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A SPLIT LEAST-SQUARES CHARACTERISTIC MIXED
ELEMENT METHOD FOR SOBOLEV EQUATIONS WITH A
CONVECTION TERM

Mi RAy OHM AND JUN YONG SHIN®

ABSTRACT. In this paper, we consider a split least-squares characteris-
tic mixed element method for Sobolev equations with a convection term.
First, to manipulate both convection term and time derivative term effi-
ciently, we apply a characteristic mixed element method to get the system
of equations in the primal unknown and the flux unknown and then get
a least-squares minimization problem and a least-squares characteristic
mixed element scheme. Finally, we obtain a split least-squares character-
istic mixed element scheme for the given problem whose system is uncou-
pled in the unknowns. We prove the optimal order in L? and H! normed
spaces for the primal unknown and the suboptimal order in L2 normed
space for the flux unknown.

1. Introduction

In this paper, we will consider a Sobolev equation with a convection term:

c(x)ug + d(x) - Vu— V- (a(u)Vug + b(u)Vu)

= f(u), (z,t) € Qx (0,77,
u(ex,t) =0, (z,t) eT'p x (0,7], (1.1)
(a(w)Vu, + b(u)Vu) -n =0, (zc,t) eT'n x (0,7,
u(x,0) = uo(x), €Q,

where € is a bounded convex domain in R™ with 1 < m < 3 with its boundary
MN=TpUl'Nn,TpNI'y =9, c(x),d(x),a(u),b(u), f(u), and up(x) are given
functions. We refer to [2, 21, 22] for the applications of the Sobolev equation
and to [8] for the existence and uniqueness results of the solutions of (1.1) .

Received August 24, 2019; Accepted September 26, 2019.

2010 Mathematics Subject Classification. Primary 65M15, 65N30.

Key words and phrases. Sobolev equations, a convection term, a split least-squares
method, characteristic mixed element method.

This work was supported by a Research Grant of Pukyong National University(2019).

* Corresponding author.

(©2019 The Youngnam Mathematical Society
(pISSN 1226-6973, eISSN 2287-2833)

569



570 M. R. OHM AND J. Y. SHIN

When d(z) = 0, many numerical methods, such as mixed finite element
methods [11, 18, 20, 24|, least-squares methods [12, 20, 23, 24], and discontinu-
ous Galerkin methods [14, 15] were employed to treat the problem numerically.
If we apply a conventional (least-squares) mixed finite element method, then
we have the coupled system of equations in two unknowns and some difficulties
in solving the coupled system. So, in [20], a split least-squares mixed finite
element method for reaction-diffusion problems is firstly introduced to solve the
uncoupled systems of equations in the unknowns.

When d(z) # 0, we generally use a characteristic (mixed) finite element
method as one of the useful methods [1, 3, 4, 5, 6, 7, 10, 13] to reflect well the
physical character of a convection term and to treat efficiently both convection
term and time derivative term. Gao and Rui [9] introduced a split least-squares
characteristic mixed finite element method to approximate the primal unknown
u and the flux unknown —aVu of the equation (1.1) and obtained the optimal
convergence in L?(2) norm for the primal unknown and in H(div, ) norm for
the flux unknown. And Zhang and Guo [25] introduced a split least-squares
characteristic mixed element method for nonlinear nonstationary convection-
diffusion problem to approximate the primal unknown and the flux unknown
and obtained the optimal convergence in L?(2) norm for the primal unknown
and in H(div, ?) norm for the flux unknown. In [16], Ohm and Shin introduced a
split least-squares characteristic mixed element method to obtain the uncoupled
system of two equations. One is for the approximation of the primal unknown
w and the other is for the approximation of the flux unknown o = —(a(z)Vu; +
b(z)Vu). And they proved the optimal order of convergence in L? and H'
normed spaces for the approximations.

In this paper, we introduce a split least-squares characteristic mixed element
method to obtain two uncoupled system of equations. One is for the approxi-
mation of the primal unknown u and the other is for the approximation of the
flux unknown o = —(a(u)Vus + b(u)Vu). And we analyze the optimal order of
convergence in L? and H! normed spaces for the approximations of the primal
unknown v and the suboptimal order in L? normed space for the approximations
of the flux unknown o. The remainder of this paper is organized as follows.
In section 2, we introduce some assumptions and notations and in section 3,
we construct finite element spaces with approximation properties. In section 4,
we use a split least-squares characteristic mixed element method to construct
the approximations of the primal unknown and the unknown flux and obtain
the convergence of optimal order in L? and H' normed spaces for the primal
unknown and the convergence of suboptimal order in L? normed space for the
flux unknown.
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2. Assumption and notations

For a nonnegative integer s and 1 < p < oo, we denote by W*P(Q) the
Sobolev space with the norm

1/p
DFpPdx , 1<p<oo,
ol =4 (32, JalDtor)

MAT| k| < esssup|D¥¢|,  p = oo,

where k = (k1,ko, -+ ,km), k; > 0, is a multiindex of order |k| = ki + ko +
oo+ ky, and D¥¢ = LN p = 2, we usually write H*(Q2) =

Bxlflamgzmamf;{"
We2(Q) and [|¢]ls = ||¢]ls,2. And if s = 0, we simply write ||¢|| = ||}]lo. Let
H?(Q) = {u = (u1,u2, - ,um) | uy € H?(Q),1 < i < m} with the norm

m 1/2
llulls = (Z ||ul||§) Andlet V={ve H(Q) :v=00nTp} and W =
i=1

{w e H(div,Q):w-n=0onTy}.
If ¢(z,t) belongs to a Sobolev space equipped with a norm || - || x for each ¢,
then we let

to
16010 = | ol for 1< p < .

6@z, D)l Loe 0,10:x) = €8s sup [Pz, t)]x-
0<t<to
In case that tg = T, we simply write LP(X) = LP(0,T : X) and L>*(X) =
L>(0,T : X), respectively.

We consider the problem (1.1) with the coefficients satisfying the following
assumptions:
(A1) There exist c,,c*, and d* such that 0 < ¢, < ¢(z) < ¢* and 0 < |d(z)| <
d* for all z € Q, where |d(z)| = Y ", d?(z).
(A2) There exist a.,a*, by, and b, such that 0 < a, < a(p) < a* and 0 < b, <
b(p) < b* for all p € R.
(A3) 4y(1), (1), by(p), and byy(p) axe bounded .
(A4) f(p) is Lipschitz continuous.

3. Finite element spaces

Before preceding our numerical scheme, we let &, = {E1, Es, -+, En, } be a
family of regular finite element subdivision of 2. We let i denote the maximum
of the diameters of the elements of &,. If m = 2, then FE; is a triangle or a
quadrilateral, and if m = 3, then E; is a 3-simplex or 3-rectangle. Boundary
elements are allowed to have one curvilinear edge (or one curved surface).

We denote by V;, x W, the Raviart-Thomas-Nedlec space of index & > 0
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associated with £,. And let P, xII;, : V x W — V}, x W}, denote the Raviart-
Thomas projection [19] which satisfies

{(V~wV~th,X)_O, Vx € Wa, (3.1)

(U_Ph%X):Oa Vx € V.
Then, (V- w,v — Pyv) = 0 holds for each v € V and each w € W), and
div II;, = Py, div is a function from W onto V},. The following approximation
properties are proved in [19]:
[lv = Ppoll + hllv — Ppolls < KR |jv]|,, Yo e VN H"(Q),1 <r <k+1,
|lw—Iw| < Kh'||wl|,, Vwe WNH"(Q),1<r<k+1, (3.2)
IV (w—-Iw)|| < KRV -w|, Ywe WNH"(Q),0<r<k+1.

4. Error analysis

Let v = v(z,t) be the unit vector in the direction of (d(x),c(z)). Then, the
directional derivative of u in the direction of v is given as follows:
ou  c(x) ou d(x)

w - u@ ot )

where ¥ (x) = (02(:1:) + \d(:z:)|2)§ and |d(z)|* = idf(az) So the problem
(1.1) becomes N
P(z) 9% — V- (a(u)Vuy + b(u)Vu) = f(u), in Qx (0,7,

u(x,t) =0, on I'p x (0,77, (4.1)
(a(u)Vuy + b(u)Vu) -n = 0, on I'y x (0,77, '
u(z,0) = uo(z), in .
By denoting o = —(a(u)Vu; + b(u)Vu), we can rewrite the problem (4.1) as
(®) 5 +V o = f(u), in Q% (0,71,
o+ a(u)Vu + b(u)Vu =0, in Q x (0,77,
u(z,t) =0, on I'p x (0,7, (4.2)
o-n=0, on 'y x (0,77,
u(x,0) = up(x), in Q.

To discretize the problem (4.2), let At = T'/N be a time increment and t" = nAt
for a positive integer N and n =0,1,--- , N. Discretizing 7/1(33)3% at (z,t") by

applying the backward Euler method along the direction of v, we get

37u Y e u(z, t") —u(z, " 1) _ u(x, t") —u(z, " 1)
¢(:c)8y(m,t ) = p(x \/|d(($))At|2+(At)2 = c(x) A 7
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where & = z — d(z)At with d(z) = %. Therefore, from (4.2), we know that

forn > 1, (u™, 0'") satisfies

o(z) L S+ V.o = f(ur) + B} + EY, in Q,
o" +a( S VulVut )Vt = B + B} in 9,
u™ =0, on I'p, (4.3)
o"-n=0, on 'y,
u® = up(x), in €,
where u" = u(z,t"), 4" ! = u(&,t"" 1), B = c(= )“ _“ —Y(z )au(w "),

n n—1
Ey = f(u") — f(u"h), E} = a(unfl)% ( "WVuy, and E} =
b(u™~1)Vu™ — b(u™)Vu". So, for first and second equations of (4.3), we obtain
the equivalent system of equations

c(z)u™ + At V- o" = c(z)a" ' + At(f(u""1) + E} + ER),
oAt + a(u" ) Vu + b(u" ") Vur At = a(u" ") Vu T + AHEL + E}),

and hence
c(z)u™ + At Vo™ =c(z)a" ' + At(f(u"t) + BT + EY), (4.4)
oAt + A(u" ) Vu = a(u" ) VunrTt + At(ER + E}), '
where A(-) = a(-) 4+ b(-)At. Therefore, from (4.4), we get
c(z) 2 [e(z)u™ + At V- o™
—(c@)an ™+ A + B+ B =0, o

A Y72 [a" At + A(u ) Vu
—(a(u" ") Vur~! + At(EY + EY))] = 0.
For (v,7) € V x W, we define a least-squares functional J(v, ) as follows
Jv,T) =
le(z) 2 [e(@)u” + At V- " — (e(x)a" " + At(f(u") + B + E3))]|1?
+ AW 7V2[e" At 4+ A(u" ) V" — (a(u" ) Vu" Tt + AL(ER + EP))]|I2

Then the least-squares minimization problem corresponding to (4.5) is given as
follows: find a solution (u™, ™) € V- x W such that

J(u", o) = (w)léléwa(v,T)- (4.6)

Define the bilinear form B on (V x W)?2 by
B(w : u,o;0,7T) (c:c x)u+ At V- o), (cc)v+AtV~T)

(4.7)
+@()MUW&NﬂAMW%Nﬂ
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Then the weak formulation of the minimization problem (4.6) is given as follows:
find (u™,0™) € V x W such that

B! w0, 1) =
(e(@) (e(@)a " + AL f("") + BL + B3)), c(@v+ ALY 7)) (48)
+ (A(u"_l)_l(a(u”‘l)Vu”_1 + AHEY + EY)), A(u™ Vo + Atr),

for any (v, 7) € V x W. Based on (4.8), we derive the following least-squares
characteristic MEM scheme: find approximation (u}, o}) € Vi, x W, satisfying

Bu}™' o oulafvn, ) =
(e(@) (@)~ + Atf(up ™)), e(@)on + ALY -7,
+ (A ey )Vup ! Aup T Von + At 7).

(up, vn) = (uo, vn),

(4.9)

for any (vp,Th) € Vi X W,

Lemma 4.1. For any (u,0), (v,7) € V x W, we have

Bw : u,o;v,7) =(c(x)u,v) + (At)? (¢(x) "'V -0,V -7)
+ (A(w)Vu, Vo) + (At)? (A(w) " to, 7).

Proof. From the definition of the bilinear form B in (4.7), we have

B(w : w,o;0,7T)
=(c(z)u,v) + At (V-o,v) + At (u, V- T) + (At)? (¢(2) "'V -0,V -7)
+ (A(w)Vu, Vo) + At (Vu, T) + At (o7, Vo) + (At)? (A(w) ', T)
(c(z)u,v) + (At)? (c(x) 'V -0,V - T)
+ (A(w)Vu, Vo) + (At)? (A(w) " o, 7).

O

Letting v, = 0 in (4.9) and applying the definition of the bilinear form B, we
have
(A1)? ((c(=) "'V o}, Vi) + (A(uy ) Haf, 1)
=ALA V) + (A2 (e(z) T f(up ™), V- T)
+ AL A ra(uy Vet 1),
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and so
(c(®)'V-op, V1) + (Alup ") on, 1)
1 An— — n—
= V) 4 (o) ),V )
1 n— — n— n—
+E (A(uy 1) 1a(uh 1)Vuh 1,7'h).
Since
1— A(uzfl)_la(uzfl) = A(uzfl)_l(A(uzfl) — a(uzfl))
= AtA(qul)flb(uzfl),
we have
(c(@) 'V -0,V 1h) + (A(up ") op, Th)
1 . _ e 1 e
=az lan LV )+ () f (u)y 1),V-Th)+At (Vup ™ 7a)
— (A(uzfl)_lb(uzfl)Vuzfl, Th)
1 _ o _ n—
=a; Viug P —apmh), ) + (ele) T fup ), Ve Ta)

= (A )7 b(up ™)V~ 7).

Letting 75, = 0 in (4.9) and applying the definition of the bilinear form B, we
have

(c(@®)up,vp) + (A(uz_l)VuZ, V) :(c(:zz)ﬂz_l,vh) + At(f(uz_l),vh)
+ (a(uy " )Vur=t, Voy,).

Therefore, we finally derive a split least-squares characteristic MEM: find ap-
proximations {u}, o} } € V3, x W, satisfying:

(e(@)ujy, o) + (Aup ™) Vg, Von)

~n—1 n—1 n—1 n—1 (410)
= (c()iy, ™, vn) + At(f(up ™), vn) + (aluy™ ) Vup ™, Vo)
(c(x) 'V -op, V-1h) + (Aluy ) of, )

= (Ve =)+ e(@) ), Vo) (@)

— (AG ) bV )
For the sake of the error analysis, we define a projection @(x,t) of u(x,t) onto
Vi, satisfying

{ (a(u)V (u — @), Vop) + (b(w)V (u — @), Vo) = 0, Yo, € Vi,

(@(0),v) = (ug,v), Yop € Vh. (4.12)

Obviously, by the assumption (A2), there exists unique projection @(z,t) € V},.
Let n = u — @ and £ = up — @ and state the estimates of n below. Hereafter
a constant K denotes a generic positive constant depending on  and w, but
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independent of A and At, and also any two K s in different places don’t need to
be the same.

Lemma 4.2. Let ug € H*(Q), ut,uye € H¥(Q), up € L2(H*(Y)), and s > 2. If
Vu,up € L=°(Q x [0,T)), then there exists a constant K, independent of h, such
that

(@) lnll + Rlnlly < KR* (||l 2= @) + luolls),

(i) [|mell + Rllnells < ERH (luell L2 are ) + luolls + luells),

(i) fmeells < KR (el + lluolls + lluells + llusels),
where p = min(r + 1, s).

Proof. The proof of Lemma 4.2 is similar to ones of the results in [14, 15] O

Lemma 4.3. Let ug € H*(Q) and u, us, uyy € L (H*(Q)) N L®(W1>(Q)). If
p=min(r +1,s) > 1+ 3, then the following statements hold:

max{[[1]oc, IVnllsos 1Vinlloc, Velloos IVeelloc} < K.

Proof. The proof of Lemma 4.3 is similar to ones of the results in [17] 0

Lemma 4.4. If u,us, uyy € L°(H*(Q)) N LX(W1>(Q)), then
|B2I < KA B < KA B2 < KAt and |} < KAt

Proof. By applying Taylor’s expansion, we obviously have the estimations for
EY ~ EY. O

Theorem 4.1. Assume that the hypotheses of Lemma 4.2 and Lemma 4.3 hold.
If At = O(h), then

[u" —up|le < K(B*~' + At), 1=0,1,
where p = min(k + 1, s).
Proof. From (4.4), we get
(c(z)u™, v) + (A(u"" 1) Vu", Vo)
=(c(z)a" " v) + At (f(u™ 1), v) + At (B}, v) + At (B, v) (4.13)
+ (a(u" " Vu" 1, Vo) + At (B, Vo) + At (B}, Vo).
for any (v,7) € V. x W. So, from (4.10) and (4.13), we get
(c(z)u™ — c(z)uy,vp) + (AU H)Vu™ — A(u) ") Vul, Vo)
—(e{w)a 1 — et vn) + AHF@Y) — Fp ), on) + At (B}, )
+ At (EZ o) + (a(u™ M Vu" ! —a(uf ) Vu) ™!, Vo)
+ At (Ey, Vop) + At (EY, Vop)



A SPLIT LEAST-SQUARES CHARACTERISTIC MIXED ELEMENT METHOD 577

and hence
(c(@) (" =€), von) + (Alup =) (V"™ = VE™), Vo)
(A = Aup™) V", Vo)
=(c(@)" " = c(@)&" 7 on) + AL(F (") = flup™h),on) + At (BT, vn)
+ AL (B, o) + (a(up )V ("t =€), Vo)
+ ((a(u™™) = a(u)} 1)) Vu" "1, Vo) + At (B, Vuy) + At (B}, Vo).
Therefore we have
(c(2)E™,vp) + (A(uz_l)V§”, Vo) — (a(uZ_l)anfl, Vo)
=(c(e)n™, on) + (A(up " )VI", Vor) + (A(u"™) = A(up ™) Va™, Voy)
— (@) = &) on) = Ab(F(u" ) = flup ™), vn) — At (EYop)
— At (B3, vp) — (alupy =)V, Vo)
— ((a(u"™Y) — a(uy™ 1)) Vu™ ™1, Vo) — At (EZ, V) — At (EY, Vo).
Since
A(up ™ )VE" = a(up " )VE = a(up ) (VE" = VET) + At b(uj ) VET,
we have
(c(@)(€" — €"71),vn) + (alu =) (VE" = VE™), Vuy,)
+ At(b(u) " VE™, V)
=(c(@)(n" = 4"1),on) + (c(@)(E* =€), vp)
+ (A" = Alup ™))V, Vo) = ((a(u"1) = a(uy ™) V", Vup)
— At(f(u" ) = flup ™) on) — At (EY + E3,vp) — At (B3 + E}, Voy,)
+ (A(uy )V, Vor) — (alup =) V", Vo).
And since
((A(u™ 1) — A(uz_l))Vun, Vor) — ((a(u™ 1) — a(uz_l))Vunfl, Vo)
=((a(@"™") = alup ™)) (Vu" = Vu ), Vuy)
+ At((b(u""1) = b(up ™)) V", Voy,)
and
AWV — ()
=(a(u; ") — a(u" 1)) (Vy" = V") +a( (V= VT = AL V)
+ At(a(u ™) = a(u™) Vi + At(b(up ™) — b(u" ™)) V"
+ At(b(u"1) = b(u™) V™ 4+ At(a(u™)Vn} + b(u™)Vn™),
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we have

(c(®)(€" = €" 1), on) + (alup~")(VE" = VE1), V)
+ At (b(u)~)VE™, Vuy,)
=(c(x) (™ = 7" "), on) + (c(@) (£ =€), vn)
+ ((a(u"™") = alup=H))(Vu" = V'), Vop)
+ AH((b(u" 1) = blup ™)) Vu", Voy) = Ab(f(u"1) = flup ™), vn)

— At (B} + B3, vn) — At (B3 + EJ, Vup) (4.14)
+ ((alup™) = ( IOVt = V), Vo)
+ (a(u" ) (V" = V"t = At V), Vo)

+ At((a(u"t) = a(u™) V', Voy)

+ At((b(uy ") = b(u" )V, Vo)

+ AH((b(u"T) = b(u™)) V", Vop,)

Letting vy, = £ in (4,14), we have

(c()(€" =€), 6") + (a(up 1) (VE" — VE), VE)
+ At (b(up ) VE", VE)
=(c(x)(n" = 7"1), ") + (c(x)(€" " =", €M)
+ ((a(u"™") = a(up =) (Vu" — V1), VE™)
+ AL((b(u" ) = b(up ™))V, VE) — Ab(f(u ) — fluph), €M)
— At (E},€") — At (E3,6") — At (B3, VE™) — At (B}, VE™)
+ ((aup ™) = a(u"*))(w”fw"*l)?vsﬂ
+ (a(u ) (V" = V" — At Vi), VE)
+ At((a(u ™) — a(u™) iy, VE™)
+ At((b(up ™) = b(u" ")) V", VE)

(4.15)

+ At((b(u™™1) — b(u™)) V", VE") = Z RA;.

Let n > 2. We obtain the following lower bounds for three terms of the left-
hand side of (4.15):

—_

LAy = (c(z)(€" = €"71),€") > S (IVe(@)E"|? = IV e(z)e" 1 |1?)

l\’)
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LA = (aluf~)(VE" — VE"), V")
§<|| (= )VE? ~ 1y a2 vE )
+ 5 (a2 ve 2 ~ lyfag ) ve ),

LAs = At (b(uj~")VE™, VE™) > b AL|VE™ .
And for RA; ~ RAg, we have the following bounds

RA; = (c(2)(n" — 7" 1),£")
= (c(x)(n" = "1 €M) + (c(®) ("t =07 1),€")
S KA [ng 1™+ ™= IR+ VE™ D]
< KAHn7 |17 + 0" 1P + 1V e(@)E™|1* + [y alup ) Ve ],
RAy = (c(z) ("' = €"71),€") < KAH|VE | |||
< KAV e(@)6™[1* + [y a(up ") Ve 17,
RAy = ((a(u™") = a(up™))(Vu" — Vu" 1), VE)
< KA [ln" )+ (1€ IIven|
< KAUln™ 1?4+ [V el@)&™ 1 + 1y alup =) Ve,
RAy = At((b(u"Y) — b(uy ™)) Vu™, VE™)
< KA[lg™ =+ 1€ Vel
< KAn" 1P + [1Ve(@)e™ 1 + [y a(up =) Ve,
RAs = —At(f(u"") = flup™1),€") < KAL|ln" |+ €I 1€
< KAl H? + [Ve(@)e 1P + [V (=) ],
RAg = —At (B}, £") < K(AL?[[€7|| < KAL(AL) + ||/ e(x)E" |7,
RA7 = —At (B}, £") < KAt[(A)? + ||/ e(2)E" ],
RAg = —At (B3, VE") < KAH(AH? + [|y/a(up =) VE" 7).

And for RAg ~ RA;3, we have the following bounds
RAg = —At (B}, VE") < KAH[(A1)? + [|y/a(uy =) VE™ ],
RA1 = ((a(up ™) = a(u™ ™)) (V" = V"), VET)
< KAl PP+ [Ve(@)e 1P + 1y a(up =) VER ],
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RAp = (a(u"1)(V" = V" ™! = At Vi), VE?) < K(A1)?[|VE" |

< KAH[(AL? + [[y/alup =) VE ],
RAp = At((a(u"") = a(u™)) Vi, VE™)
< KAV oo [(A1)? + [/ alup =) VE™ 2]
< KA(AN? + [|y/a(uy ) VE %],
RAyz = At((b(up ™) = b(u" 1)) V", VE™)
< KA V0™ ool + €™ HI) IV

< KAt [[[n" M2+ [V e(@) P + 1y alup ") VE ),
RA14 = At((b(u"") — b(u™)) V™, VE)

< KAH(AD? + ||/ a(ul =) Ver|2).

Thus, using all bounds for LA; ~ LA3 and RA; ~ RA14, we obtain from (4.15)

LUV ~ Ve )

+ 5 (ol Ve — |y fa(u =) Ve ) + b, At Ve P

< S atu Ve 1y fatuy ) ve )

+ KA 7+ 2 1P + 1V e(@)e )12
V@ + 1y alup Ve |2 + (A2,
Notice that

I /alup Ve 12 = 1y/auy %) ver|?
< KALVE 2

So, we obtain from (4.16)

SUVE@IE? ~ Ve )

1 n— n n— n— n
+ 5y aluy DVE? — Iy alup ") VE ) + b At VER
< KA P+ g1 + 1™ H1P + f1en]

+ [ VETHE +(IVERP + (A7)

(4.16)

(4.17)
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Now, summing both sides of (4.17) from n = 2 to k and using the assumptions
on a and b, we get

k
151> + IVEF 12 + ALY | ver|?

n=2
< K(E1P + Ve (4.18)
k
+ KA [l + [l 17 + €717 + [1VEI* + (At)?]
n=1

Letting n = 1 in (4.15) and using the fact that £ = 0, we obtain
(c()€", €") + (a(up) VE', VEY) + At (b(up)VE', VET)
=(c(z)(n' —1°),€")
+((a(u’) = a(up))(Vu! = Vu’), Ve
+ At((b(u®) — b(u))Vul, VED)
— At (B + E3,vp,) — At (B3 + By, VEY
+ ((a(up) — a(u®))(Vn! = Vn°), VEY)
+ (a(u®) (V' = Vi’ — At Vi), VED)
+ At((a(u’) — a(uh)) Vi, VE) + At((b(up) — b(u®) V', VED)
+AL((0(u”) = b(u')) V', VED).
Following similar calculations for the estimates, it is obvious that
1€ + IVEH? + At Ve |?
< KA 2 + )12 + €117 + [ V1|2 + (A8)2).
So, by Lemma 4.2, we have
I 2 + IVE 2 + At [V < KALR + (A1)?) (4.19)

for sufficiently small At. So, applying Gronwall’s inequality, Lemma 4.2, and
(4.19) to (4.18), we have

[€¥]1 + [ VEF|12 < KR + (At)?). (4.20)

Thus, by the triangular inequality and Lemma 4.2, we obtain the result of this
theorem.
O

For o = (01,02) € W, let & = (61,02) be a projection of o onto W,
satisfying
(c(x)"'V-(6-6),V-T)+ Ao —6&,7) =0, VT € Wy, (4.21)
where A is a positive real number. The existence of & can be obtained from the
Lax-Milgram lemma.
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Lemma 4.5. Let o € W H?(2). Then there exists a constant K > 0 such
that
IV (o =a)l+llo -l < Kn'~ o],
where = min(k + 1, s).
Proof. By the difinition of o, we get

le(z) 2V - (0 = &)|* + Al — &
~(c(@) 'V (0-6), V-(0-6) + Ao~ 5.0~ 5)
~(c(2)"'V - (0= &), V- (0~ o)) + Ao — 5,0 — W0)
<le(z) 2V - (0 = &)|lle(z) 2V - (0 = o) | + Ao — &|]|o — 40|

and so, by (3.2),
le(z) 2V - (0 = &) > + Ao — &2
< le(z) "2V - (o — o) |? + Ao — &2
< Kn2 Vo2,

for sufficiently small A > 0. O

For our error analysis, welet # = o0—06 and p = 6—0,. Then o—0o = w+p.

Theorem 4.2. Assume that the hypotheses of Theorem 4.1 hold. Let o €
WnNH?*(Q). Then we have

IV- (" = opl + o™ — o] < K(h*" + (At)). (4.22)
where p = min(k + 1, s).
Proof. First, we will prove that
IV - o™+ o™ < K(h*~1 + (AL)).

By applying Lemma 4.1 to (4.8) with v = 0, we get

(At)? (c(2)"'V 0™, ;V-7) + (A1) (A(u" )" le™, 7)

— (e(@) (@)™ + At (") + B} + E3)), AtV -7)

+ (A () Vun T+ At (B + BY)), At 7)),
and so, we get
(c(®)'V-o™ V-7)+ (A" )" le™, 7)

ZA% (ﬁ"_lvv'f) + (C(w)‘l(f(u”‘l) +Ep +E§’),V-7‘) (4.23)

4 (A el T )+ (AW + B, ).
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Since
1= A" (™) = AW T AW — a(u )
= AtA®" Y (um ),
we have from (4.23)
(c(2) "'V 0™ V1) + (A o™, )
= (Ve =@ r) 4 (el@) ST+ B BV T) (424)
- (A(U”’l)’lb(U"’l)Vu"*,T) + (A(u”*)*l(E;} + E};),T)_

Similarly, we have

(c(@) 7'V -0}, Vo) + (A(w ") o, Th)
:é (V(up ™ —ay™h)mn) + (e(@) 7 f(up ™), Vo) (4.25)

— (A(up ™) 7 0(up ™) Vg~ ).
Therefore, from (4.24) and (4.25), we have
(c(x) (V0™ =V 0}), Vo7a) + (A" ) '™ — A(w )"l )
(Ve g e ), )+ (ele) B Vo)
(@)™ B3,V - 7a) + (cl@) (P ™) = Fup ™), V- 7)
(Al () Vur =t = A=) (g Vg )

I (A(un—l)—lE?’Th) + (A(u"_l)_lEZ,Th)

and hence
(c(x) (Vo™ =V 0a}), Vorp) + (A(uy, =) 7™ = a}), 7})
(A(ug N At e, r;;)+Ait(V(u”—1 ™), )
Ai(v a7, mn) + (@) BV ) )
+ (c(@) 1E2,v rh) + (e@) (@) = Fup ™), V7
= (A@ eV = A b ) Va7
+ (A 1E3 ,Th) + (A@ ) B ).
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Therefore, we have from (4.26)
(e(2)71V - ",V - 7) + (A=) Lo, )
=—(c(z)"'V - m™, V1) — (At )

(A = A e o) 4 (VO =), )
V(e =&, m) + (e(@) BV )
(@) B,V )+ (el@) ) = STV )
(A=) ™ = Al bl Va7 )
A=) 0" = blag, ) Va7
Al ™) o)V = T, )
+ (A@ T B ) + (A(u”_l)_1E4,Th).
Choosing 7, = p™ in (4.27), we obtain

(e(x)~'V - p™, V- p™) + (A(up =)~ o™, p™)
=—(c(x)”'V 7", V- p") = (A(up 1) "' 7", p™)

(A7 = A e )+ (Ve - i, en)

P
(@) 3.V - p") + (el@) (") = f(u7) V- p7)
)

+(
(4.28)

_ ((A(un—l)—l _ A(uzfl —1)b(un—1)vun—1 pn)

(A 0 = b)) Vun o)

(A () (Ve = V), o)

13

+ (A(un—l)—lEg’ n) + (A(un_l)_lEZ n) _ Zsl

Note that
_ 1 1
and
n—1y—1 neiyo1 _ Ayl =A@ n—1_  n—1
AT - A = S e < K
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For S; ~ S5, we obtain the following bounds
S1= A", p") < K| + €]l p" 1%,
Sy < K||m"||* + el p" 1%,
S < K€" + " H1%) + ellp™|I?
S < K|V U + €|V - o™,
S5 < K|IVE" ) + €|V - p"||*.
And for Sg, S7, S12, and Si3, we get the bounds
S5 < K(At)? + €|V - p"|1%,
S < K(A2 + |V - "2,
Si2 < K(At)? +¢]|p" |,
S13 < K (A1) + el p.
And for Sg, Sg, and Syg, we get the bounds
Ss < K(|€" P + " 7H1%) + el vV - 1%,
So < K€" + " ~H1%) + ell o™ |12,
S10 < K€"+ " ~H1%) + ell o™
And for Sy;, we get the bound
S = —(Alwp™) b (Vun ! = T, o)
< K+ I 7HP) + ellp™ [P + el V - o™ )12

Thus, by using these estimates for S; ~ S13 , Lemma 4.2, Lemma 4.5, and
(4.20), we get from (4.27)

IV - o™ [+ [lp" |
<K ([l )2+ " =12 + 1902+ e + Ve 2 + (A)?)
gK(hQUH) + (At)Q)
and so
IV "+ 1" < K (" + (A1),

Thus by the triangular inequality and Lemma 4.5, we obtain the result of this

theorem.
O
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