgEse] &
FE= AL 2 — w] FAFT} 2,94 BAY] B2FET T gxtso] B4 Y o, f(x)ol &
2371 e AokE vt etA HE, FAUSE zo oS oSS v FEO| x: 2k dxRF
7 FAE A AT ¢ JA "k FAFLR, Ay £ AHANES} FAGETY] G2 AAE A

gat7] SeiA, SEHAE FAAY &E Py = 1\wi,wi)t P(zi > 0) = 1 — &(—f(z:) — w] B),
zi ~ N(f(z:) + w B, 1) 2 BIH 7] w2l f(z:)7} ©2F718H, 338 Pz > 0)7F S718H)
S & 5 Stk o3y z2Y FRS IFRYS S HF3E A= Figure 4.17 Table 4.3 89F
w o] 9len, Figure 4.12] Iejzolle Ao 3T HFNE FAA e} vFAR] o5 S50 d5%
<, Table 43 AYRY w/ B £3d 47 TE‘O’] Aa FAFES 242 vehdeh. Table 4.30)
299 e MCMC e 53l 21 B AFxdsd e 3¢ 4 295 4% e 9
ujgit}t. Table 4.3& AHEE A, A, 23 977} L3t S nHL sole >
Atk oS Sof, Aol 3 37 ATt Frolx, Aol thE I AT SFolnE, 2 AN
| O Eolxa, Aol 504 o] wl FAx}o|
of thaiA =, AEs} np7A R £5 NErt =
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e,
2
ot
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Figure 4.1. Model fitting with binary probit BSAR with shape restrictions : Coffee intake and smoking behavior
with gender.

Table 4.3. Posterior estimates of 8 with binary probit BSAR (monotone increasing)

W5
293
sex is01d edu2 edu3 edu4d isBinge worker m worker_s
AR o 1.142 —0.508 —0.109 —0.216 —0.389 0.585 —-0.114 0.095
2.5% 0.968 —0.701 —0.481 —0.556 —0.735 0.433 —0.310 —0.118
97.5% 1.319 —0.317 0.276 0.108 —0.015 0.738 0.086 0.312
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gtk olei@ Ao FAW HEZES Figue 4.19 (b)9 ()9 2ol vehd & glow], o] 3¢,
dH o] FeAel £ BEL ool T £ FERT U 211, Avle T 4=t ER

= o wheA F7ehe el e ¢ 4 Aok

F_9,
2
%
Em

% Ao fo - 0|3y vk tist Y3} # ollzh, FA9 Fxol wel s A W
ol tigt gE8 =28 RS IARYE 53l AFSEE s} o] Y3, vk ¥ ¢, & ¥F
9 (none) “17, 71 & (sometimes) “2”, MY FA(daily) “37, 55 T (heavy) “4”2] 47]9] =
Zte &A1Y AEE TR, U3 T2 <AY 22y ER 4 IARYE v
1, —oc0<2 <0,
2, 0 <z < ag,
Yi =
3> az < zj S as,
4, a3z < z; < 00,
zi=w B+ flzi)+e, e~ N(01),i=1,...,1706. (4.2)

A (4.2)9} Zo], 471A] WFER TR Fad FAAS 2

rr
o,
ot
ot
[kl
Hu
pat
AN
(o
B
ot
=Y
]
oft
o
=
2L
N



42 Dasom Lee, Eunji Lee, Seongil Jo, Taeryeon Choi

e e e
s 5 P(Y-ul&h) 5
= 21 “A p(Y=7HBE) =
= o | - P(Y-oiYEN) o
N N X P(Y-BEEY) N
S = =
My o | u  «©
W WS w o
w3 WS + F I
P P T o & S
® 3 * sl RO P g
Q < + o4 <
s S LT e S
= = X Xowimmt - =
=3 =) ﬁé' B =3
2 T T T T T g B T x ._\.— T A\ = \A /_\\‘ g
0 10 20 30 40 50 0 10 20 30 40 50
Hu M H e = AHuE M F =
(a) 9237t (b) &4

Figure 4.2. Model fitting with ordinal probit BSAR with shape restrictions: coffee intake and smoking behavior
with gender.

A&, T4 APUFES ARk, f(xi)oll FERA kS Wk s, ﬂJH T AFANE % 7ol wE
7t Mo £oke §ES Hrh aHo g 248t o Sstazt gith. oE , T ABHe wiE
TARAZNAL f(x:)oll G2F7F FejAIoke A =9, A" =T @%31‘:7} %7}%‘ =, tL%tH#ﬂ
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gz =719 aaa]x] kg Wkd3HA H W, Figure 4.2(a)9} 2], oldl tl-$3he =43 W3] &9 o
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g 4 9l7] wf &l (Agresti, 2013; Koop 5, 2007 5 &%), 993 3 AASTE vlgo =z u|&
=590 £ 5 SHS AWT £ k. A5 So] AEe §H1741T7} L1912 <o)7]
o, Py = 1|z, w;) = ®(—f(z:) — w, B)°|BE, Th2 HEY AP ghe uAA 72 3G A 4
A WErt 203 A ), GA (win = 1)°] 994 (wa = 0) T} B]F AR £ 5o W FS 2
4 Aok ol BN E, P(y; = 4|z, w;) = 1 — ®(asz — f(z;) —w, B))BE, FA o] AR} 5T
4 FEo] 24 28 ¢ F Utk 239K B I FAASET Fol7] wiel, o duigegoe
A5 1, L3 Ay JHANEE SNE7E 3 13 o] uf F 13] olatd WET} F5
AL FEL oA T, HFAY FE



Bayesian ordinal probit semiparametric regression 43

Table 4.4. Posterior estimates of 8 with ordinal probit BSAR (monotone increasing)

Rk
23 =
sex is0ld edu2 edu3 edud isBinge worker_m worker_s
A 1.191 —0.463 —0.165 —0.324 —0.491 0.537 —0.099 0.071
2.5% 1.030 —0.661 —0.605 —0.655 —0.809 0.392 —0.288 —-0.131
97.5% 1.358 —0.278 0.201 —0.020 —0.151 0.679 0.083 0.253
ot AES HIEe R, o|FY Z2Yl R4 B FASIIE, 504 njke] tiE o] 5y,
Zog 3 o Aula ATl tat Aue BEL, PeA ke vtk <MY ZEY FRS
Y€ B9 1 5 gl me ARl gAneg do. B 12 (b)s} (c)& ©l2@ 47}
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B4 RE Y 22E 2RS4 BES HEelgth. BSAR WES S3to] v S50 tiste] o
Z2Z 710 FEjA| RS wkadsted, olo] S WEE EES Bt HWESHA AT 4 Qlsdch ojH3
BN AREL 7129 AF(Carmody 5, 1985; Moon, 2016; Ahn %, 2017)011 Al 1$oiz1 B EE
o golol AL et AFHoln TAHCE FHAL, FAKT B ohje), FAZES] AL v
£ 298 tatdoln AaAo e AN Aol A #olus ARt & Aojth. & ATl A 7
AHANE o8 AP wAY 35 A4S Asko] BSAR WS ASsel, daHo R o
Al 3] (polynomial regression) U 3] £~Z2}0](regression spline)& &-&3l= A& 1&3] & 5+ 3
& Aotk of A%, A9l ALt 282 B9l A48 AATHE BAR Delokd Aol Baz
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