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Abstract

Causal questions are prevalent in scientific research, for example, how effective a treatment was for preventing
an infectious disease, how much a policy increased utility, or which advertisement would give the highest
click rate for a given customer. Causal inference theory in statistics interprets those questions as inferring
the effect of a given intervention (treatment or policy) in the data generating process. Causal inference
has been used in medicine, public health, and economics; in addition, it has received recent attention
as a tool for data-driven decision making processes. Many recent datasets are observational, rather than
experimental, which makes the causal inference theory more complex. This review introduces key concepts
and recent trends of statistical causal inference in observational studies. We first introduce the Neyman-
Rubin’s potential outcome framework to formularize from causal questions to average treatment effects
as well as discuss popular methods to estimate treatment effects such as propensity score approaches and
regression approaches. For recent trends, we briefly discuss (1) conditional (heterogeneous) treatment effects
and machine learning-based approaches, (2) curse of dimensionality on the estimation of treatment effect
and its remedies, and (3) Pearl’s structural causal model to deal with more complex causal relationships and
its connection to the Neyman-Rubin’s potential outcome model.
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Hetd Ao A FA E JMAL w2 A4S AAF AF(causal question)=

o 2 dup}t ALY, “EAH AdAMog H
! MARoR “AF WAl EE HEH 2A6IA old B
T ol w8 AVAT 59 AL AAL S Aok
Fisher RAZ} A 37 kol Z, JAFAAE s 7P AT 2 Aodd el
S AR AN A Bt TR Re) At 4o ARRTie MY Bae 248 Auel, o)
of THS AT FES 3 o] Aol 2P MY FAIARZIEY AR FES FAF
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3] JAFBA =ANA FAsHA LA ATH (Cornﬁeld =.2009). £3] Rubin D} 29 7 1
B2 197090 o2 AFARZREHY JAAA g SAHEL TFsA she MEES FHE] itk
(ZHAIEF F/d-2 Rubin (2005)0A4] &1 4= Qlth). skARE BAAg 2 HE ARH #A 7 F80] 7k
stR) o st =42 o] [3] AlGE L gtk (Dawid, 2000).
A3} 22 QPART FAAAANN T2 o 8H 901}, ol 2w} Wrlole] Athe] Eeh= 8T B
257t FhA o g F71ekol whet Qlat 2o thEk A S8t 8 =3 AEHHow Z7P5}F’_
Atk AZF Q3 2o FHY =5 1983 38704 2013 dol= 3844W 02 FA FEHS
A8 A A= oln AR —ir%" o2 §& o] FAT TR ¥ g€ %Eo]
#53 Uth (An3} Ding, 2018). 2 13} 89 NEE2 vHAR T 718 2Eo 8l49 7iE &
I 54 9 ARG AAe] H Ao &85 v} (Chan 5, 2010; Chakraborty £+ Murphy, 2014;
Varian, 2016).
B T4=7Y 542 S ZREY AAH FEL Hst A4
ol gtk B =8e) PAL ka3 2ok 2holAE A2 A
o] Neyman-Rubin FA] 23} (potential outcome) 23S 47gtct. 3E A
S oz A% A% Al 2N ARA S 2 29tk 4BINE A2 AT 53
% 229 Ue 58 5 2% ANEA A 7 FAPNE, DAY ARl Ao A
A&} 270 WA BT W I8 PHE, 227 Pearle] T2A A7} RYE =dT 5L
£ 29 47 SolA (2a%) BFAARD AL 44 RE FAG) 2o},

2,
N

_4

ﬂHNf l-iI

2. J|32} JPH: Neyman-Rubin &l 23l 2

Qs 220 ALY AL o] Ao, A4 Bt ARl AZBLh. ANk 8RN W B
W2 (pre-treatment covariate) 2 X € RP2, FAFI= AT Z AALE A DA 7] <] (intervention) 3f
of HFE e Q‘%‘_T‘—C‘ 7'<1 ] (treatment) &2 39| (action)E Ho|slo] A= YERATE SAE <
ae A% A= 12 AR, A — 02 thzzol 22 gAY + k. BAD sy AR
} ol 291 ARE NS A2l AUAE A She Bl A1 ohEA 3
o ol o} AH(policy), 1 % Al Heo] Az wAY & Ack. W AYLY Fol BA
AN Ak (outcome)> Y E UERITE (X, A,Y)+ %}E%X]Xl U X PE WE W, SEle F
SRR (X, A, V)V, & BRAAGT AADT AE Sol ARAN X, 711 Dol tf5jo o
A Gl 54 ok BEAIA GAHA = 0) BBAA(A = 1) T2l oIF(V)E BRAAT 4
st 22 Qe
oA RS A sk WA = shubs WAL A ZF 3 (counterfactual outcome) S-S H]
Neyman-Rubin®] 27 27 2302 FASHE 4 Utk ol Sof “BA AL AZw
FAIZI 27 7 B4 Ao gtal BkA) o thgshe o4&l WYL, Y A B 4
& AR (EARAE 488 dx(EARAE F85tA o)l widstar, F 7HAS
52 vashks Aotk A A By, dE A ol tiste] ek AP izl vl
92 A AREE 27 Vi(0), Vi(1)2 GERdTh Fold AAL olelst 2ol Aelw e BaA
H(average treatment effect; ATE)o] &J3le] 718 4= ok

.
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7 :=E[Y (1) — Y(0)]. (2.1)

ANET V(1) - Y(0)= & A7 420z g8 4o dgs) azow Wad 43 2
T3ke] AolE e, 1 Ajole] mAItke] tjak |Hgke] WA A Aol ).
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A Aol Bl AAle] BAlL b5tk wetd 7ol thate] Yi(0 3 g
A ks @AelME Aot “uiek NS vHTYdTi BERAL 5+ U8 WAL Bkl
Aek ol e T2 25 AN re] 240 A5 H el S

o FA715A (ignorability) &2 weH4 ¥]E% E7154 (no-unmeasured-confounders) 7}4: {Y
(0),Y(1)} L AlX.

F7d (positivity) 52 5374 (overlapping): oJ® Fg c7} EAfste], BE zof tiste] P(A =
11 X=2z)>c

H
rlr
=
=
)

A 2] A (consistency): Y = Y (A).

47 AgEe] ARA o)y “BBD PolHzt FaHo R AP SHL /M ol FALS
Be el FAW ARSI thetel ofn] IR A(AA Aol Bx)7h Y Bl /Mol 4
glol ahA Qe FoTh v Ao APelA HoEE ATt FA kSRl BEEtT 24 &
gout, BARZRHS FALAS FHHE BHTh FRAL A9 X = 28 FUZo
= Azt MRS tiste] A2} vape] neA Buislel e THTh oA Ao AHelN
BEEtn 248 + o, FAmne] tatelr /o] wEHA FE} dasich A4 A
A Z1ge] SRl /1% 98 e BARE. B, FAZEAS A0l Astel BAA T
obesl o] ZAR go= L 5 ek

T=EY()A=1]-EY(1)]A=0] (FAFsH)
=E[Y|A=1] - E[Y]A =0 (A214). (2.2)

Al (1) 4% (propensity score) 714 573
L E e EER o)F 2HAE B E 29,

i)
©
ot
)
A
1

sNave _ 1 §n 1 —A)Y,
AN _%;AZYZ nZ(l A)Yi,

1ol

A7 npe (k= 0,1) dz22/AFF 3D AR 5= (n = 3, I(A; = k) oItk 70| 93t =

g2 Ao AdoA ANEAE FAHe 7P AF AL whgelth 2ot BFAT AgeA) 7R

HE 1 FAATY, 54 FUFS 7= AATE BRAA T AT A T Ao Aol
FHEE & At HollA BFE T4 o7|F 4 k. whebA] FE 2 AEF3 Ak} o] AA%
7V BAol A eltt. A FEAA JtA HA heH = Nd2 AT A5 BA7 A, 7A
Al FAl ofel

s

Tl tigte] AT HSE FEZ FYHA 1(x) = P(A=1|X = z)2=F
E 43 Juid, Ho AXEF] A7 F(unbiased estimator)<
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(1/n) 35 1{(A [mi)Yi — (1= A)/(1 = m)Yitel ettt oA71M m = P(A; = 11X, = @)tk =

2 FATETE gAY AL SHA YA genmg F AP It ADE Ry R 24 3
= AXA A} o]EHY tEo 2A2E BYS 7HYeka,
T
exp (7]
i = LT), (3.1)
1+ exp (z] @)
A} 7FeE WHer FAF e LHT 7 Ak ARETE FASAT: 7MY stoll, AR EH
o th&te] th23 22 J&E F7 F(inverse probability estimator; IPWE)-& 1121 4= 9t}
_pwe L x (A 1— A
-1 Liy, 2Ty 3.2
7 - > = T (32)

i=1

ARAT HolHz e A4 ATASE FANE wUS ALk BA ALY s A 4
FHgs 24 Qo M tEFez ARREHY i o g &A1 7] (matching) (Rosenbaum} Rubin,
1985; Abadie®} Imbens, 2006)2} & 3}(stratification) (Rosenbaum3} Rubin, 1984)o]t}. =&-317]9]
ARAQ cloltiols AT ol Bzl wxat AABY BT, FAol2 AEe] A}
Goutcome) & Ve AoIch 4] el FhoLe ADEH S RS 43l 9
ugstke o) 97, Bdowe $U700 2% 2 Akl O e 5ug daw ¢ 4 9
e WS FUE § AEA AR Tre] AT T4 4T AT AR T

q—~ o o HT ©

a71& vlasth. 3 e Ao F2 379 FE| tite® AR aTe] ALke] 7}-3};1_
ol deout, dHers FHFge ?—Eiﬁl Aol s FAIFA & AP FAFS Wse 7
Aol Ak F HhHo A3 APA S $4L Lunceford?} Davidian (2004), Imbens (2004), Cahendogl-
Kopeinig (2008) §-< Stuart (2010) ] 27Fe] oy, ZUY 23 Sl Huh (2014)9] 33ol|= et
5] &7iF o] Stk #EHE R H7|A 2= MatchItS F2E 5 Uk (Ho 5, 2011). 34, H 29 #F

AN AL B 719} Z3 PPEol Y BARES Y £E 9IS AR BRIV} 3R 2
$7} grou), FHael SR Bol 490 A% BAZ AEA A Brh. 1AN FUS DI
NN oAzt 2Eo] HAB H2e] AT FFS 4280l A3 LelFET A,

oﬁ

4 (320447 QABANEA PHos FEANEHE TE Aol TR Aol HPRS B
Bo) A9z} 274 Wiol wel 2A A9Br) B ole 4BAse] 240 ta Ho) =058 &
ottt

Imai®} Ratkovic (2014)& HU7lsX= 71¥ke] AEHS tiAl, 3se] B2 8 4354 = A4
*(covariate balancing propensity score; CBPS)2] AF2-& A|otslgdow R 37| A] CBPSel| s Zx}
2 73t} (Fong 5, 2018). CBPSE ZAAE 23 (3.1) dlol|A], ofef 49 o a“B& o] &
o] mhce (x)S /\4‘6‘]:7(4_/':-/] Z=Aeko g AL23h}:

1 A 1- A, B
n ; (Tra(Xi)Xl S 1- wa(xi)Xl) =0

A2 A (3.2)00A X2 gAE AAHE ;S += e, BHop 2EAQ A EX2EH B2
3o AYrsE = WEAI7)= AbdellA & Zlojth

oM YE 2
FA4%F AV} thee] 2me] 34
1

= =0.
n

> (w00 = 15 g )

a—=&aMLE
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Imai®} Ratkovic (2014)& 9 42 F AT 49 “73F3} A4 (balancing property)”F B
£, o BN @& 9 A9 (9/00)ma (X)) S Xi2 AT welA P2} AL BEA
gty T 5 9lrt. CBPS "2 A7 vl2A AAIH A e 43elA Airtse 74
MHT} itﬂ’\ 3 23] SRS AIFe] APALE g7l vk vk o]F Fan F (2016)2
a’Peo] AL =9etglon, Ning 5 (2017)2 ¥3 WAL uxY 2Asz Fsigt. 3,
Zhao (2019)3} Zhao$} Percival (2017)2 7(z) = P(A = 1|X = z)o] EX2E BFo| ofd T}
23S 183 A9 73 WA Ale] s S =93kt

N
flo o rlr 32

—

AFRAT7E AY UF =2 JHAY X7 EAT A FA 7Pl AulE 7ol ARA =
v, obpel ARE RRE A AN sols 4] Bibol 2 e A 1 FARE Aol
AstEtt (Kang} Schafer, 2007; Ponomareva?} Powell, 2010). welx &3} 27 —2,—13, é‘l‘]—% T
33t7] o]l WA ZFA A 7] (trimming) & 1HE 4 Jedl, FHH AT 57 §4 +7, ©E H
A [a1, a2l &t REST A o] £4Z Algste Zloltt (Crump 5, 2009). YangJJr Ding
(2018)2 7FA A 7] B Aol A F71E = BEAAS HF FAFY HAate] w33t

gl tiek AR 7k 2 HAHQ ofsl7t Solsith =29 S st tat 22

E(Y|A,X) = Ay + B0+ X" B1+ AX"T ;.

4 (22)90 A3tel r = E[Y|A = 1] - E[Y|A = 0]o|22, 9| 4% Ry %5o] Jeiotdl ofehs} g2
_/]:

T ="y —HE(X)TBQ.

! = d
vE BRANES 79 5L }uq [ 712011 498 A4 FANEE A3l 78 FEANR
el FAgo A ASY 5 gtk o WHORE B(YV|A = 0, X = 1) = Qa,2) 0% NE3HAL
W, Q9 BY%E Srl=A AHTA (2yFel F 4RYL 2L AkA) Q9 FHHE B3]

L 30l glot), WHFRE Q3 RYEE AAselol 1 AR A 29 4 ek
AT 7N FANE AR B AAE 876, FFEA 7R 2L Akl w2
ol HAE 273t} Robins 5 (1994)2} Bang3} Robins (2005)+ & ZdS& &8sk o5 24
2~E FA7F(doubly robust estimator)< At v Q). o]F EHAE FAFL JPAF BYPK F
< 234 FARYEE § F ottt B E¥S 2ok e Afole NS T FARE ¢
& 4 g B0l Yo Ed F Y% BE R 2L TS de A9l AN 2% &
&4 (efficiency) & 24T & A=ol SHAJT 2, 4T 9 2345 JARE & of 2924
A AAE Afole, olF EHAE FAF] AFHT 7N FA TV 37 7N 2 HEY T
HAFH FAAE AFTE = A5l 59 vt Jot (Kang} Schafer, 2007).

AelehaE, QRS AARA A PUE D olF THAS PUEC HAA FHFL AT
JeIAE AT 85 Q L ABAS 19 RFES Suh=A AASelo} Ak HIolE FAY B Y
& 783 499 WAIYY 7HeR Q B 8 FA3] WHEo] nEHo] e, AW A7
FHL 418N A =255 B,
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L ZAL R MAEZ L 0idleydel

i
oo

1

B0 P ANEAE A% F& FTRAS] DY FTHOE AT DEE FE A
At 9k 2] (personalized treatment regime)o|ut 718 F3 EFAIEE $3tos=, V¥R
7= = AAEHRE tEA £ v 23S Wele 2ol ¢ Zl'oj’\'“q‘:]' 249 715EE &
S, o2 Zo] AoHE AR H XX &7} (conditional average treatment effect; CATE) &
7N 2k% ¥ 2 (individualized treatment rule; ITR)S 1&g = ok

o 27X 7 X EFHCATE):

\]
—
8
N
Il

E[Y (1) — Y (0)|X = z] (4.1)
=EY|[A=1,X=2]-E[Y|A=0,X =2] (. FAFsA/LXA)

A (419 7MY 8% AL Fadtd, 1(x)E 4% 7P AAFA P2 EY|[A=0a, X =2] =
Q(a,z)e] B3}l 7|Hket 3]AEA 7|9 24U ¢ 4 Utk Qiand} Murphy (2011)2 Qo ot
HAE Ay 2y 7)uke] Aulslel FAY QE AL FH 7(x) = Q(1,z) — Q(0,2) 2 FAT AL At
% (2017)%& Robinson (1988)2] &A1) 7]Wl5te] 7(z)& ¥} APnFgor 451
MEl A 2 (selective inference) TFAA A4FIE T Robinson?] 412 Q& F7431A]
UIE 7(2)E AR FHE 5 A& ZAE AFsht Al AFESE 7(x)9] BH¥IE F8 =2 3 A
o] gtk &, 6(x)E FH3e YHOZE Qa,z)H 7(x)e 7 —‘? PR = 75“ Jfﬂ*‘i IHE A
O}, 6(x) 7t F B 2 ol gho|BE o] EF FA| T A 5 3
9] o327} 9t} (Zhao 5, 2012; Zhang 5, 2012). Z#1L} o]FE
T APolE w(x)d 2P3E o= st AEshd, ouwd W
Z shtell st Ryshs wt=A] a3t
FHZolE vEsE 2y AF AAY 507 7(2) Qa,z)o e 43 Sd-FS AHA S
= A xEo] Aot o] gl Kiinzel 5 (2017)2 MFZH 2EL} Bayesian additive regression tree
(BART) 59| 9oje] wWAley 7HES 483ko] 7(x)8 24T W9 H2HT) FULE (minimax
convergence rate) S AAFA T Wager®l Athey (2018)2 Q(1,z)3 Q(0,2)E Z+2F AP ZHAER
W 245 TS ALNUT, $AN0E DRTALE S5 BRI e QA Ag 7L
FE% F, o]& v ZE 7(x) ‘}l 7 A7+ Al53FATE Belloni 5 (2017), Chernozhukov 5
(2017) 2 Nie®} Wager (2017)2 ¥2ojo] mAlzyd 7|HE 7|¥le g (2AR) g AXNaxs Asg
W, $58 w1 4 PAE o8] 7(x) B 7ol U Vi BEA AT AN, B,
M. van de Laan®] 97182 9919] WAl /Moz A4 HALH £ REE 24T 5
o] 21} “targeted learning” & AxE AR (ZAR) AXNEHE 2AH, JA] /n-TL2 9 A= 17k
< Al&3tt} (van der Laan¥} Rose, 2011, 2018). R 37X drtmleol+ targeted learningS |83}
(ZAR) FFAAEHY o]F EHAE FE WP E] T3] It} (Benkeser, 2018).

I

3% 4
# Az xﬂ%aﬂ 5(x) & F3h
_o_
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4.2. RFAe| MF

A FLoM= Ahe) A ods] DAY AAHonE, b RE S/ adHsE 39
F Xol Z3etd FATFAE M HEAIZE THsdel B Bobd £ vk Al FA 7HE 9
HEIH], T Aol SR &9 A 23 ol MAES 277 FEA HaL, webA of
| FHEF zooll tiste] P(A = 1[Xo = z0) = 1 =& 09 7Fs7d°] § AAA "rd. D’Amour &
(2017) 73t Fedol AHstaL SHHol AE2E wae 499 2] A deilaL, A
FAT P(A = 1|X)oll thet 23 7Hg (o589 324 7H)0] fle & p — co e LA 4
3

<
Sol 4TS SHACh
Weko] 1YY Ao FHAL
Fo]Zt}. Farrell (2015)2 AFRSE
5 2WAE 242 9 AF 272 A48T, Belloni 5 (2017), Chernozhukov 5 (2017a) 2 Nieg}
Wager (2017)& 2A% Jéifxixliﬂr 2 o thet FAA QA 28 AAE Al AT

=209

r[r
4N
g K
Y
oX,
o
X
I
N
— XL"
B>
fu
X,

td
rii,Jo_uoﬁL'Fj
o fo

< A% 220 zﬂ.%@u}ra B4 OIS e (22%) BRAAE) W 2 ’3

L W2 (oisance)®] B2} HE g, FEAA LIS B27 Q87700 73 ol
FHoRFHY WES AASE F/H8Q 24 A7 DS Ak 2 AFESe) 3
P AR e SAPSERE ojHt FAFIBE, 1A AP YA AAAFER
A TN B0 FAT £AVFERE 25 E AT 02w, o B AN 2

A 8F

o, =~
ook

il

-

—
fo i

m& it

o]¢l= th= A Belloni 5 (2017), Chernozhukov 5 (2017) ¥ Nie&} Wager (2017)2 nx} 48 11
dadth. A 2He ERS F YRR Urol, & AT ATASe] 2400 A8, The 7
Tew ANED AL AAE +AVT 22T T AT ABL vel B ANE AT F, 24
B % 7o) AN D A% BTE 5 2AFOR ABU. LA 24 BAS S ATES
FRoeRE WEol ANAD FALTREY WEo Fxlo] Hol, 47 AFA WAL}

1= 4ol ek,

N

4.3. P2H QI 2

NS A ATUAS ETE AT AEAY F2 ATIRE T2
model) o]t} o & Eo] Figure 4.1& EHﬁ_‘J]*ﬂ Z=Uz, X =Za+Ux,Y =3/X +Uy 29 25
731' 232 iaqb-l— 2= o]r;} :rLZH]-X-]N ] 7]17(—1 o7 Ex__/,:;g‘ 7}_ 1—3}1-4_3: z]x—l.& tﬂ—o]_
o), Bep ZEAR =L RS Jid oA distA] Zatrhe shAI7E 9191z, o]ell Neyman-
Rubin®] A A3} 23 o] 711’9 7H”'—°* J%z—qlﬁi T Qe o] % w2 A :rL_’_:EHo“é*—‘,—% oiAIete] gk
t}. Pearl J.-& 29AAS WA w3 28] = (directed acyclic graph; DAG) 7]Wke] v Z~3
724 A% vRow G, FRIAA Tl 54 AU B S+ o8 do- AL
H(do-calculus)’ 7|H& Aotst F2 2 2011d Turing AwardE 43t th A52 T2 217 1]
@I, MEsd 724 A% BYE DAGos EAH AN A dele el 4B E AR
the HolAe Sdstd, 2 3t JAABAS Y = 6/X + Uy A" 23 Jejo B4 ez vepd

]

o,
X
Me
m
N
N,
o2
3



180 Young-Geun Choi, Donghyeon Yu

UZ UZ

Ux Uy Uy

Figure 4.1. X% 012 Z&A0| ISE = Yakd bzt J2lZs. 5 (4.2), 25 (4.3).

o7t glol Y = f(X,Un)A™ 48 /E8 7 AAlstol e S#sitke HollA 71 & Atol7t ok 2
Hol= Eetal 54 Wpole] /fgje] the Wl JFS XA Tz oS o] &5te] Add
AL = ¥ drk F2A AR H of
gk % 2 HAA ol 7% Y2 Pearl 5

JE'”

[e]
fr=3f
Pearl (2009a) ¥ Pearl (2009b)E =3 ¢ 13,
(2016) (8H=+o] MAF-L Kim (2018)) S #=3 4= 9}
E23to] AR L WA vwd 2z Jeha /Y ETE do-AsPHoE e
O~
2

= S dolEl WA oSy 22 ¥4 FAE Figure 4.19] F52] WA v¢E Jgd =) oS
Ao}

7Z = fz(Uz), X = fx(Z,Ux), Y = fy(X,Z,Uy), (4.2)
A7 X, Y, Z+= &4 Uit &8 Hgoly, Ux, Uy, Uz+ 5HAA x5S VeRdth do()
A A2 9 der B HeE 176/\]7]“ 7H° ( 1 1) % Uetd= o A= o
EHY, do(X = zo) G4 FEHS

2

X =zl 2 1ARE Bul opuz} Zoj|A XE./] 913} 7 2 (causal path) = &7]7] At}

fo] F BYS o] &ote, I ved THWZE o] 8oty HAASERE QAT BAHE AL W
% o], AFH A5 (XY, Z)& 4 (4.2)8 w2t FEEF PY FTEQ J3oA,

o] BxE AlLtete] Bat A 4 (4.3) stollMY] (Y, 2)9] AFEX

, T3] P, (Y, Z) o2 YeRiAL 819 34 A1 PERH

Po(Y) = B(Y|do(X = 20))& AXSHE Zolth, 4] (42)3% 4] (43)8 Wastdl P B, ol thh oFS

Al 7HA A S o) EodE 4= Tt

o MYEY (4.3) 3ol X =zo AAH JO2BR P (Z = 2|X = z0) = P (Z = 2)0lT}
o Y AZTof| Z9] Bxol JaFo] goBT P, (Z) =P(2)

o Y7} (X, Z,Uy)ell WE&3te] Alte = A= Mol 9382 44 doun= P, (Y|Z, X) = P(Y|Z,
X)oltt.
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S AL Bayes AeIsh 2T, obelsh 2ol Allo] FH5TTH B ol HEFEUEE ).
P(Y = y|do(X = x0)) = Pw(Y = y|X = x0)

:ZPm(Y:y|X:1:O,Z:z)-Pm(Z:z)
=Y P(Y =y|X =0, Z=2)-P(Z=2)

549 714 vpAlet e Pl 93] AeHRE AR @ FPH 2Ho| shseta, mebd BEE A
222E PY = y|ldo(X = z0)) S AL £ A At}

B9, 724 AHRIL A A7 BYL 2P AUAH, 2ok A9 thed) 2k oE =
of 4 (42) BYS IR A3} mol theAA 28 FAL, XE AX, VE Adgolet 42 B
A a9 FARSAT A A SelA BEANLT 7 = E(Y[X = @) - BV]X = 20)%
B(YIdo(X = ) ~ E(VIdo(X = 20))3 $9UE SHE & Al AT 43E Pearl 5 (010
47l a7islel QIek. A A% Byt washd, 724 AR seldr Wae ARwA) o
248 AolE 54 AP BHE FAY + dx $He) Ak

B AoAE 73 MY HolHE AAste] (RAR) ATAXET FARES AR ALeta b
Wate] Brh WA o9} o] X, A, YE AR n = 500, p = 1027 AAFGon, 7 X,
(i=1,...,n,j = 1,...,p)= [-1,1]A9] FERZNX FZct T ATFHTE 7(z) = P(A =
11X = z) = exp{0.5(z1 + x2)}/[1 + exp{0.5(x1 + z2)}| & BHHeH, 2AF2 Y = X
0.3A(1+ X1 + X4) & AXIAh o] ) I FFAA A= 7= 039S 974 F=28 5 Qioh

+
&
+

=500 ; p=10 ;
set.seed(10) ; # fix randomness
inv_logit = function(t) exp(t) / (1 + exp(t)) ;
x = matrix(runif (n*p, min=-1, max=1), nrow=n) ;
propensity = inv_logit( 0.5x(x[ ,1] + x[ ,2]) ) ;

a

y

rbinom(n, size=1, prob=propensity) ;
x[ ,1] + x[ ,3] + a*0.3*%(1 + x[ ,1] + x[ ,4]1) ;

AR/ LA ) FAGES st Lol ANT 5 T eol9) AR Ao FE A
st o, Fe sl uamstel the 4ol gl © Ztel 2AES 47 HAY 4 9)

# naive estimator

tau_naive = mean(y[a == 1]) - mean(y[a == 0])

# propensity-score based estimators

### IPW by a logistic regression

pi_logistic = glm(a ~ x, family=binomial(link = "logit"))$fitted.values
tau_IPW_logistic = mean(y*a/pi_logistic - y*(1-a)/(1-pi_logistic))
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### IPW by the covariate-balancing propensity score (CBPS) by Imai and Ratkovic (2014)
require (CBPS)

pi_CBPS = CBPS(a ~ x)$fitted.values

tau_IPW_CBPS = mean(y*a/pi_CBPS - y*(1-a)/(1-pi_CBPS))

# regression-based estimators

mylm = Im(y ~ x + a*x, data=list(a,x,y))

tau_regression = coef (mylm) ["a"]

print(c(tau_naive, tau_IPW_logistic, tau_IPW_CBPS, tau_regression))

# should be [1] 0.4884083 0.3018749 0.3051994 0.3000000

59 44 oA, 2AR FFAAEAE 7(z) = Q(1,z) — Q(0,2) ZRE Aste] Hat Az A4
BHOoRRY r(z) = 0.3(1+ 21 + z4) 0| B2, 2R A5S 7(x,)9 F(2) 9] 2y-TZE B0
=X AR oz sog 4 9

tauX_true = 0.3*x(1 + x[ ,1] + x[ ,4]) ; # true CATE

## estimating Q by a linear model

tauX_1lm = cbind(1,x,1,x) %*J) coef(mylm) - cbind(1,x,0,0%x) %*} coef (mylm)
plot(tauX_true, tauX_lm) ; curve(eval(x), add=T, col="red")

## estimating Q by a random forest

library(randomForest)

myrf = randomForest(y=y, x=cbind(x, a, a*x)) ;

tauX_rf = predict(myrf, cbind(x, 1, 1*x)) - predict(myrf, cbind(x, 0, 0%*x))
plot(tauX_true, tauX_rf) ; curve(eval(x), add=T, col="red")

=
A, sensitivity analysis), 913} Ao Z/NAF7} E2AsH= A2 A
A § £4, mediation analysis), 5 ¥ o|AFe] 2 x]o] thal JALA R o] B3 HL9
I FA 71 (Z2F B4, interaction analysis), &2 U] 7|A] Zhll A X &3}7F 784 &S 1
A= ALk ool A 4 EoH(spillover effect) ® R RS A So] A7so] Stk oo tha Al
3t 47l Rosenbaum (2017) @ Imbens®} Rubin (2015)9|A] ztolE 4= It}
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