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ABSTRACT. In this paper, a special indefinite inner product, named hyperbolic scalar product,
is used and all acquired results have been raised and proved with the proviso that the space is
equipped with this indefinite scalar product. The main objective is to be introduced and ap-
plied an indefinite oblique projection method, called Indefinite Lanczos J-biorthogonalizatiom
process, which in addition to building a pair of J-biorthogonal bases for two used Krylov sub-
spaces, leads to the introduction of a process for solving large non-J-symmetric linear systems,
i.e., Indefinite two-sided Lanczos Algorithm for Linear systems.

1. INTRODUCTION

Today, iterative methods are used commonly for solving problems such as large eigenvalue
problems and large sparse linear systems and that is because of their easier optimal use in
high-performance computers than direct methods. The growing need to solve very large linear
systems in some fields of science has led to more attention to iterative techniques. Krylov
subspace methods are widely used for the iterative solution of n×n linear systems of equations
and also for solving large eigenvalue problems. For example refer to [1] and [2].

Definition 1.1. A Krylov subspace is a subspace spanned by a sequence of vectors generated
by a given matrix and a vector as follows. Given a matrix A and a starting vector v0, the
Krylov subspace Km(A, v0) is spanned by a sequence of m column vectors:

Km(A, v0) = span{v0, Av0, A2v0, ..., A
m−1v0}.

Recall that the indefinite inner product [., .] in Cn has all the features of a standard inner
product except that it may be nonpositive. In the other words, that is linear in the first argument,
antisymmetry and nondegenerate. The latter means that if [x, y] = 0 for every y ∈ Cn, then
x = 0. This kind of inner product may be applied in some areas of sciences and is commonly

Received by the editors October 23 2020; Revised December 18 2020; Accepted in revised form December 21
2020; Published online December 25 2020.

2010 Mathematics Subject Classification. Mathematics Subject Classification. 15A24 - 15B99.
Key words and phrases. Krylov subspace methods, indefinite inner products, Hyperbolic scalar product, non-

J-symmetric matrix, J-biorthogonalization, Indefinite Lanczos J-biort-hogonalizatiom Algorithm, Indefinite two-
sided Lanczos Algorithm.

† Corresponding author.

375



376 MOJTABA GHASEMI KAMALVAND AND KOBRA NIAZI ASIL

defined as [x, y] = y∗Jx where J ∈ Cn×n is a nonsingular Hermitian matrix and even in some
specific scientific areas such as the theory of relativity or in the research of the polarized light
it may be exclusively as follows:

J = diag(j1, ..., jn), jk ∈ {−1,+1}.

With this particular J , the indefinite inner product [., .] is referred to as hyperbolic and take the
form

[x, y] = y∗Jx =
∑n

i=1
jiixiyi.

More applications of such products can be found in [3, 4, 5, 6]. An excellent and elegant ex-
ample of working with hyperbolic scalar product can be seen in [7]. In this article it has been
investigated the existence of a decomposition which would resemble the tridiagonal Schur
decomposition, but with respect to the given hyperbolic scalar product. He proves that a hyper-
bolic Schur decomposition can be constructed, but not for all square matrices. He also provides
sufficient requirements for its existence and offers examples showing why such a decomposi-
tion does not exist for all matrices.

In [8], by considering Cn with the indefinite scalar product (4.2), a number of the Krylov
subspace methods have been reviewed and restructured. Algorithms presented there for indefi-
nite case, are already known for definite case. The mentioned methods are Arnoldi, Full orthog-
onalization and Lanczos. In that paper, the indefinite Arnoldi’s process builds a J-orthogonal
basis for a nondegenerated Krylov subspace as follows. (You can also see [9])

Algotithm1: Indefinite Arnoldi’s process,

(1) Choose a vector x such that [x, x] 6= 0
(2) Define v1 = x√

|[x,x]|
(3) For j = 1, ...,m Do:
(4) For i = 1, ..., j Do:
(5) Compute hij := [Avj , vi] and t(vi) = [vi, vi]

(6) Compute wj := Avj −
∑j

i=1 t(vi)hijvi
(7) hj+1,j =

√
|[wj , wj ]|

(8) if hj+1,j = 0 then stop
(9) vj+1 =

wj

hj+1,j

(10) EndDo
(11) EndDo

Note that a subspaceM is said to be nondegenerate, with respect to the indefinite inner product
[., .] if x ∈M and [x, y] = 0 for every y ∈M imply that x = 0. For example, the nondegener-
acy property of the indefinite inner product [., .] yields that Cn is nondegenerate. On the other
hand, for every nondegenerate subspaceM it is possible to choose x ∈M such that [x, x] 6= 0.
Because if this is not true, then [x, x] = 0 for every x ∈M . But this ensures that

[x, y] = 1
4{[x+ y, x+ y] + i[x+ iy, x+ iy]− [x− y, x− y]− i[x− iy, x− iy]}
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and this shows that [x, y] = 0 for all x, y ∈ M . But this is a contradiction. with these
explanations, there is no restriction to choose a vector as x such that [x, x] 6= 0 in the first line
of the above algorithm.

Also, an orthogonal projection method, named indefinite full orthogonalization method
(IFOM) finds an approximate solution of the linear systemAx = b and finally, indefinite Lanc-
zos method (ILM) is expressed, a method which considers indefinite Arnoldi’s method for
J-Hermitian matrices. Indeed, IFOM and ILM are rewritten of full orthogonalization method
(FOM) and Lanczos method respectively, by considering the indefinite scalar product (4.2).
(see [8])

This paper is organized as follows: In the second section we will recall a brief overview
of the Lanczos biorthogonalization procedure and Two sides Lanczos Algorithm for linear
systems. In the third section Cn is equipped with the indefinite scalar product (4.2) and then
deals to rewrite the algorithms described in the second section and the results will be proved.
At the end, we will give some numerical examples in section 4.

We should point out that throughout this article the capital letters refer to matrices and single
index lowercase letters refer to column vectors. AT and A∗ denote the transpose and the con-
jugate transposed of matrix A, respectively. A[T ] implies JATJ and the matrix A is said to be
non-J-symmetric if A 6= A[T ]. In sections 3 and 4, Cn is considered with the indefinite scalar
product (4.2). Two sets of vectors {v1, ..., vn} and {w1, ..., wn} are said to be J-biorthogonal
by considering this scalar product if: [vi, wi] = ±1 and [vi, wj ] = 0 for i 6= j, 1 ≤ i, j ≤ n.

2. TWO-SIDED LANCZOS ALGORITHM

The mentioned methods in the previous section are a number of iterative Krylov subspace
methods which get help from orthogonalization of the Krylov vectors to get orthogonal bases
for Krylov subspaces or to get an approximate solution of a linear system of equations. Besides
these types of methods a number of non-orthogonal projective methods have been developed
as a class of Krylov subspace methods where are based on bi-orthogonalization Algorithms.
An interesting example of oblique projective methods is proposed by Lanczos in [10] which is
considered as one of the most efficient iterative methods for a nonsymmetric given system, and
it is used in a variety of application areas. A simple version of his method can be described as
follows.

Let v1 and w1 be two initial vectors. Then by considering the Krylov spaces Km(A, v1) and
Km(AT , w1), the non-Hermitian Lanczos algorithm generates successively two sets of vectors
{v1, ..., vn} and {w1, ..., wn} which span these two spaces and which are bi-orthogonal, i.e.,
(vi, wj) = δij for 1 ≤ i, j ≤ n, where δij is the Kronecker symbol. The algorithm that
achieves this, can be described as following:

Algorithm2: The Lanczos bi-orthogonalization procedure:
(1) Choose two vectors v1 , w1 such that (v1, w1) = 1
(2) Set β1 = δ1 ≡ 0, w0 = v0 ≡ 0
(3) For j = 1, ...,m Do:
(4) αj = (Avj , wj)
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(5) v̂j+1 = Avj − αjvj − βjvj−1
(6) ŵj+1 = ATwj − αjwj − δjwj−1
(7) δj+1 = |(v̂j+1, ŵj+1)|1/2. If δj+1 = 0 Stop
(8) βj+1 = (v̂j+1, ŵj+1)/δj+1

(9) wj+1 = ŵj+1/βj+1

(10) vj+1 = v̂j+1/δj+1

(11) End Do
Here βj+1 and δj+1 is chosen such that βj+1δj+1 = (v̂j+1, ŵj+1) and the final outcome is
a pair of bi-orthogonal bases {v1, ..., vm} and {w1, ..., wm} of Km(A, v1) and Km(AT , w1),
respectively. But does not provide explicitly an approximate solution for nonsymmetric linear
systems. In [10] Lanczos provided an ingenious method to built up such an approximation.
Consider the linear system Ax = b in which A is n× n and nonsymmetric matrix and x0 is an
initial guess for the solution and note r0 = b − Ax0 as its residual vector. Then the Lanczos
algorithm to solve this linear system can be raised as follows:

Algorithm3: Two-sided Lanczos Algorithm (TSL) for linear systems
(1) Compute r0 = b−Ax0 and β := ‖r0‖2
(2) Run m steps of the nonsymmetric Lanczos Algorithm, i.e.,
(3) Start with v1 := r0/β, and any w1 such that (v1, w1) = 1
(4) Generate the Lanczos vectors v1, ..., vm, w1, ..., wm
(5) and the tridiagonal matrix Tm from Algorithm 1
(6) Compute ym = T−1m (βe1) and xm := x0 + Vmym.

3. INDEFINITE TWO-SIDED LANCZOS ALGORITHM

Assuming the space Cn with the indefinite scalar product (4.2), the purpose of this section
is to rewrite the above two algorithms. In the following, assume that all entries of the matrices
and vectors are real.

The final outcome of the following algorithm is a pair of J-biorthogonal bases {v1, ..., vm}
and {w1, ..., wm} of Km(A, v1) and Km(A[T ], w1) respectively.

Algorithm4: The indefinite Lanczos J-biorthogonalization procedure:
(1) Choose two vectors x , y such that [x, y] 6= 0 and set:

v1 = x/
√
|[x, y]|, w1 = y/

√
|[x, y]| and t1 := [v1, w1].

(2) Set β1 = δ1 ≡ 0, w0 = v0 ≡ 0
(3) For j = 1, ...,m Do:
(4) αj = [Avj , wj ]
(5) v̂j+1 = Avj − tjαjvj − tj−1βjvj−1
(6) ŵj+1 = A[T ]wj − tjαjwj − tj−1δjwj−1
(7) δj+1 = |[v̂j+1, ŵj+1]|1/2. If δj+1 = 0 Stop
(8) βj+1 = |[v̂j+1, ŵj+1]|/δj+1

(9) wj+1 = ŵj+1/βj+1

(10) vj+1 = v̂j+1/δj+1
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(11) tj+1 = [vj+1, wj+1]
(12) δj+1 = tj+1δj+1

(13) βj+1 = tj+1βj+1

(14) End Do
Denote by Hm the following obtained tridiagonal matrix from the algorithm,

Hm =


α1 β2
δ2 α2 β3

. . .
δm−1 αm−1 βm

δm αm

 .

Definition 3.1. The minimal polynomial of a vector v is a nonzero monic polynomial p of lowest
degree such that p(A)v = 0 and the grade of v means the degree of the minimal polynomial of
v with respect to A.

According to the above algorithm the vi’s belong toKm(A, v) and thewi’s are inKm(A[T ], wi)
and the following proposition can be proved.

Proposition 3.1. The Krylov subspace Km(A, v1) is of dimension m if and only if the grade µ
of v1 with respect to A is not less than m. Therefore,

dim(Km(A, v1)) = min{m, grade(v)}

Proof 3.1. See [1].

Proposition 3.2. Assuming that all the matrices and vectors are real, if Algorithm 3 does not
breakdown before step m, then the vectors vi, wj , i, j = 1, ...,m, form a J-biorthogonal sys-
tem. Moreover, {v1, ..., vm} is a basis ofKm(A, v1) and {w1, ..., wm} is a basis ofKm(A[T ], w1)
and the following relations holds,

AVm = VmJ́mHm + δm+1vm+1e
T
m, (3.1)

A[T ]Wm = WmJ́mH
T
m + βm+1wm+1e

T
m, (3.2)

in which
J́m = diag(t1, ..., tm) and ti := [vi, wi], i = 1, ...,m.

W ∗mJAVm = Hm. (3.3)

Proof 3.2. To show the J-biorthogonality of the vectors vi andwi, we use induction. According
to the assumption |[v1, w1]| = 1. Now, suppose that the vectors {v1, ..., vj} and {w1, ..., wj}
are J-biorthogonal. It will be shown that the vectors {v1, ..., vj+1} and {w1, ..., wj+1} are
also J-biorthogonal. First, we prove that [vj+1, wi] = 0, for i ≤ j. If i = j, then by the lines
5 and 10 of the algorithm,

[vj+1, wj ] = [v̂j+1/δj+1, wj ] = δ−1j+1[Avj − tjαjvj − tj−1βjvj−1, wj ] =

δ−1j+1([Avj , wj ]− tjαj [vj , wj ]− tj−1βj [vj−1, wj ]).
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The last term in the above equality is zero according to the induction hypothesis and two other
terms delete each other by the definition of αj and that t2j = 1. Now, consider [vj+1, wi], for
i < j. With regard to the lines 6 and 9 of the algorithm,

[vj+1, wi] = δ−1j+1([Avj , wi]− tjαj [vj , wi]− tj−1βj [vj−1, wi]) =

δ−1j+1([vj , ŵi+1 + tiαiwi + ti−1δiwi−1]− tj−1βj [vj−1, wi]) =

δ−1j+1([vj , βi+1wi+1 + tiαiwi + ti−1δiwi−1]− tj−1βj [vj−1, wi]).
According to the induction hypothesis all of the above inner products vanish, for i < j − 1.
For i = j − 1, the scalar product is
[vj+1, wj−1] = δ−1j+1([vj , tjβjwj + tj−1αj−1wj−1 + tj−2δj−1wj−2]− tj−1βj [vj−1, wj−1]) =

δ−1j+1(tjβj [vj , wj ]− tj−1βj [vj−1, wj−1]) = δ−1j+1(t
2
jβj − t2j−1βj) = 0.

It can be shown in an identical process that [vi, wj+1] = 0, for i ≤ j. Finally, |[vj+1, wj+1]| =
1. Because,

[vj+1, wj+1] = [v̂j+1/δj+1, ŵj+1/βj+1] = 1
δj+1

1
βj+1

[v̂j+1, ŵj+1] =

1
δj+1

δj+1

|[v̂j+1,ŵj+1]| [v̂j+1, ŵj+1] =
[v̂j+1,ŵj+1]
|[v̂j+1,ŵj+1]| = ±1.

This completes the induction proof.
Now, we show that {v1, ..., vm} is a generating set for Km(A, v1). First, we show by induc-

tion that each vector vj is as qj−1(A)v1 where qj−1 is a polynomial of degree j−1. For j = 1,
let q0(t) ≡ 1. Then, obviously v1 = q0(A)v1. Suppose that the result is true for all integers
≤ j and consider vj+1. Then, by considering algorithm 4, we have

δj+1vj+1 = Avj − tjαjvj − tj−1βjvj−1.
This shows that vj+1 is expressed as qj(A)v1 in which qj is of degree j and completes the
proof. On the other hand, by the above proposition, Km(A, v1) is a subspace of all vectors
in Rn which can be written as x = P (A)v, where P is a polynomial of degree not exceeding
m− 1.

From the above, it follows that {v1, ..., vm} spans Km(A, v1). Thus, that is its basis.
We show (3.1). For this, consider the lines 5 and 10. Then,

δj+1vj+1 = Avj − tjαjvj − tj−1βjvj−1,
thus,

Avj = tjαjvj + tj−1βjvj−1 + δj+1vj+1.

and we earn
AVm = VmJ́mHm + δm+1vm+1e

T
m.

For (3.2), according to the lines 6 and 10, we have the following relationship,
βj+1wj+1 = A[T ]wj − tjαjwj − tj−1δjwj−1.

Therefor,
A[T ]Wm = WmJ́mH

T
m + βm+1wm+1e

T
m.

To get to (3.3), left-multiply the relation (3.1) by W ∗mJ . Then,

W ∗mJAVm = W ∗mJVmJ́mHm + δm+1W
∗
mJVm+1e

T
m.
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FIGURE 1. Figure for the inefficiency of the ITSL algorithm, for the J-
symmetric matrix.

But, according to the J-biorthogonality of the vectors {vi}mi=1 and {wi}mi=1, we have

(1) W ∗mJVm = J́m,
(2) W ∗mJVm+1 = 0.

Thus,
W ∗mJAVm = J́mJ́mHm + 0 = Hm.

Corollary 3.1. With the assumptions of the above proposition, there is

J́mW
∗
mJWm = Im,

J́mW
∗
mJAVm = J́mHm.

Corollary 3.2. If the algorithm 4 does not stop before the step n then the matricesA and J́nHn

are similar.

In continuing, consider the linear system Ax = b in which A is a real n × n matrix and
is not J-symmetric. The purpose is to provide an approximate solution for that. Let x0 as
an initial guess to the solution and r0 = b − Ax0 as its residual vector. Set v1 = r0/β and
β =

√
|[r0, r0]|. The indefinite Lanczos method consists of constructing a sequence of vector

xm defined by the following two conditions:
(1) xm − x0 ∈ Km(A, v1),

(2) xm = b−Axm[⊥]Km(A[T ], w1),

where [⊥] indicates to orthogonality under the indefinite scalar product (4.2). The condition
(1) lets us to write the approximate solution as xm = x0 +Vmym. The second condition causes

b−Axm[⊥]wi, i = 1, ...,m.
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Thus, for i = 1, ...,m

[b−Axm, wi] = 0⇒ [b−A(x0 + Vmy), wi] = 0⇒ [r0 −AVmy, wi] = 0⇒
[r0, wi] = [AVmy, wi]⇒ w∗i Jr0 = w∗i JAVmy.

Now, assuming that the m × m matrix W ∗mJAVm is nonsingular and according to (3.3), we
earn

y = H−1m W ∗mJr0 (3.4)

and by the J-biorthogonality of {vi}mi=1 and {wi}mi=1,

W ∗mJr0 = W ∗mJβv1 = t1βe1,

where t1 = [w1, v1]. Thus, y = H−1m t1βe1 and xm = x0 + VmH
−1
m t1βe1. These explanations

can be organized as follows:
Algorithm5: Indefinite Two-sided Lanczos Algorithm (ITSL) for linear systems:

(1) Compute r0 = b−Ax0 and β :=
√
|[r0, r0]|

(2) Run m steps of the indefinite Lanczos J-biorthogonalization Algorithm, i.e.,
(3) Start with v1 := r0/β, and any w1 such that [v1, w1] = ±1
(4) Generate the vectors v1, ..., vm, w1, ..., wm
(5) and the tridiagonal matrix Hm from Algorithm 4
(6) Compute ym = H−1m t1βe1 and xm := x0 + Vmym.

Proposition 3.3. The residual vector of the approximate solution xm calculated by Algorithm
5 is such that

b−Axm = −δm+1e
T
mymvm+1.

Proof 3.3. According to (3.1) and (3.4), the argument is straightforward:

b−Axm = b−A(x0 + Vmym) = r0 −AVmym =

βv1 − VmJ́mHmym − δm+1e
T
mymvm+1 = βv1 − VmJ́mHmH

−1
m t1βe1 − δm+1e

T
mymvm+1.

But

VmJ́mt1βe1 = t21βVme1 = βv1

and this completes the proof.

4. NUMERICAL EXAMPLES

It should be noted that we have written MATLAB software programs for algorithms 4 and
5 presented in the previous section and the following examples are calculated with these pro-
grams.

Example 4.1. Consider the block diagonal matrix

J = diag(In/4,−In/4, In/4,−In/4) (4.1)
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FIGURE 2. Figure for the efficiency of the ITSL algorithm, for the non-J-
symmetric matrix.

in which n = 300 and suppose that A defined as follows

A =


A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44

 (4.2)

is a J-symmetric matrix. I.e., A = JATJ or equivalently
−AT12 = A21, −AT23 = A32, −AT34 = A43

AT13 = A31, A
T
24 = A42, −AT14 = A41.

Now, assume that all Aij in A are diagonal matrices and their diagonal entries have randomly
been selected from zero to 10. Except for (n/4)× (n/4) matrixA14 which if j− i < 9n/16+3
then its (i, j)st entry is a nonzero number in the interval (0, 10) and the rest of its entries are
zero.
Now, consider the linear system Ax = b in which A is as above and b is an n × 1 vector
with random entries belonging to the interval (0, 10). Take the following stop condition ‖x −
xm‖ < ε in which ε = 10−8 and xm is the approximate solution of the m-th stage. With these
assumptions, the algorithm does not provide an answer and for that we have the Fig. 1

Example 4.2. Consider J and A as defined in (4.1) and (4.2), respectively and assume that
−AT12 = A21, −AT13 = A31, −AT14 = A41

−AT23 = A32, −AT24 = A42, −AT34 = A43.

Taking into account these assumptions, the matrix A is not a J-symmetric matrix. Again, like
the previous example, suppose that all Aij in A are diagonal matrices for them the diagonal
entries belong to (0, 10). Except for (n/4) × (n/4) matrix A14 which if j − i < 9n/16 + 3
then its (i, j)st entry is a nonzero number in the interval (0, 10) and the rest of its entries are
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FIGURE 3. Comparison of methods TSL, FOM, ITSL and IFOM.

zero.
Consider the linear systemAx = b in whichA is the above matrix and b is a vector with random
entries belonging to the interval (0, 10). Take the following stop condition ‖x − xm‖ < ε in
which ε = 10−8 and xm is the approximate solution of them-th stage. With these assumptions,
the algorithm will be able to calculate the solution of this non-J-symmetric linear system. The
result can be seen in the Fig. 2

Example 4.3. Consider n× n matrices J and A as follows

J = diag(In/4,−In/4, In/4,−In/4),

A =

(
A11 A12

A21 A22

)
,

and assume that
−AT21 = A12, −AT11 = A11, −AT22 = A22.

Taking into account these assumptions, the matrix A is not a symmetric and J-symmetric
matrix. Suppose that A11 and A22 are tridiagonal matrices for them the entries belong to

TABLE 1. Comparison of methods TSL, FOM, ITSL and IFOM.

Method ε m t(s)
TSL 8.7× 10−9 128 0.15
FOM 5.7× 10−9 116 0.14
ITSL 5.2× 10−9 125 0.20
IFOM 3.1× 10−9 119 0.34
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interval (0, 1). Except for (n/2) × (n/2) matrix A12 which if 1 ≤ i ≤ n/2 then its (i, n/2 −
i+ 1)st entry is a nonzero number in the interval (0, 1) and the rest of its entries are zero.
Consider the linear system Ax = b in which A is the above matrix and b is a vector, with
random entries belonging to the interval (0, 1). Take the following stop condition ‖x−xm‖ < ε
in which ε = 10−8 and xm is the approximate solution of the m-th stage. By letting n = 200
The result can be seen in the Table 1 and Fig. 3

5. CONCLUSION

Our goal in this paper is to obtain a two-sided Lanczos method in indefinite mode, which is
effective for solving large non-J-symmetric linear systems. After obtaining this algorithm,
according to numerical examples, it can be seen that this method is acceptable for non-J-
symmetric matrices and its performance can be competitive for non-J-symmetric matrices with
other methods.
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