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New approach method of finite difference formulas for
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Abstract

Difference equation is useful for control algorithm in the microprocessor. To approximate a derivative values from
sampled data, it is used the methods of forward, backward and central differences. The key of computing discrete
derivative values is the finite difference coefficient. The focus of this paper is a new approach method of finite difference
formula. And we apply the proposed method to the recursive least squares(RLS) algorithm.
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Table 1 Difference value at 3 sampled data(N).
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25 = 0075 = 015

=0y = A1/2 8

Table 2 Difference value at 3 sampled data(n).
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Bxy'.,ﬁ
§a5=c—B

cx%
&, =D—c

nyl..S
85 =e—D

ex%

F 29k H®)& ol &t A= oAk
B—a=(D-B)/2
¢~ B=(D-B)/2 ©
D-c=(D-B)/2
e~D=(D-B)/2

21(9)¢ Astd 2103 2ok 2100 26)
7} T3tk

o~ a=(=D+3B)/2= =y, +4y, —3y,)/21,
%= c=(B+D)/2 =(y,—y,)/2t, (10)
?JQ%‘?:(?’D*B)/Z =(3y2*4y1+y0)/2t8
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=A%/4 (11)

% 49k AADE ol gahd 4(12)9 2.

¢c—2B+a=(F—2D—B)/4
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e—2D+c=(F—2D—B)/4 (12)
F—2e+d=(F—2D—B)/4
g—2F+e=(F—2D—B)/4
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Table 3. Difference value at 4 sampled data(N).
E 3 ME Oolg 442 RHEZHN)
Ay A2 A
Y
B
Yy A?=D—-B
D A =F-2D—-B
Yy A}=F—D
F
Ys
Table 4. Difference value at 4 sampled data(n).
E 4 ME OolE 4749 XHEZHN)
5, & & =2/4
a=1y,
B—a
B=y,: c—2B+a
c—B
c=y, e—2D+c
D—c
D=y, F—2+D
e—D
e=y, F—2+D
F—e
F=y,. g—2F+e
g—F
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21(12)5 Adshd 2(13)3 2t
Yo~ yo=a=(3F—10D+15B)/8
]:;1%]{1— c=(—F+ 6D+3B)/8 19
Yy, =y,=e=(3F+ 6D— B)/8
y; = yy=g=(15F—10D+3B)/8
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Table 5 Difference value at 5 sampled data(N).
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Table 6. Difference value at 5 sampled data(n). 21(23)2 21 (24)0] thYdstd 2 (25)9F 2.
# 6. ME dolg] 571e AHEAk(n)
5, 2 5 o =Als yy = (—6H+26F—46D+50B)/24
yos=( H— 4F+ 5D+22B)/24
a .
y, =( 2H—10F+26D+ 6B)/24
Ba y5=( OH— F+26D— B)/24
B c—2B+a Y, =(—2H+14F+14D—2B)/24 (25)
B D—3c+3B—a Yo5 =(— H+26F— D+ 0B)/24
y; =( 6H+ 26F—10D+2B)/24
c D—2c+B B
ys5 =( 22H+ 5F— 4D+ B)/24
D—c e—3D+3c—B y, =(50H—46F+26D— 6B)/24
D e—2D+c
D PP 2(25)2 A= dole = Qe 2)(26)3 2k
e F—2e+D .
Yo = (— 6y, +32y5 — 72y, + 96y, *50%)/24%
e g~ 3F*3e—D y()é:( Yg— Oys+t 992+17?Jl*22%)/24ts
F g—2F+e y, =( 2y, — 12y, +36y, —20y, — 6y,)/24t,
g—F H—3g+3F—¢ ?{15:( Oy, — Y +27y, =27y, +  y,) /24,
Yy =(—2y,+16y, + Oy, — 16y, + 2y,)/24¢, (26)
g H—2g+F .
Yo5— (— Yy, 27y — 27y, +  y + Oy())/24ts
H—yg i—2H+3g—F yy =( 6y, +20y,—36y, +12y, — 2y,)/24t,
H i—2H+g yso:( 22y, —1Tys— 9y, + By, —  y,)/24t,
e y, =( 50y, —96y, +72y, — 32y, + 6y,)/24t,
i

6. 621 WEH A&

HoTE (v, v Yo Uso v y5) O TS B2 3E 7, 8
¥} 2t

¥ 79 ¥ 89 #AE A@N 2

F 63 AH2De olgshd A (22)9

D—3c+cB—a=(H—3F+3D—B)/8
e—3D+3c—B=(H—3F+3D—B)/8
F—3e+3D—c=(H-3F+3D—B)/8
/3 (22)
/8

g—3F+3¢— D= (H—3F+3D—B) §'=A4,/16 27)
H—-3g+3F—e=(H—3F+3D—B)
i—2H+3g—F=(H-3F+3D-B)/8 Table 7. Difference value at 6 sampled data(N).

- E 7 ME dlole ehel RHERN)
(228 9 4(23)7% 2},

Al A2 Al Al AL
a=(—5H+21F—35D+35B)/16 %
c=( H— 5F+15D+ 5B)/16
e=(— H+ 9F+ 9D— B)/16 (23) B
g=( 5H+15F— 5D+ B)/16 ) DB
i=( 35H-35F+21D— 5B)/16 h
D F—2D+B
2(23)S A BAS AFEH 2247 2ok " D He3F+3D—B
. i H—2F+ D J—4H+6F—4D+ B
Yos =B+(B—(a+c)/2)/3
y1=c+(c—(B+D)/2)/3 Y3 H-F J—3H+3F—D
Y5 =D+ (D—(c+e)/2)/3 H J-2H+F
y=et+(e—(D+F)/2)/3 (24) " J-H
y2A5=F+(F7(e+g)/2)/3 ,
yy=9g+(g—(F+H)/2)/3 :
yss =H+(H—(i+g)/2)/3 Ys

(821)
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& 8% A@2NE ol&stH 2(28)¢F Tt 2295 2x RS At 2(30) 7 2t
e —AD+6c—4B+a=(J—AH+6F—4D+ B)/16 Yos = B+(B—(a+c)/2)/3
F—4e+6D—4c+B=(J—4H+6F—4D+ B)/16 Qe +e—(B+D)/2)/3
g—A4F+6e—4D+c=(J—4H+6F—4D+B)/16 b —erie
H—4g+6F—4e+D= (J—4H+6F—4D+ B)/16 (28) Y15 =D+(D—(c+e)/2)/3
i—4H+6g—4F+e =(J—4H+6F—4D+B)/16 v, =e+(e—(D+F)/2)/3
J—4i+6H—4g+ F=(J—4H+6F—4D+ B)/16 P
k—4J+6i—4H+g=(J—4H+6F—4D+ B)/16 Yos =F+(F—(e+9)/2)/3 (30)

Y3 —g+(g (F+H)/2)/3
Table 8 Difference value at 6 sampled data(n). s=H+(H—-(i+g)/2)/3
® MZ ofo|Ef 67He] RHEZHN) yy =i +—(H+7)/2)/3
5| & 3 5 § =216 Y= J + (J—(i+k)/2)/3
a 21(29)= 230l tiygstd 2 (319 2t
B—a

yo =( 76J—400H+872F—1040D+876B) /384
B c—2B+a Yo5= (—15J+ T6H—154F+140D+337B)/384

B D—3:438—a y’} =(—20J+112H—280F+496D+ 76B)/384
ys=( J— 4H— 10F+412D— 15B)/384
¢ D—=2+8 e—4D+6c—4B+a y, =( 12J— S0H+296F+176D— 20B)/384
D 3D+ 3e—B yoi=( J— 20H+422F— 20D+ B)/384  (31)
y; =(—20J+176H+296F— 80D+ 12B)/334
D e-2Dte Fdet6D—det B yps=(—15J+412H— 10F— 4D+ B)/384
e—D Fe3e43D—c y, =( T6J+496H—280F+112D— 20B)/384
yys=( 337J+140H—154F+ 76D— 15B)/384
¢ Fr2etD g-AFtGe—dD¥e y; = (8767~ 1040H+872F— 400D+ 76B)/384
F—e g—3F+3—D
p o 2rie [PR— A@BDE HEH dHelH=E Aelehd 2(32)% 2t
g—F H—3¢g+3F—¢ y’l! =( 76y, — 476y, + 1272y, — 1912y, + 1916y, — 876y, ) /384¢,
Yo 5= (— 15y, + 9ly, — 230y, + 204y, + 197y, —337y,)/384t,
g H=2g+F i—AHF6g—AF e y = (—20y, +132y, — 392y, + TT6y, — 420y, — T6y,)/384t,
H—yg i—3H+3g—F ?/15:( ys— By, — Gy, + 422y, — 427y, + 15y,)/384t,
, =( 12y — 92y, + 376y, — 120y, — 196y, + 20y,)/384¢,
H i—2H+g J—4i+6H—4g+F =0 yy— 2y, + M2y, — M2y, + 21y, —  y,)/384t,
o PR )y = (—20y, +196y, + 120y, — 376y,
, = Ty, +420y, — 776y, + 392y, — 132y, + 20y,)/384¢,
i J—2+H k—A4J+6i—4H+g 34_5:(3371/5*1971/4* 204y, + 230y, — 9y, + 15y,)/384t,
= (876y, — 1916y, + 1912y, — 1272y, + 476y, — T6y,)/384t,
J—i k—3J+3i—H (32)
J k—2J+i
.y . 32Xt o| 22 AN 2 LY 2K}
k

Fal7] el A AAkR 13 v %
oA v Ege AT 5 9l

AR
2(28)5 dAdstol 291 (293 . # il
o 24 e Aol A Rghe Artetr] A A
T i 9,

a=( 70J—360H+ 756 F— 840D+ 630B)/256 B

c=(—10J+ 56 H—140F+280D+ 70B)/256 5 Agstd 10, 113} 2t}
e=( 6J— 40H+180F+120D— 10B)/256 (29)

g=(—10J+120H+180F— 40D+ 6B)/256

i=( 70J+280H—140F+ 56D— 10B)/256

k= (630J—840H+ 756 F— 360D+ 70B)/256
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Table 9. Finite difference coefficients at 4 data. 2. TA o3}
E 9 CIOIE 470 MEA| AHE HEF A5 ¥ 9,10, 118 ZAxtel A wRghe] o3}
o =)/t dy, =0, 7] AaA weldde AP AR

Y3 Yo Y Y% Y3 Yo Y Y%
d'y, 2 -9 18 -11 -1 4 -5 2

E y=sin(t) 2% y=cos(t)e] EAL 7}xIt}

3 1F7]9 AE =208 7Fo2 S35}

¥R ool oo oY
Rl o> ol

dy, | -1 6 -3 | 2 0 1 -2 1 ) L ~

1 GA s @A TS AT,
d'y, | 2 3 -6 1 1 -2 1 0
dy, | 11 | -18 | 9 -2 2 -5 4 -1

4.0% 40.0%

10.0%

0.0% Mw—
-100% L3 5:\\7\ 9 1 175 13 18 21

20.0% 2

\
300% —& A

JSyI.S = (y; =3y, +3y, —y, )/

Table 10. Finite difference coefficients at 5 data.
® 10. HIOlEf 57 MEA| A2 gk Al

= — 2
dy, = (....)/12t, dy? = (....)/12¢> ot
Y |l Ys | Y% | U | Y% | % Y| % w | W ——dy0 —B-dyl —i—dy2 ——ddy0 —B-ddyl ——ddy2
dyy | 3| 16 | -36| 48 | 25| 11 | -56 | 114 |-104] 35 Fig. 1. Difference error at 3 data.
&y, | 1 |-6|18|-10] 3|-1] 4| 6 |2/ 11 2 1. dlo|e] 37 MEA| o|E2xt
dy, | -1 | 80|81 |-1]16]|-30|16]| -1
dy, | 3 [10|-18] 6 | -1 |11 |20/ 6 | 4| 1 o pr—
. 0.8% B8.0% -
dy, | 25 |-48| 36 | -16| 3 | 35 |-104| 114 | -56 | 11 md o
Py, = ()/28° i s
N 0.0% 0.0%
d'y, -3 |14 |-24| 18 | -5 0.2% - -2.0% -
R -0.4% - -4.0%
d'y, -1 6 |-12| 10 | -3 0.6% - -6.0%
R -0.8% - -8.0%
dy, 1120 2| -1 1.0% -10.0%
d”'yg 3 210l 12 | =6 1 ——dy0 —W=dyl —a=dy2 ===dy3 ——ddyD -m—ddyl —i—ddy? ——ddy3
dy, | 5 |-18] 24 |-14| 3 Fig. 2. Difference error at 4 data.
= M= H o x
d'y, =y, —4y3+6y2—4y1+yn)t;1. 8 2 HolE 474 HEA nlE2A

0.3% 3.0%

Table 11. Finite difference coefficients at 6 data.

i 11. OlO|E]| 67 HE2A| A2 vzt A% 0.2%

0.1%

dy, = (.....)/96t, dp = (e )/12¢2 | R A
Y | Y | U | Yo | U | Yo | Ys | Ya | Ua | Ya | Y | 0.1% son L \ = S

&y, | 19 |-119 318 |-478 479 | -21 | -10| 61 |-156| 214 |-154| 45 0% 208 -
; ! -0.3% — \H/ v
fyl -5 | 33| -93)194-105-19) 1 6| 14] -4 -1510 —4—cly0 —=dy]1 —d—dy2? —=dy3 ——dy4 ——ddy0 —B— ddyl —&— ddy? —<—ddy3 —+—ddyd

Fig. 3. Difference error at 5 data.
d'y, | 549130 [-94| 23| -3|-1]16|-30|16|-1] 0 712! 3. M|o|E] 571 XEA| o|Ex}

d'y, |19 |105-194] 98 [-33| 5 | 10 |-15| 4| 14| 6| 1
d"y, |219|-479 478 |-318 119| -19| 45 |-154 214 |-156| 61 | -10 . s
dgy =] (— )/4753 d4y = ((ccocco )/t‘: s e 0.6% -

N LY e

0.2%

3
0.00% = 0.0%
dy, | 1| -7|22|-34|25|-7|-1|6 |-14]16|-9]| 2 <o o
-0.02%
dy, | -1 7 |-14/10|-1|-1]0 |1 |-4]6|-4]|1 0.00% \.)(V/ z;’:
dyy | 1|1 |-10[14|-7| 1|1 |-4|6|-4|1]0 -Di06% ek
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Table 12. Max error of finite differencel+%).

E 12 A2 #HE AT HEAl Ao 2%t

d"y, d'y d"y, d'y, d"y, d'y,

dy 3.2 16 32

&y 30.6 0.8 30.6

dy | 077 | 025

4 | dy 8.9 0.8 0.8 89

&y ‘ 121 ‘

dy 0.19 0.05 0.03 0.05 0.19

&y 2.5 0.25 0.01 0.25 25

&y 16.8 25 244 25 16.8

dy 163

dy 0.05 0.01 0.005 | 0.005 0.01 0.05

dy 0.73 0.07 0.011 | 0011 0.07 0.73

6 | dy 5.7 0.38 0.38 0.38 0.38 5.7

d'y 271 8.08 1.63 1.63 8.08 271.1

&y ‘ 2.0 ‘
¥ 1,2 3, 42 F 12014 AZ dolE A%
9 o dFsts At HE & 27 At
vk ol M H F3F A Aol et e
2 A3 FAE 873 E SEEokAAE oE
2] 3} o] of INE AHESE AHEFE

A mgo] Haw @4 |2 dolH 3718 ol &
Vsl val A gaal He

IV. RLS &22[&

=+ =
=

RLS @uel&e A9y 4
0 g

[e}
ol ;%ngm A ol 4HA %4 AW} &=
ZHB=E 3|82 AAd &85t o dH8s vt
KA=3
QA 9: (311 yA1) R
=0+ K, (y, — 2 6,)
PI
K =— 01 (33)
z; Pyz, +1

P =(I-Ka|)P,

i P gE A%

7F Al El g €] J}E}ﬂla FHEE 2o 4
< &l Feleslth. 483 A2|E Buck?H
Bolv 1% 59F 2t

Vi Ci <L
L Eomor

Fig. 5. Buck Converter circuit.
J% 5 ¥ ZAHE 32

¥ 504 ¥ AW ETE I A% el A
et e, &8 YEHREES sy

=
FA et weh ¥ A o] Eug e 434

| | L L || —
[vj‘ R [ LV .
C CR

0% AEel 4 gskn A(35)9 2t

Ry 1

e

11 T
1

T 0

oAy oA AHE-gE BebH = L=5mH, R =1
Q, C=1000uF, R, =102, P,=20%[100;010;001]°]T}.

1200.0

1000.0

800.0

600.0

4000

2000

0.0 i

P P

-200.0 -

-400.0

——11 —l—12? —k—21 =322 —3%—31 —8—32

Fig. 6. Simulation result of RLS.
T2 6. RLS ¢12[& M8 ZoAy A



New approach method of finite difference formulas for control algorithm

E3lo] A|~d sbebuE ()7}
CFAE Alz=E gt

e A5+ A

g dolEl & o]&3dte] mE Fk
st AAlsEATE 134 7]
F7F 3~570 74A A&, ,
U A9 A, 670
ok vEgke] #4849
I}=5 F 129 AASFA T

© 718 dEA A= @

R

2
X

\=]
e

Oﬂ, o}i Fl'r
do o A
o%
o o=
o

p

o r
= I
& 2 g o o I

2t
o

—

Z

..
¥

o2
)
ol
o>
o

N
-

pc)

>
-
ot ok

U= N

2

S

i

ot
HOR oo o ofy

E g
rl

o b (&
=

o)
=

2

-

RLS

EEETIE

Al
A

References

[1] Bengt Fornberg, “Generation of Finit Difference
Formulas on Arbitrarily Spaced Grides,” Mathematics
of Computation, pp.699-706, 1988.

DOL 10.1090/S0025-5718-1988-0935077-0

[2] Ishtiag Rassol Khan, “New finite difference
formulas for numerical differentiation,” Journal of
Computational and Applied Mathematics, vol.126,
issue 1-2, pp.269-276, 1999.

DOL 10.1016/S0377-0427(99)00358-1

[3] “Finite difference coefficient®, https://en.wikip
edia.org/wiki/Finite_difference_coefficient

(4] Karl J. Astrom, Bjorn Wittenmark, Adaptive
Control, Addison-Wesley, 1995.

[6] Saher Arshad, Saima Qamar, Taybo Jabbar,
Ahsan Mlik, “Parameter Estimation of a DC Motor
using Ordinary Least Squares and Recursive
Least Squares Algorithms,” FIT “10, 2010.

DOL 0.1145/1943628.1943659

75

—— BIOGRAPHY |

(825)

Tae-Yeop Kim (Member)

1996 : BS degree in Electrical
Engineering, Changwon National
¥= =P University.
1998 : MS degree in Electrical

Engineering, Changwon National

o

\ /,/
University.

2006~2019 : CEO, Lumipower Corp.
2018~2019 : Adjunct Professor, Chagwon National
University.

University.
2006 : PhD degree in Electrical
Engineering, Changwon National



