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Abstract

A new and interesting task in statistics is to effectively analyze functional data that frequently comes from
advances in modern science and technology in areas such as meteorology and biomedical sciences. Func-
tional linear regression with scalar response is a popular functional data analysis technique and it is often
a common problem to determine a functional association if a functional predictor variable affects the scalar
response in the models. Recently, Kong et al. (Journal of Nonparametric Statistics, 28, 813-838, 2016)
established classical testing methods for this based on functional principal component analysis (of the func-
tional predictor), that is, the resulting eigenfunctions (as a basis). However, the eigenbasis functions are not
generally suitable for regression purpose because they are only concerned with the variability of the func-
tional predictor, not the functional association of interest in testing problems. Additionally, eigenfunctions
are to be estimated from data so that estimation errors might be involved in the performance of testing
procedures. To circumvent these issues, we propose a testing method based on fixed basis such as B-splines
and show that it works well via simulations. It is also illustrated via simulated and real data examples that
the proposed testing method provides more effective and intuitive results due to the localization properties
of B-splines.

Keywords: functional linear regression, functional association test, Wald test, functional principal component

analysis, eigenfunctions, B-spline basis
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33| =2 3B/ (correlations) & 7HA 2R A3 3] 724 (linear regression analysis) ¢} -2 254 <
FARAEE A5 ek ool wek, cleie ¥4 YHE AT ARES BAS] A% Az
<+ B4 =73 A PHES e A2 Al A 388 A T shuden iR 9]
Q77 A 2047 SN AT AT AT R F4P AR BAL AP BAVES A4 5
AYRHEES 7HeEsHA A3 B 1) 81, Ramsay @} Silverman (1997, 2002), Ramsay 5 (2009) 52
spelt 4+ 9)

oy ey 2FA o F3kAH (infinite dimension)& 742 1L 9171 wjZol F7, vA, &7 2
2 A A4S S8 AHhSA7E ] s, o] AHhEAE A e 44224 (functional principle

=

component analysis) & T3 RS B4 317 A F83 TFEA v FHASA ARREHE A
Holt}. o& E°], Ramsay2} Silverman (1997, 2002), Ramsay % (2009), Kneip2} Utikal (2001),
Miiller2} Stadtmiiller (2005), Yao % (2005), Halls} Horowitz (2007), Hall 5 (2007), Wang %
(2016) 3} 2+ ApoA] e 4= Qtt. 93 T4 248 BA =7 2 e 3ARA, oS

i
oo
=

St A1¥3] 7 =¥ (functional linear regression models)2 1 5243} FHH 3 S84 g =
FES W Ak 7] BFPOA AR Fed daTt BAde e AAs 4TS 1A
A, & F4AQd S AAske FAe SAFCRE, AA S8 BHAE BF ouE THAE
Atk Kong & (2016)2 27zt ke 7k kg HTE £13 3 A3 F0lA Ty FE9EE
Ao XY F40 71et 4E (Wald), 23] (score), $-%H](likelihood ratio), F-AR3} 22 1A A
A APEHES A7

AT, ey FAREA, Ao 2, Kong 5 (2016)014 7]A] (basis) 2 83 (s T8
2F A-g49]) LF4E (eigenfunctions) > 37 FA o AgstA] ¢FZ o Aok ol AAAE AW
o wg e B ATAE BRE A ohleh, ARNSS WE (Z, BA) B 125 ool
ok o]y B2 4 AR 3 AA ST (regression coefficient function) F3H A A]
= 28FHZA Ho| Ut} (James 5, 2009; Lee2} Park, 2012). T3 A5 2 HE I[FTFES FH
obet SH Wo] Gtk ol2l@ ol %2, Selt ARNGIA 1714 (fxed basis) & BE3HE AL A
Bz} 3t =AF oz 22 AAE ufFol v ES 37 (nonparametric regression) #oFol|A dg] A}
|5+ 1714 B-2Z 21 (B-splines) & &-83t GE AAN S =ToA & Hojz1x} gir). 2
=zolA As B-2~Fekl 714 1/\}01] 7IRkeE GE AL FAF7HE Sl fFaSH 2HEsi,
7]& Kong 5 (2016) AW Ect o] 253 AAl 453 o sidshr] 42 &4 23E v 22 29
Ad él% A AFolA g 019\13} 2 =wolA A e d FAEEAY Af71A B
IAR7IAE ANl E8she oot RS 7HAIEE Kong 5 (2016)¢] the AAMEol 497
Fgste] A4 5 Qla, B-2Fekl 71A 9] AN TSk oS A8 AsolA 7HE  sled
2} ol gt

gog, B =7ty T2 A4S 7 232 4y AFIARYE Y T4y A4S AR
7 912 712 9PH Kong 5 (2016)2 ZFeFshA el Baba =2olA] AQkshe 4408 A71%t 33
A RolAPF Al 71 3AE B4 A B8l 71 AR 27 AGE e AA e vl
X3t A}; sttt
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st i — X)) =
=3tk Y ?*év‘i'—%i‘—dﬂlﬁ% AR R BER ;j]»h eohAl gE 3 %E ES
E oAl 7IAR Egote] HAASTETE FHY + Ark. Hall
Hosseini-Nasab (2006), Hall»]— Horowitz (2007), Zhu & (2014) 3} 22 Ao o] 2H 02 T A}o]
= FAZ + S (negligible) WAt FAALE, (no] oEsh=) B
HaAH7E

n

(i, fx) = argmin - 5" (yi 7oy @-gﬁ> (2.5)

Bi,-Br T

2 FRY 5 Atk §,8 (1)) 94% A nxk BES S Y - VE AR A4z A
n2h9l MEE Yeha s, 1|, A (25)904 ik AaAgRage

2 ANE 5 ek ki nol oje Weke 2ERSAY A22FE Aol @tk Kong 5 (2016)€
MEY PP FAE B4 BN GiAoR A9 ) FRe Lol ¥ X0 F
- 3

o}
A71ol A ERAA BE k ADOR 2AL F, Ba Sh | B8 Aolmw meshe ARV (2.2)&
Hy:B1=p2=---=p0r=0, Hy:pB; #0forsomej=12,...,k (2.6)

2 npdch Kong S (2016)3} Miillere} Stadmiiller (2005)o| A% olefe] YE AREA S

w.=8"[v (,@)]* 3. 2.7)
A (26)9) Hodloll A nol 7o) et (k7h Fatlz $ae A2ke) AR% kS 7IAE x* L2
A2A F3to] Zrhe Aeo] A k. FEStA|, HostollA] nol Fao & bl whet

P(W, <z)—P(x*(k)<z) >0

AL HY 5 Ak 7oA V(B)L B2 (3AR) k x k Bak-FRAAH| ) (T1E) 152 Aud
o (7eM, 62 =Y (I —H)Y/(n—k—1), H=E(E"2)"'2T2 A=t} e, ¢= ARE
A% Wy 0] ﬂomlit'ial A a0 < a < 1) B4 (2 (k) Bl 39§42 adlA HoE 7)7Het
7 EY (21)94 F4Y WS X7 0gs Yol IS vty Ae WA
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ol HellA £7RTH A (2.7)0A HJH GETAF AW Ty FAEEAS 28 2= 17T
F ¢ (T2 2 FA4F 6;)5 AR 13 Aolth. IA AET ANE ¢;, Yoyl FAEEAL A
Pl Xo MEuke 13 A B X9 Ve dBgL ued AL ot oo we}, 1H7A o
A AR 7IAE o] &3 AAHS st xR A QA 1A 7A 49l B-aZeids &85 9E 445
A Al okstt). Eilers?} Marx (1996), Eubank (1988) SolA & 4 &= ZAAH, 229 7AE
E3e @48 oAFHSE & 2ARE 2 A4S VM A7) wiel v RS 37 RA0NA Be] AME-

Hi 714 5 sz LeiA vk ol B =RolA A89E Qi B-aZele 2t 7]
aF oz Aoslo] ol WA TS = A BAGNA A4 08 AT Ak (

37 2Ae
@3“6}04) 7 AS R4S AT 5 ATk, olo] MFshe (1ABL) A G o)A 473
X(t)o] Yol 3L vwm AT 5 ek olAL AYES X(1)o] Yol FFS WAL (1)

. ]
oo_ﬂ S EAFcE Ads= A B 4= 93 o3 et A James 5 (2009), Lee} Park (2012)2}
ABGE AL YUtk

A4, 28 (2.1)9 IJAATTET ()E A A, S5 U 0709 WA viE (internal

knots)< 7 2 d+ 1 B-2ZeRI7|A &4F By, Bi,..., B, & I&3AL o, 7|AE5Y A

FE i €5 SAREE O~ LU0 2493 02 28 QA AU o

o2tk A 1<i<n, 1 <j<qoll tdll ni; & [ (Xi—p)Bjet B3l o = a+ [, B(t)u(t)dtek
4,

Y=o + / (Xi(t) — u(t) B +

q
S —‘y—A( {ZbB }dt—l—ei—a/—i—ijnij—l—ei (2.8)

j=1

= SR, ol AIA LA Koug 5 (20103 1% $454 480 +98 & A B4
68] ‘%‘A %’E‘@l-/] 61] EHA] 771] - fI X X) _L.E 7]’3_] n xq )‘EZ'“ ‘?—i(demgn matrix) D% al
2oL ol B4 HAF FA%
~ N N T —1
b= (bl, ,bq) - (DTD D'Y
<= AZd o, IFAFEE B()e FAEFS 20, b;Bj ()8 Zth B =RoA be 1y &
= AAREAF
~ ~ -1 .
Wy =b" [v* (b)] b (2.9)
< A%l o8 AL AT olu] V*(b)i (AARL] Dol wHs ezl Y) A 2
2AF 3 FNA be] B R E 29} 2t B =RoA FAUE AR AT g

Ho:by=by=---=by =0, Hi:b; #0, forsome j=1,2,...,q

Aol A BE FAF Wil REE ARE g9 AVAFRE (92 2
4+ 9lth. AT, g = . — co7} =27 2715

>
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de BY 5 gtk thA T, 4] &
tion) 1 ZAHFE 7} g2 Fhol A FRZ ) “34 a-EAF xA(g) et 2 o
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3.1. DolAls! ol
2 mpol 498 5o A7 A T REoE Yroldth WA 44 B0l ik A9,
Z, AT bge] AL ), A AAH A 1F LRE FART, A AWl A B9, 5,
g 7h4e] A w, Kong 5 (2016)7 9217k AlQke ) A48 L Aol ech

B 2o AL ARHEE AN o, hEolEe) 248 7

1
‘b’ S o] &3to] B-AZ2HQ TS 23T Kong 5 (2016)9) ARFAZ W, < A3 o, R 77

7] ‘fdapace’ol] Q1 5 FPCA'E o] 3] 4] (2.5)9 348 FAR H4 &,;5 Tt o o), (F
oA AHeolg X«] Aeledel) [0,10]04 FL3HA wlEH o]Aks}H H (discretized points) 300715 A}

43t =3k Kong & (2016) AgolA F4% Ao A5 kol tisiA F 7] Adels a3t
Kong % (2016)-4 2ol e AAY PVEZL 99%7) Hl= k = 63} oA Fd 12} B-2~Z
ghel 7)1 &) M (= 3)9 2L k = 3, THA] W3, PVEZ} 80% 71 H& Ae9S wggith. o 7]oA

H =FA Akt A HL ‘Proposed’, 18|12l Kong 5 (2016)°A] k = 3,671 FAHEES o] &3
AAHL ‘Kongd’, ‘Kongt’ o2 Ztz} F=7|2 3t}
ROy AFeA HlaE BEH O Kong 5 (2016)9} vt A4S At WA, Ly (Z) 57l

%3k 534 (random functions) X;(t)E A/338t7] S8 1F3ke th2at 2ol
)\1:16,)\2:12,)\3:8,)\4:4,)\5:2,)\6:1, and )\k:07 fOI'k27

2 AA33 [0,10]9014 AHel" Felo] 7|A &< (Fourier basis functions)E& I-F3r-z =t

3], 0 < ¢t < 1090 thal, ¢i(t) = cos(mt)/V5, d2(t) = sin(nt)/V5b, ¢3(t) = (37rt)/f,
¢4(t) = sin(37wt)/V5, é5(t) = cos(5mt)/V5, d6(t) = sin(5mt)/V/5E FUTE o] Edrﬂ' (A
S39]) JAR FARE S LE2 N0 N)d SHE0E 247 ol 43 dues
() = 0, €05(), 1 < i < molTth EF, 94 6, 1 < < ni= N(0,1)olA SHALR WAl
1tk oA S X ()9 6, ES 7 FAAIF TS F4aF 02 FoH e

Be(t) =c- I(t > 8) (3.1)

2 0 o =02 AP FLAFAARY (2.1)2ZHEH e AS Y, 1 <i <nE AATE o) ),

c7} 02 AL AFTME o] ARl ARHE 53k, ¢7) 00] obd A tig 7ol AMdel H$E

o} B nolAdo mESE n =500, %Eﬂ 7152 (Monte Carlo) £+ M = 100022 A3}
A

Aol
1000 EH7FEE H}ﬁ Toﬂ/q vaEas" /\}74,] u]% = (239)
< Table 3.1 Ueht 9la1, & =&olA Al AP a8
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Table 3.1. (Estiated) Type I error probability for « = 0.01,0.02,...,0.20
a Alg 27 25
0.01 0.006
0.02 0.015
0.03 0.032
0.04 0.035
0.05 0.046
0.06 0.054
0.07 0.062
0.08 0.077
0.09 0.083
0.10 0.098
0.11 0.109
0.12 0.115
0.13 0.124
0.14 0.133
0.15 0.142
0.16 0.150
0.17 0.165
0.18 0.180
0.19 0.195
0.20 0.197

A1E 25 A%e AAZ RelFa g 2L HAF 5 Ik o] B AYolA e BYL Kong 5
(2016)9] T1Fel 13} Zomz, Kong 5 (2016) AW Al 15 25 44 4% g oA 2l

g 4 Ut

022, & =& 1eske ARHEY AA ABHES vlastazt s47] f3l, 0.05004 0.374A]
0.01% Z7IA7|HA & 26709 o) O]"’] c gEs 1t o] APNA FYTE2 a = 0.052 31
AANZATE o] AAHE 3o mEsk= M AW (Kong3, Kong6, Proposed)E°] & M = 1000 2&|7}

E2 AE A 717 A vl E, &, (F39) AFEEE 7P, ol Table 3.2004 #& = 3
o} B =Fo|x AHE AAH (Proposed) 7} 712 AA W E (Kong3, Kongb)® o}t o & AAHS
7HE AT 5 Aot A A48 AAATES Be(-)7F DA obd =4 D9 (local region) oA 7
o= o] 7] wiEell (71 FHAA AR B4 FAEEAY 1/7A Bt B-2aZEel A7
FAHOE ZAME U Z & 4 gl ol wet A HAME 1 o|FE THH e EE 5T}

3.2. AZ OfA: USRI J|&aME A=
o] oM AA U 71dAEE B4 AF AE AASAL gt EA A5 e
= ZF A9 (% 897M)oll A &2 2013-2015 5t BE5S AH(BH) =9 4 A5y, o5 7]
AN E AL E (https:/ /data.kma.go.kr) oA o] &7Fsdttt. ZF A HoA (F 3dE FEE)

|

7] FAES AYHUSE, (F 398 F7S) AWNBF Z4FE WSS E 1ty 7)o
Bl AFYE 71X eA AFE 2} Pt Figure 3.10004 & 4 e A8 982 AS3UE
L uf$ TR ESHwiggly) RYS H1 QOB R Ramsay 5 (2009)o)A AAE HAL ulet 657]9
Felo 7145 ol&3te] B} (smoothing)dh= AA 2] WS AL I A3} Ao FesE I
HeEFAE Xi(-), i =1,2,...,80% =tk 8978 29| Fetsld U2 E34-L Figure 3.25 3
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Table 3.2. Powers of the testing methods for ¢ = 0.05,0.06,...,0.30 when B.(t) = c¢- I(t > 8) is the (true)
regression coefficient function

c Kong3 Kong6 Proposed
0.05 0.052 0.053 0.055
0.06 0.057 0.057 0.058
0.07 0.063 0.061 0.065
0.08 0.072 0.065 0.071
0.09 0.084 0.070 0.078
0.10 0.091 0.081 0.087
0.11 0.100 0.092 0.106
0.12 0.115 0.103 0.127
0.13 0.128 0.117 0.141
0.14 0.144 0.130 0.156
0.15 0.157 0.151 0.170
0.16 0.174 0.164 0.190
0.17 0.191 0.178 0.217
0.18 0.215 0.191 0.247
0.19 0.237 0.217 0.270
0.20 0.271 0.241 0.302
0.21 0.298 0.264 0.325
0.22 0.319 0.278 0.359
0.23 0.346 0.297 0.386
0.24 0.374 0.322 0.409
0.25 0.393 0.352 0.450
0.26 0.436 0.388 0.483
0.27 0.464 0.407 0.521
0.28 0.499 0.441 0.545
0.29 0.532 0.468 0.573
0.30 0.572 0.493 0.613

il
WA Kong S (2016)9] 712 AAWS 188}AL. Table 3.3 FAE 7i4 ko e} 3id PVE S
- k=1,2302 A3 o, ZE oA 71 FA4N p-E2 0.001H T} 2

1Y 2w} AR Atolo] FA Adde] Jnk A8e E £ Atk thee®,
27} Akt S Afal Bt of7]elA] B-aZEile] WRulFe] At A duks) wabetg

[e)
Al (generalized

Yi - ZJ 1 ( ) Mij
GOV =~ ; { i
£ HAHIIE GO AAA. ATHO 1049 MRATE AAE U} B-AZALe] Ase) £
2] FAof o] &= Ut olof| uhe} oA AollA| A|tst W, 74]"}5@1 ARYS o T p-gh2 v &
Al(< 0.0001) var 227k Albet W JA] 257 7&’"’* Atololl GEFE 7|XthHeE 22 AES
El=

Figures 3.32 R 97| A] “fda’ol| A Al&3= ?};  FAHEEA (PVE 80, 90, 95%) 3} B-2Zg}¢lS 3
13 I AATTs FAH X ﬂ()i} 95% & AlF] 7 pointwise confidence interval)< X o ZC}.

f
é;

%N' i}
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Figure 3.1. Observed daily temperatures for 89 regions in Korea.
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Figure 3.2. Smoothed temperature curves (right) for 89 regions in Korea.

Table 3.3. PVE when k = 1, 2,3 is chosen in the functional PCA result with daily temperature data

A8 AS PVE
1 81.98%
2 93.29%
3 96.60%

PVE = percentage of variance explained; PCA = principle component analysis.

Moz, BE IYE 49 693 59 17900 AFSHe AGEe] Wk oz A ) 49 62
R 59 179701 7214 §43 FAREAY IR T e B A ° 8% 02 £9%
D BAEANE BT AY AHTOES 02 ERAA BEE ¥ 4 Aok . (4T AANH A
Fo5) ARNASRS FAA A8 QAP0 AuBoRE ST 77 49 62 5 17d0l4 A &

ﬂr
4
N
mﬁ
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Figure 3.3. Estimated regression coefficient function [3’ PVE = percentage of variance explained.

o A ddAdel Al 2Ee WE 9l 5 54 40 283 & Aok st §)
AL B =FolA Al BAE™ANA baoll thE K4S A= Zloltt. ©f yolrl, B-2Eekele
EE Al b1, ba, .., 0117k 02 ofdEe HiY 7HEdS H3S ol v AP LR ofF b;7F 0°] opbdA|
tEHE A A (multlple hypothesis testing) & 3= 212 o FAX oA dF 259} ZFsFo] A
o] A=A SAAE ¥ty s Aottt o]HF

W eol| A 3 ﬁh‘% AoA Tt ARES
At FAGHES Agshe A AAA ujE A o)

Nel 44 BAE e o
49 F4EEA0 DRIAT B5A

~

ong (2016) of| A Altst A
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