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Abstract

We study false discovery rate segmentation (FDRSeg) and simultaneous multiscale change-point estimator
(SMUCE) methods for multiscale multiple change-point estimation, and compare empirical behavior via
simulation. FSRSeg is based on the control of a false discovery rate while SMUCE used for the multiscale
local likelihood ratio tests. FDRSeg seems to work best if the number of change-points is large; however,
FDRSeg and SMUCE methods can both provide similar estimation results when there are only a small
number of change-points. As a real data application, multiple change-points estimation is done with the
well-log data.

Keywords: false discovery rate (FDR), FDRSeg, local likelihood ratio test, multiscale, multiple change-
points, SMUCE
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Au (1989)+= BIC 7|4t 715845 ©]8319921 Boysen &5 (2009)2 712 lp-penalty S ©]-&3+
WS Aotslgth. nardl A9 sk EAO tisiAE Braun 5 (2000), Winkler?} Liebscher
(2002)¢} 7+ A37}k ok ZhangF} Siegmund (2007)= WEH3ge] 7o Ao the BHdTE &
Yoto] WIS FAAE RPAE 71k lo-penalty S 083 AFEE WSS ARG e A
T-Z Birge2} Massart (2006), Lavielle (2005), Lavielle®} Moulines (2000) 5o] it} HH3} HZH
© 2 fused lasso 7] (Friedman %, 2007), Tibshirani 5 (2005), Harchaoui®} Levy-Leduc (2010)-2
total variation} li-norm penaltyE W3}H 7o) ot convex surrogate@ &9kt H| o] x| o7
S92 0183 tEMEE 240 tha)AlE Cheondt Kim (2010), Kim¥} Cheon (2010, 2011), Kim}
Hart (2011) So] gt} 1239 S8 tp5Hshd EAlZ+ Levy-Leduc®t Roueff (2009)2 W E 9 =0
gt tswstd =HHS ALt 5434 5 Alsk(statistical multiscale constraint) 3t A =3
StrE FAs)es Wekd A4 2+ Candes®} Tao (2007), Davies@} Kovac (2001), Davies &
(2009), Frick 5 (2014)¢] 9lt}. Chan¥} Walther (2013), Diimbgen¥} Walther (2008) t}&2 ¥ 3
3}y 719 SAES AlorEich. =3 Kolaczyk®} Nowak (2004), Zhang} Siegmund (2012)+& Tt}
2 B8 (multiscale partitioning)< A|9+83l Olshen 5 (2004)-2 WHE-A E3H(recursive partition-
ing)< At
B ATt OEE OEusd FPNHns SRRt 55 SATEMsH smultancous
multiscale change-point estimator; SMUCE) (Frick 5, 2014) 8} S 4AE 7] 2875 (false discovery
rate segmentation; FDRSeg) (Li 5, 2016) ®ol 23 th5dsd ¥ 2 E43 "HE A9
st ROAAS B8l A4S vlaE staadith 273 W3 3] 7] 23 (change-point regression
model)oll thal AWk, 3oIAE FAEUFARAUI LA/ pEUSY Yo
Hybrid SMUCE 7|33} FDRSeg 71H& Ag3atth. 430 ME ofe] 74 tEushd A3t A mo)d
e T3l v 4 7IHE vasta AA gl HE o Bl upAetez 53 7t

rI

do m

al
)—&—Usi, i=0,1,...,n—1, (2.1)
AN LA €o,... en 1S N(0,1)€ G2 AR (0 > 0). BEES p

(right-continuous and piecewise constant) ¥<+2 K + 17} H&(segment)S 2zt
[Th, Thy1) CO, DA AN 0O <71 <0 <7p < Thg1 < --- < 7 < 10|

1= cklir riy) (2.2)
2 2383 ¥3lE Mg K= 220 (unknown) K7 W3bES 2=t kAl BE LoAE o &

o

S 7MW B@EE 1o A4 (identifiability) S 180 cx # 1S 7HR 3T TEA3AE 2440 Ost
olulA o] ¥l % W3l 5o YXS HANEHA B H-§T(penalty cost function)S
P

mmZC’ Inr]s - Yinrgq]— 1;ck) + v f(K), (2.3)
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AZIA C( )= ¥Sds, f(K)E BRTTE I1HHL v, 73 K (balancing parameter) 2 F+
t}. & 5¢], Boysen 5 (2009)-2 3= F2AF Ao thst AT

J(K)=1lo(p) =K (2.4)
£ 183t AA & A3} (global optimization) H“ﬁ«] o2 = dHEA Ailef] o) A= WS}
e FAND. AA HAAHs= AA FRNA Y v & ET Y SE LR HA3) E FEe
e a2 e sl Ak 4% Xhﬂ 431@]'—5" I oh7] dAedt 5, W3z el
ZAE W o] ET (binary segmentation)E H3}E o)A I o|ZTHBOT 1} T D}/\] 7} BB
A A7y AslAS FATa T o]t Wsle] 4547‘]?5}3 3¢ W 23S Wy tEEEsEE Al

2!
sttt 53 ZZ I3 (dynamic program) (Bellman, 1957; Bellman¥} Dreyfus, 1962)& ©]-&3t t}
Z W3ld 4 A7 A= 921 Olsen 5 (2004)-2 circular binary segmentation (CBS) 7]4t,
Fryzlewicz (2014)+ wild binary segmentation (WBS) 7|9} T} st d M S Akttt 28}
ol ol % B E FhoFE ZAFSAAY DALFEZEL T 4 Pt el Stk

3.1. Hybrid SMUCEE 0|&%t UIs%ald =4

Frick 5 (2014)2 &3 (hybrid method) 22 FAtHEH3d SMUCE 7[HE Aok o7&
2] 7hssl W3k Mg HAdshe R tEd 24 F2E 23t SMUCE 7oA
I 7 HslE S 28 gE2

~ J
P(KzKJrj <ol jo12.. (3.1)
02 A¢A At sttt o7|A asge vE] AA S family-wise error rate (FWER)©]t}.
P (K > K) <as. (3.2)

Frick 5 (2014)+ th22] A4= 37 =¥ (exponential family regression family model)

H:I

aHF. AN {Folyoe 1AM A —.°ﬂ f%?% xS JAdeltt. FELUEYST for
Z

o
=
K7) WHsld& 2= $9<%(right continuous) &<

1§ng §J(9) subject to Tn(Y,9) <gq, (3.4)
€

q71M 9 € [0,1] - © C R 4% A, tJ(0)= HIH & F=2Y 7f4o]a ¢+ threshold
olt}. o]y EAE EF7|AMA= H A3} FA (optimization problem)E 323 oFstrt. Boysen &
(2009)2 jump-penalized least squares regression 23 ol|A] piecewise constant function 7% FAl|

£ thFAt Gaussian 95 1EfstH 6ol igt thEths B4 (multiscale statistic)2 thaah &

SEEL S
\/2T7 (Y, 0) — UQIOg z+1

T.(Y,0) = (3.5)

1<l<]<n 19(f) 0
forte ”,
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Z T,(Y,9) &e TH A58 goll gt multiscale statisticoZ A stt). o714 e = exp(l),
loge A& I (natural logarithm)olth. 7+ [i/n, j/n]ollA WS}l tjdt AAog F4 £5H|
S A% (local likelihood ratio statistic)-2

777, 00) = log { wPaco I fo() } (3:6)

1_i foo (V1)

o7 AHojHr} o]} Zo] 7HE AAL 53 multiscale statistic T, 2 AA2HA s JE 2
Azdo] gk Ao o). T2 AL 53 AAHOoZRE M Ug AHE AL 4 Jdrh X3
#J2| Hazgho] MskE Mg 4 gke] "k 0o Ui LS AV98E oS I

Clq) = {19 €5:4J(9) = K(q) and Tu(Y,9) < q} (3.7)

o

mlo

S 188 4 3 A=) 3 (confidence set)S T3t SMUCE 9(q)& tha3} 2o

d(q) = arg, max Zlog {fﬁ i } (3.8)

o= C(q) HolMe ARt ¢ exdger Zojdnt. =3 g2 5754

P {f((q) > K} < P{T.(T,¥) > ¢} (3.9)

S 45 4 Jdu}h Frick 5 (2014)¢] Theorem 294 WH3bd 7|¢E 34374 & (probability of under-
estimating the number of change-points) JSSEZ

2
1 2e
B q+4/2log (7)

£ o=t 74 C > 05 BEES &3 Adola EEZ2 772 o] (interval length) A, 24
Ax3z7] AL HEA e K o &3}t H|E BE A8 3 AX| oA uniform confidence set-2
Ag 4 QAT A% A} e 5

P{R’(q) < K} < 2K exp (fC’n/\AQ) {exp (

) + exp (SCn)\A2)} (3.10)

Az)\ — 00 as n — 0o 3.11
fog(m) (311

d w] ZAFEL 2 uniform confidence set2 A2 4 Jt}. W3 FAHL $3 dynamic program-
ming-2 local likelihoodol] H5] AJgkS F31 78 4= It} Killick 5 (2012)2 dynamic program-
mingol] thet o7} A2Ee AFeksct Frick S (2014)9] Theorem 1A ¥3} EA =] st

T 2E

T.(Y,Y;¢cn) - max sup [WB(S)' —1/2log (ﬁs)] (3.12)

O0<k<K T <s<t<Tp41 (t — S)

£ XHojEtr} 9J7]A B(t)+ Brownian process©]th.
H:]QX—] 7H/\ ZX%E}:._

K(g) =min{k € N, 39 € S,[K] : Tn(Y,0;¢0) < q}, q€R (3.13)

oltt.
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3.2. FDR J|¢t O}5PeH

Li 5 (2016)2 false discovery rate (FDR)Z 7|4Fo 2 3} t}5HslE A HCZ FDRSeg 7|HS Al
eItk FDR 282 5ol W31 59 9120 thek 24582 olx 53] F49A1e AFoAIE
FDRo| o 4% (upper bound)& A4t} AlFch. SMUCE el ws) o1372014 FDRE
zgstAA BAA F4 EeAT wE AIHS 2@ =23 ts
local likelihood test) Eth= O5AAHEANE2Z FDRS 2AsluArsct. olgst 248 f8iAE
Benjamini®} Hochberg (1995)2] FDR A4+ g3t} 7 0] t}2-2] £7+

[n(fio1 +71)/2] ’ (i + Fi41)/2] ]

=

(3.14)

o] &3 A (true discovery) &2 BF3c}E 7 =0, fx4+1 = 1, FDR2 t}2-3} Zo] Aot}

FD
FDR = E [ k } 7 (3.15)
K+1
o] 714 FD= AR (false discovery)® WH3LH Zlgolt)t. Hr1EE 2 A
d(p, ) = ma min |7 — 75 3.16
(> f2) OSZ.S%HOSJ_SKH\ il (3.16)
£ aFgith o474
w= Zl[n,ml)‘fu
=0
K
ﬂ: ZI[TJJJJA)CJ
j=0
olth. Li 5 (2016)¢) FDRZE WhHS w5},
S (Y- o) -
=i J 1+ 1>
T7(Y,c) = max ———— —pen|—7j-—1-—|, 3.17
1) = e F el —pen (7 (317)
o] 71 A c= 4= (real number), pen(z) = 1/2log(e/x)+= scaleo] Bl $ B A go] 31 #7+= sampling point

Hg=oltt. a € (0,1)0l 3l local quantile g (m)< T3} ZHo] A o] dte).

ga(m) =min{q : P (Ti(e,&r) > q) < a}, (3.18)
0:17]/\_] £ = (507 En 1)\_0_' E%}é%%g—% Eq'g% i—‘;’%%"l\_ollﬂ
1
El = 7 i 3.19
Er ) izela (3.19)

k
Cy = {u => alr : Tr(Y,e) = ga(li) <0, forall i=0, 1k} (3.20)
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w4 — Tuh o 4 — Tuh © 4 — Tuh
— FDRSeg — FDRSeg — FDRSeg
SMUCE SMUCE SMUCE

(a) (b) (c)
Figure 4.1. (a) One change-point case; (b) Two change-points case; (c) Three change-points case. FDRSeg =
false discovery rate segmentation; SMUCE = simultaneous multiscale change-point estimator.

K =min {k : C} # 0} (3.21)

2 73t} FDRSeg 332

n—1 . 2
. . [t
A = arg min Z (Y; I (n)) (3.22)

4. DOIAE I A HIOIE] 24

4.1. 2oJAld

FDRseg® SMUCE ®31d 452 vlasty] 98 of2] Jefe] wspgo] sk d&dolAe b
ol tial] RAFE FuATTE A ;= ME EPF|H HF 0, Bat o’ AFEEE B2
o} ZF Aol ek %82 7] nolal AF Wb, 1,000H 0t SR F45H SEEE 37 W
3ANGe HFL AAslT 72524 FDR 4 (3 15)31r d(p, 1) A (3.16)& Axrec) FHE W
34 AN Kol sl F48 MRS {f1,..., 74} 2 FET 70 =0, Ty =L t=i/n,t€0,1]2
A=
(i) W3k 178 A9, n = 100
o l+e, t<m,
i = 3+e€, t>T.
= 0.50¢1 ¢ FDRseg®t SMUCE B &3] 75 FAt Moz thpoldl 7z fio|

FA3tt} (Figure 4.1(a)).

1+6i7 t<Tl7
Y =1 3+€, 71<t<Tm,
2 + €, t > To.
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sawtooth case

—— Truth — Truth
—— FDRSeg --- FDRSeg
SMUCE SMUGE
o
< 4
o~
«
7 oo — L=
o q 4
T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 06 0.8 1.0
(a) (b)

Figure 4.2. (a) Sawtooth function case with o = 0.5; (b) Sawtooth function case with ¢ = 1. FDRSeg = false
discovery rate segmentation; SMUCE = simultaneous multiscale change-point estimator.

71 = 0.3, 72 = 0.79]1 % FDRseg?} SMUCE 5 AE3] n 3 g A3 AP oz JF
AR Zr B tist 7S F43} (Figure 4.1(b)).

1+ e, t<T1,
” 2+€i, T1 St<’7’2,
! 3+€7;, T2§t<7’3,

1.5+ €, t> 3.

71 =02, 72 =0.5, 73 =0.7%] 3¢ FDRseg®?} SMUCE HA3}d A ZHE HojF Hslgdoz
Lol 7z Bl tht B3 ErE F4 38t (Figure 4.1(c)).

(iv) FYRZ Foln w3k 671 49, n = 300 (Figure 4.2).
A W W3 107091 %, n = 300 (Figure 4.3(a)).
o A3 207091 A9, n = 500 (Figure 4.3(b)).
Figure 4.2 W3 67) 7k F4 o] W3S 70 2a3ke] 2287 o] 0 = 0590 ¢
F4 4otk Figure 4.3(a)} (b)= o8 7| WgS 7k Aldadolx a3 9 Hoq_:‘.f—

_%__
Table 41994 o}#) 9] F 7Hze] Walg 2458 vag HolFn Wag A57t o
2 5Pz Wald 240 Aol7t Be ¥ 4 ek

-|>1
_‘T‘_
=)
o
=2
Fé?
jul
o
r<
i
o
I
el

= 4% dlolE|(well-log data)o] Z-g3slx v R 2} ic}.
2l 2 A dRke] & 2714 g o7 F 4,0507) ASFHLE 74
Fit}h. Figure 4.4°14 well-log Ho|HE HojEtt o] HojEHE 4L XL & ¢4 £
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multiple change-points case multiple change-points case
— Truth —— Truth
© -| - FDRSe| ---- FDRSeg
SMUCE SMUCE

0.0 0.2 0.4 06 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(a) (b)
Figure 4.3. (a) multiple change-points K = 10; (b) multiple change-points K = 20. FDRSeg = false discovery
rate segmentation; SMUCE = simultaneous multiscale change-point estimator.

Table 4.1. Comparison of FDRseg and SMUCE with o = 0.05

Case Method No. change-points d(p, fr) FDR
. FDRseg 1.186 0.663 0.048
i) 7=0.5
SMUCE 1.051 0.657 0.017
) =03 FDRscg 2.160 3.804 0.035
(if) > = 0.7 SMUCE 2.011 3.732 0.0035
71 =0.2 FDRseg 3.070 8.917 0.0245
(iff) o = 0.4,73 = 0.7 SMUCE 2.660 19.636 0.0014
. Sawtooth ¢ = 0.5 FDRseg 6.247 1.241 0.028
(iv) T =02, 72 = 0.4,73 = 0.7 SMUCE 6.002 1.200 0.00025
) 10 change-points FDRseg 6.979 28.466 0.0195
SMUCE 4.641 50.937 0.00026
) 20 change-points FDRseg 16.637 24.363 0.0192
SMUCE 9.941 46.706 0.0009

FDRSeg = false discovery rate segmentation; SMUCE = simultaneous multiscale change-point estimator.

2 F2E olsisket AREH, FaolAe WL A FIE NI AZE2S A9
OE] z

= =
&4 (piecewise constant)©] 1, 7} 4 BE2 AA e B8 AAES 7H @Y A5 F#E o
ok whdol A% 7 29454 01 REES AZE dA45E W o st S g5 W Als
7FEAdSAd wo] My EF AT o2 He 5 2 H3lE oF

3he A2 A AlFl gof F2F —‘Erzﬂ

o ¥eg 2ot w) FARAL A7, Bel
023t A7} A2 FAZo] uhd
olt}. whebA well-log Ho]E]] A&
o elelele] thet WaH F3& & 71E ATE A
FHsHE 7oz 24 407 W

HI

A} gt} Fearnhead (2006)
im¥} Cheon (2013) ®Wlo]x|¢t 7] 7|wto=z

rlr
=
=)
)
22
i)

ﬂllo T
i
o
o
2
Ry
=
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nuclear response
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|
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1

0 1000 2000 3000 4000

Time
Figure 4.4. Well-log data.

Table 4.2. Comparison of change-points estimation with well-log data

Method No. of change-points
Fearnhead (2006) 40
Kim and Cheon (2013) 19 Bayesian
SMUCE (2014) 49
FDRseg (2016) 89 FDR control

SMUCE = simultaneous multiscale change-point estimator; FDR = false discovery rate; FDRSeg =
FDR segmentation.

140000
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1

120000

120000
1

100000
100000
1

nuclear response
nuclear response

80000
1
80000
1

T T T
o 1000 2000 3000 4000 ° 1000 2000 3000 4000

Time Time

(a) (b)
Figure 4.5. (a) SMUCE change-points estimation; (b) FDRSeg change-points estimation. SMUCE = simultaneous
multiscale change-point estimator; FDRSeg = false discovery rate segmentation.

% AE2E 288 19709 ¥M3HS FH35ct SMUCE 7|22+ 497] FDRSeg 7o &
£ 8971 W3l o] FAF o] FAgul wE FAE WSk /47t Ako] 7t 2 Holt). Table 4.290A4 =
well-log dlo]E]ol] thsl 7= W3ty =7 AFE vlw k=] FDRSegel aiA 717 B2 o H3A

FA3tt Table 4.2 ¥ 9 AA do|eEA A3 H3ld 4 757t Aol 7 we] Ut §isl= 5
Z313l At A 7120 et a7 @2 4 Atk FDRSeg ¥ o] local change of] w2 W
e © Bl A 2AoE AZ4H Y F o A7 D23 Bt} Figure 4.59141& SMUCE £}
FDRSeg 7|'Ho 2 H3ld =45 A=Az Wy X & Bt

Yo o wlo
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