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Abstract
We propose a unified approach to variable selection, transformation and outliers in the linear model. The
procedure includes a sequential method for outlier detection and a least trimmed squares estimator for
variable transformation. It uses all possible subsets regressions for model selection. Some real data analyses
and the simulation results are provided to show the efficiency of the methods in the context of the correct
variable selection and the fitness of the estimated model.
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(2007)= oA slFdshe 7MHS7F 23H ™ (augmented matrix) ]| least angle regressions
weAde e zﬂA]s}giu}. Kim 5 (2008)2 A2 o]

AE YR e & HgolF o)Az BHEHA 7153 ZE 372 Y (all possible subset regressions)<
v 23l W4E Attt Dupuis®t Victoria-Feser (2011)% 715 M-FA o) o3t 23 =3
I AARFTAFeZ HeAElS A= fast robust forward selection (FRFS) ®H& Ao+l om

o

Dupuis®} Victoria-Feser (2013)+= FRFS #H9] A4t 22-& F0]7] 9319 variance inflation factor
(VIF) 3HAE §-83 21 A% Wdpdey S Akt Seo (2018)%= VIF 3|7 lA 2574
il FAHQ o] GAE GAITH] o] S EA oA ALt streamwise FAFE A-8-8fo] WA €A
o) 1448 Fole BUE AN, Seo (2019 ol FH7 AAT Hlelelz B2 A 919
oA ©Aet Mg o] FAlof == AAE Alsith

3NN M} e o] FAR T ofet Az o] Aol JFE LA FH ol
Aol s sk F2Weol uhEAEtth Yeo (2005)& A3 3|2 P olA vhgrigol thet ¥
W7 Aoldt R ES vludhe EAlYA v ZE 3 (non-nested model) &
2EWOo T Z2H3= FAE AAEALE Gottardo?} Raftery (2009)= WHg
F7HA 23ote A4S ZAS A Aol A 2ol Z|Rksto] ZF ¥
Adeista t-HAES F9l ol loﬂ iRl o= AAHE AlA
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Box-Cox H&A EPATAS A= FE HULEFA Y I3 SHHA T JW—?E—%@%‘% o]
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hood estimation) (Hadi®} Luceno, 1997)°]t}. Ak 235 = #&X J& M, 371E€ ¢k
B Gy WAL A ] fe] AL EE Y goleta & ] AT @A =R ] BRs
La(Bg) = X senr €Ba; yiy(N) 01 F1M Ly(Bg) & Therah o] Hatoll T3t Alg 4 53} whae o] #
=

5 q—>p 1
L (40) o zfeMe%)w AN

AN 65(N) = Tienr 6N/ (@ —p), &i(N) = yi(A) —af By, i = 1,...,nolth. whehA W3AS A9
ARAASEEATE WAL AL o o29] A AASEF S 2N =i N/ (a—p)e
F azlele FA A9 AA3)

At WAL AN DA BAAD Aol Belol thot 2ol Aol gerch Cheng
(2005)& Box-Cox W2e] W3R 4 NS FAT uf e 959 AFAE o X etal st theo]
32 4] (subsampling) 7742 53l Z‘Jﬂli‘ﬂi/\}—?—i—%@ = AT o] B2 Abdol o] R]e] 27
7t AR= oo 5t BE 1-"4 o]/dX]ol thste] FAHAAHS T dEE ALdEFe] B asHA
gt ol#d AL A7) 95t Seo 5 (2012)2 HTHEA
o] Hojiuls BAXE o] FAE Aot AR oA 27)E E
A, A AR WS AdBAT) o)A @RS A 5te] A8
A oFek =214 Wby o)tk Hadi®} Simonoff (1993) 0] A| ¢k =
A&ste] ZF QAR E o] X A7|E FA7MHA o)A HEARL oA ARE A3
t}. Hadi-Simonoff @2}l A GHAdE= A ZHoz RS st & AT} ol ATl &
3k FAE o UAH 25 HdES} &} (internally studentized residual) & A4t o2 @A o A= AlAE
g WA ARUES} A A FAZ] dE - AR L 55t &9 A5 A Pl Sk BFRAE 2
FTolFAT o R FAdeAY 28R ¢S A AAATY AHE 3 =84 G BAE vHEST
Hadi-Siminoff W7 2 <149 M- 71244 2ol AA| Axhe] Ao v F 57 28
3l o)} #&Aste] Hadi9}t Siminoffs § 714 7)1 A& 93-S A A8t ok

B Aol A Alkehs W4 we 2AHAL Seo 5 (2012)3 KA £AH ol AR AW A2}
SEZPUES Aol theat 2o A YD
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(@) |dl(s+1) > tiasa(s+1),5-k) 1 PFAIR (n — s5) A SAZl siFsh= BEAE &2
ol g2t Ahsta AL iRl

(b) ®HF [df(s—1) < tas2(s+1),5-1) 1 [d(s1)°ll NG BEAE BAATA =FA
2% 9] o] &2 AL WS n = s + 19 FPollE o] Aol ek &
2 7F flvkar A Fot
oA 2. o)A AR A3 AR BdATE Mol skl 271 roleta ¥ uf M-S ARgE W

Ase FARA 243 AP E 73
oA 3. ATPo| wet wigH4sE A T AR M-S 743 B2] H 24 F5 7 F(least squares
estimator; LSE) 9l Ay & 73 o1& o] &3te] o3t o] S2(ATF)E Autdict
s? (S\TP) = ﬂ, A7IA e (XTP) =Yi (XTP> — ] Bu.
: r

oA 4. S2(ATPY 9} S%(N,,) 5 vl dte] v WS MEZHS 2™}
1

=i}
o BATANN A2 ASHE N2 AANLE ALABFANE o188 FAA AW 4
ARk o] PHe BE BANE HAARY] AR F B AP AL pAe BAAE AHET
o HolelE Ftow 249 BRolA [di|7h A AL (p+ DAY BT At 2L HAL
W] H5A 02 277 intl(n +p - 1)/2)9) A% AHAEE AR
72 SYusEe gl el AQE BPS B oA} Wrase nee BYo] 24 By
HEE B MeAEe] SAET. Autdos MEAEL Asd BE WeREe Tejsh W ¢

232 e S S35 3Tt AP H9ol= F2 Akaike information criterion (AIC), Bayesian
information criterion (BIC), Mallows’s C,, Cross-validation 52 7]—.—" gty A S 4
A& 5ol JARPS AA3} (Zhou 5, 2006). HAS &3l WTE AHT A HpHS o4
AAG] LEd A3olAE HllE B, Aoldt A&A] 7)o EAZ Asto Eé& vlae] A4t
BeAZES Fe o] g4A Atk wEtd EA7IE o HAARF S A FAE ek &
Sk

chke 71Ee] 489 4 Qo Aot Aol@ Hlold 2712 Leshs £4-R*E ALgdto]
3

3. OfiH|2t 2ol aed

3 o]

B AFoA AE wHpAE B AHEE Frista M-S nelehA] o2 WA AT v
W3] fete] Rl d@S £FATE Aol AgHE BAAFT 4@ EAE Cheng (2005), Seo 5
(2012), Dupuis®} Victoria-Feser (2013)9] Ao AMRE 2& 3} GASH BAE dolgo] =3
= vAGAE o)dA9) A A (leverage point) 02 FEE o] T}k njEE AAE. A AL
g dolH F2R2F2 o 2ok ARds «1 3718 p, AA B T W5 272 ket
3o A AEA O et pAe] AW W91 (0,6)9] #5EEANA FE6 MREHS V=



(S8

Simultaneous variable selection, variable transformation and outlier identification in linear regression

k7N Argriae] APndgola Axtd ghe asd
[e) )
— [e)

Aol w2 Box-Cox M3 YN XTI, + 9] d3k42
A g3}o] AT} Box-Cox MBS wl B2 9

A~
-
Mol thste] BaFARSOIBR QB4 2A o4
A5E FEHL WSUSE 7 4, B2 059 AR
p

=
o =2 o pu
Zo|A o] F& T F Box-Cox ¥& A3,E AL 3ATh AdH dFA=

E oA ohiF AFEE XTI ~ MN((14 + p)Jp-1,0.5L,-1) oA 55 A48k 2yl Irtshe
k7he] 2ws o) o)z W F k)Y Wgt Ry T3HE Wae I AR

94
< ZEF vt 2ol 3
Xiyo = Xe+3exye, £=1,2,...,2k, exq1,€x42,...,€3k ~ N(0,1)
VA (p—2k) 7] o]z Wy ARz A &3}
Xi=e€, 1i=3k+1,...,p, 63k+1763k+27~--v€p%N(O’l)

2R A%, Addo] £3E AL, oA WA A
A7) TE A9 o] aETh A%e) A5t 3 100907 Hlo]Ee] 7 n = 409]

q &F
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phenomenon)o] g W& (1 — )7} Atk P2 AHE |45 Fol AR 2392 oF
< W7 T vlg, S R DA vSolth B A7 AAe Wgwo] 231E WS
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Table 3.1°] Aol ojsta, Wimgho] R3] 42 A = 1< 495 AQlstal 43| B A7
QojA W] ke W2 &40l Wi w2 Ae & 5 vk ot A = 1< F¢ NO-TR %
W2 22 Apoloj ARt eSS 3% TR W ET &2 84S Holx Jrk. Weids +33
TR 2 oldA1et Aol #dd o] 74A] ¢ 25l QlojA vi¢ otsA fasws nag 27
st el B84E wrh 53], AR S48k HolH e Aol Ao asiAl et M
g 23E HolFed ole Aol o] 47t ohd A ¥ Aol EotAleHA 7't Aotk
ol/dA1 el wlgol 5%elA 10%= FobA™ Avbg oz TR el &40 wokA A FAl
o A7t 23 A vl 7 AeF diHer 280l 7 Wt

3.2. Stackloss H|0|E]

Stackloss Hlo]E+= 3719 S5 air flow (X1), inlet temperature (X»2), concentration of acid
(X3)<} ¥4 stack loss (Y)oll thsk 2170 AZX2 34 Hojglon o] dlojge] #AH @2 A+
7} sqEh gubRo® AFA 1, 3, 4, 212 oA 2 A AT} (Brownlee, 1965; Daniel# Wood,
1980). Mo Azt AW Xzt 14 A% RdoA 28w A grofof sty #FA] 1, 3, 4
2 218 olAkx gl EAHETH (Kim 5, 2008; Hoeting 5, 1996; Seo, 2019). H4wW3kS wa3lk 24
ol A Atkinson (1982)2 A] W42 RE 123ty RE HANE AL 1S w) A = 0.3, TEH 212
AA 3 A= XA = 0482 FA3}Ac}. Carrolla}t Ruppert (1985)+= pseudo-MLE W& ARE-3H
AT A =049, o]FAE 2, 4, 218 A3 o TE0] AFS BIT(1.5) Rl of3td B0 wet

2 1 -



Table 3.1. Model selection results
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A=—1 A=-05 A=0 A=05 A=1
NO- NO- NO- NO- NO-
TR oo TR o TR oo TR o TR TR
Mean —0.97 —0.49 —0.01 0.49 0.97
(SD)  (0.14) (0.08) (0.03) (0.07) (0.13)
(a) Pl 0.85  0.00 0.88  0.00 0.99 0.08 091 0.03 091 0098
P2 1.00  0.76 1.00  0.87 1.00 0.9 1.00  1.00 100 1.00
P3 015 1.00 012 1.00 0.01 0.88 0.09 0.97 0.09 0.2
Mean —0.94 —0.49 0.01 0.47 0.94
(SD)  (0.15) (0.09) (0.03) (0.09) (0.19)
(b)  P1 0.82  0.00 0.84  0.00 0.95 0.07 0.82  0.06 079 095
P2 1.00 078 1.00  0.79 1.00 0.9 1.00  1.00 100 1.00
P3 0.18 1.00 0.16 1.00 0.05 0.86 0.18 0.94 021  0.05
Mean —0.99 —0.49 0.00 0.50 1.00
(SD)  (0.05) (0.02) (0.01) (0.02) (0.05)
() PI1 1.00  0.00 1.00  0.00 0.99 0.08 1.00  0.07 100 1.00
P2 1.00  0.70 1.00  0.76 1.00  1.00 1.00  1.00 100 1.00
P3 0.00 1.00 0.00 1.00 0.00 0.86 0.00 0.93 0.00  0.00
Mean —0.94 —0.47 0.00 0.48 0.91
(SD)  (0.14) (0.08) (0.03) (0.08) (0.18)
(d) Pl 0.57  0.00 0.50 0.01 0.67 0.06 0.51  0.09 053  0.59
P2 1.00  0.78 1.00 0.83 1.00  1.00 1.00  1.00 1.00  1.00
P3 043  1.00 050 0.9 033 0.91 049 091 047 0.4l
Mean —0.92 —0.47 —0.01 0.45 0.92
(SD)  (0.16) (0.08) (0.03) (0.08) (0.16)
(e)  PI1 0.76  0.00 0.77  0.00 0.95 0.08 077  0.17 077 093
P2 1.00  0.80 1.00  0.80 1.00  0.95 1.00  1.00 100 1.00
P3 0.24 1.00 0.23 1.00 0.05 0.88 0.23 0.83 0.23  0.07
Mean  —0.99 —0.50 0.00 0.49 0.99
(SD)  (0.05) (0.02) (0.01) (0.02) (0.05)
) P1 1.00  0.00 .00 0.00 0.98 0.07 1.00  0.02 0.98  0.97
P2 1.00 067 1.00 0.72 1.00 0098 1.00  1.00 100 1.00
P3 0.00 1.00 0.00 1.00 0.01 0.89 0.00 0.97 0.02  0.00
Mean —0.93 —0.47 0.00 0.48 0.94
(SD)  (0.18) (0.08) (0.04) (0.08) (0.21)
(g) Pl 041 0.00 039 0.00 0.43  0.08 0.37 0.08 033 0.40
P2 1.00  0.80 1.00 0.84 1.00  0.98 1.00  1.00 100 1.00
P3 0.59 1.00 0.60 0.99 0.57  0.90 0.63 0.91 0.66  0.60

P; = Pr{an exactly correct selection}; P» = Pr{at least one correct variable is selected}; P3 = Pr{an

incorrect variable is selected}. Simulated data have n = 40 cases with p = 5 including & = 2 target

regressors, and 6, correlation among target regressors, is 0.85. Data were either not contaminated, had

high leverage, outliers, or outlying response and high leverage with proportion of 5% or 10%: (a) No
contamination, (b) 5% outliers, (¢) 5% high leverage, (d) 5% outliers & 5% high leverage, (e) 10%
outliers, (f) 10% high leverage, (g) 10% outliers & 10% high leverage. TR = suggested method; NO-TR
= a variable selection method without variable transformation procedure.
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Table 3.2. Variable selection results using the suggested method for the Stackloss data

Variables A Outliers Adj-R?
X1 0.46 4,21 0.9645*
Xo 0.11 0.7487
X3 —0.51 0.2214
X1, X2 0.55 4, 21 0.9744*
X1, X3 0.45 4,21 0.9622
X2, X5 —0.02 0.7534
X1, Xo, X3 0.50 4, 21 0.9722*

* k%

: the best model among k-models; : the best model overall.

Table 3.3. Model selection results for the Minitab Tree data

Variables TR NO-TR

A Outliers Adj-R? Outliers Adj-R?

X1 0.38 0.9552* 0.9331

Xa —0.19 0.4093 0.3558

X3 —0.10 —0.0275 —0.0345

X4 —0.16 0.0085 26, 27, 28, 29, 30, 31 0.1019
X1, Xo 0.31 0.9760** 0.9442*
X1, X3 0.40 0.9543 0.9352
X1, X4 0.31 0.9560 0.9308
X2, X3 —0.24 0.4053 0.3124
Xo, X4 —0.28 0.4102 0.3120
X3, X4 —0.19 —0.0162 —0.0648
X1, X2, X3 0.31 0.9751 0.9456

X1, X2, X4 0.24 0.9758* 1,2, 3,18 0.9645**

X1, X3, X4 0.33 0.9548 0.9328
X2, X3, X4 —0.35 0.4116 0.2869
X1, X2, X3, X4 0.23 0.9754* 0.9540*

TR = suggested method; NO-TR = a variable selection method without variable transformation proce-

*k

dure. *: the best model among k-models; : the best model overall.

A =039 == )\ = 0413} o]AX] 2, (3), 4, 212 FASALE. A= HeHES ‘_ AgZoz Ay
W k= Zlo] Fojdth ApREE uH3t HeAES 8 TR WS 283 27= Table 3.29}F
2t WS H4E VYo g HEEtT X (air flow), Xa(inlet temperature), & ‘?ﬂ—rEE’_ 23<E 445t
o HZA] 4, 212 o] FA = AR gITh

3.3. Minitab Tree H|0|E|

Minitab Tree Hl°]E (Ryan 5, 1976)+ #Aulols Allegheny National ForestolA] 23 E A
VRl @3k Az olth AmE A4 4.5 SEA A U A5 (X1)T YR Eol(Xy)

3 (V)2 &2 31719 #Ax 2 T4 o] 9t o] tlolgo] tisle] Atkinson (1985)& AFo] A
g3 oA glkal syt B AFoA= W (0,5)9] #ewEolA
el 7pAL (X3,X4)—§: Minitab Tree tlo|Ejol] 283e & WHeMe EAE A =3H3ch ¥
Fgkgo] 238 Wby (TR)F A=HE 3 (NO-TR)S 2838 A3= Table 3.337} 2t}
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Aeisabgol 23 el 2 A By Y HE X, XoE TS s E HEAs
A= 03102 AFF 2oln HolEdA oL It Aow WAL AARYP] £H-R°L

4. 22

E A7 APRPHAA wSHse HEE 183 o)XY JFHES wjAS WA Pgs
Akstgct. A b HHAAME o] A BRE Y3 <24 B HE A4t vs g Mg g
A5 o] dAE ALY AAAFFEAHLE FH5 HF A LAy 7t BE 23E vast
o £33t B Ao A At WS Stackloss Wl o] E] 2} Minitab Tree t o] Ejol] 2835t 23} 7|&
Al WgAMEo] A2 X3P WeHde] neFof wel o]k e W) qlolen =74
g 2o Aol FA4E AL & 4 AT ohFSt o] R AAS MBAS FE 7S BoAEe
A wo] o] gt 13wl viE) WeAE RYPAYE SH o E83US HAET
dol8] FE7F AX 7Hsst BE BES AHshe Zlo] of#E Aol Seo (2019)A4 A amzsfof
T By A5 Fo|7] H8 7 A HeIrY HARYES VN E g WA HAHRYS AEE
E oA AAE HEE 5 I3 VR AAAREA 5 5 AIFAA o) R EAE AR = g
c}.
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