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SHIFTED TABLEAU SWITCHINGS AND SHIFTED

LITTLEWOOD–RICHARDSON COEFFICIENTS

Seung-Il Choi, Sun-Young Nam, and Young-Tak Oh

Abstract. We provide two shifted analogues of the tableau switching
process due to Benkart, Sottile, and Stroomer; the shifted tableau switch-
ing process and the modified shifted tableau switching process. They are
performed by applying a sequence of elementary transformations called
switches and shares many nice properties with the tableau switching pro-
cess. For instance, the maps induced from these algorithms are involutive
and behave very nicely with respect to the lattice property. We also intro-
duce shifted generalized evacuation which exactly agrees with the shifted

J-operation due to Worley when applied to shifted Young tableaux of
normal shape. Finally, as an application, we give combinatorial interpre-
tations of Schur P - and Schur Q-function related identities.

1. Introduction

The (tableau) switching process was introduced by Benkart–Sottile–Stroom-
er [1] in 1996 as a unification of the previously defined switching algorithms on
Young tableaux due to Haiman [7], James–Kerber [9], etc. It is an algorithm
which takes a pair (S, T ) of Young tableaux such that T extends S, and moves
them through each other, yielding a pair (ST, ST ) of Young tableaux such
that ST extends ST . Since the switching process is built upon a mixture of
Schützenberger’s jeu de taquin [12] and its reverse process, it shares many
nice properties with jeu de taquin process. For instance, it preserves Knuth
equivalence relations on words, so ST equals the rectification of T when S ∪ T
is of normal shape. Besides, the map induced from the switching process is
involutive and provides nice combinatorial interpretations of Schur function
related identities.
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The purpose of the present paper is to provide two shifted analogues of the
switching process, called the shifted (tableau) switching process and modified

shifted (tableau) switching process, by mimicking the strategy of [1]. To begin
with, we establish the notion of shifted perforated (a,b)-pairs and then contrive
the following seven elementary transformations called switches to interchange
two letters in a shifted perforated (a,b)-pair:

(S1) a b b a (S2)
a

b

b

a

(S3) (S4)
a b′

b

b b

a

a a

b

b a′

a

(S5)
a b′

b

b′ a

b
(S6)

a b

b

b

a

b

(S7)
a a b

b

b a′ b

a

The above switches are so designed that they recover the shifted slides used
in the shifted jeu de taquin introduced by Worley [19] and Sagan [11], when
a-boxes are viewed as empty boxes. Applying appropriate switches among (S1)
through (S7) in succession, we obtain the shifted switching process on the set
of shifted perforated (a,b)-pairs (A,B) such that B extends A. The most
crucial step here is to show that the shifted perforateness has being maintained
throughout this process (Proposition 3.3). Keeping this process, we finally
obtain an algorithm which takes a pair (S, T ) of shifted Young tableaux such
that T extends S, and moves them through each other, yielding a pair (ST, ST )
of shifted Young tableaux such that ST extends ST (Theorem 3.6).

The shifted switching process so obtained has many nice properties as the
switching process does. The most significant property, which is one of the main
results of this paper, is that the map induced from the shifted switching pro-
cess, called the shifted tableau switching, is involutive and preserves the lattice
property (Theorem 4.3). Also, it provides combinatorial interpretations of var-
ious identities related with Schur P - and Q-functions, and Schur S-functions.
For instance, we can explain the following well-known identity

Qν/λ(x) =
∑

µ

fν
µλQµ(x)

in a combinatorial way by affording the shifted tableau switching to certain
pairs of shifted Young tableaux (see Section 8(a)). The other examples can be
found in Section 8.

It should be noted that there have already been two operations similar to
our shifted switching process. The one is due to Buch–Kresch–Tamvakis [2],
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who exploited sliding unmarked and marked holes in any shifted Littlewood–
Richardson tableau. Their slides may be viewed as switches by identifying
o-holes with a-boxes and o′-holes with a′-boxes. Indeed the switches obtained
in this way agree with our switches with the exception that two horizontally
neighboring holes and a-boxes lie on the main diagonal. In the exceptional
case, we specially contrive the switch (S4) and (S7) to assign the involutiveness
to the shifted tableau switching (Remark 3.8(a)). The other is the infusion
introduced by Thomas–Yong [18] to provide a root-theoretic uniform general-
ization of the classical Littlewood–Richardson rule for the Schubert calculus of
(co)minuscule variety. Particularly, in type C case, the infusion coincides with
the shifted tableau switching on pairs of standard shifted Young tableaux and
their generalization with the shifted Littlewood–Richardson rule [17, Lemma
8.4]. Moreover, the authors in [18] showed the symmetry of shifted Littlewood–
Richardson coefficients by using the involutivity of the infusion. Our shifted
switching process can be viewed as a semistandardization of the infusion pro-
cess (Remark 8.1). We emphasize that the shifted tableau switching gives not
only a weight-preserving bijective proof of the symmetry of shifted Littlewood–
Richardson coefficients but also combinatorial interpretations of various iden-
tities related with Schur P -, Q-, and S-functions.

The shifted J-operation, introduced by Worley [19], was utilized intensively
to show the symmetric identity fν

λµ = fν
µλ and properties about the coefficients

of expansions involving Qλ/µ(x). In Section 5, we introduce shifted generalized
evacuation using the shifted switching and show that it produces the same result
with the shifted J-operation when applied to shifted Young tableaux of normal
shape (Theorem 5.8). It should be remarked that our shifted generalized evac-
uation is similar, but not same as the shifted evacuation given in [8, Theorem
14.12], which led us to introduce a new shifted evacuation (Remark 5.7).

Despite of the above good properties, the shifted switching process is rather
unsatisfactory in that the shifted tableau switching cannot be reduced to a
bijection on the set of pairs (S, T ) of semistandard shifted Young tableaux
such that T extends S since the shifted jeu de taquin does not necessarily take
a semistandard shifted Young tableau to another semistandard shifted Young
tableau. In more detail, if a switch is applied to the following a-boxes

a b′
a′

b

a′ b

b

,

then the output so obtained have a primed letter on the main diagonal. To
avoid this phenomenon, we introduce the following three modified switches:

(S1′) a b′ b a′ (S2′)
a′

b

b′

a
(S6′)

a′ b

b

b′ b

a

We construct the modified shifted switching process by applying (S1′), (S2′)
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and (S6′) in the above three cases and (S1) through (S7) in the other cases
exactly in the same way as the shifted switching process has been defined. We
first verify that the shifted perforateness is being maintained throughout the
modified shifted switching process when it is applied to any shifted perforated
(a,b)-pair (A,B) such that B extends A and no primed letters are on the
main diagonal of A∪B (Proposition 6.1). Once the modified shifted switching
process is established, we show that the induced map, called themodified shifted

tableau switching, is involutive (Theorem 6.2). It would be very nice to develop
a modified version of shifted jeu de taquin which plays the same role as that of
the shifted jeu de taquin in the shifted switching process.

Many applications of the modified shifted tableau switchings also concern
Schur P - and Q-function identities. Letting Qλ(x)Qµ(x) =

∑

ν g
ν
λµQν(x), it

can be easily seen that gνλµ counts semistandard shifted Young tableaux T of

shape ν/λ and weight µ satisfying the lattice property (see Theorem 4.1). We
call these tableauxmodified Littlewood–Richardson–Stembridge (LRS) tableaux.
Compared with LRS tableaux, the study of modified LRS tableaux is not yet
well established. In the best knowledge of the authors, even the combinatorial
interpretation of gνλµ = gνµλ has not been known. Using the modified shifted
tableau switching we here give its combinatorial interpretation and also that
of Pν/λ(x) =

∑

µ g
ν
λµPµ(x) (see Section 7 and Section 8).

The present paper is organized as follows: In Section 2, we collect the def-
initions and notation necessary to develop our arguments. In Section 3, we
introduce the shifted tableau switching and its properties. To do this we first
define the shifted switching process on shifted perforated pairs (Algorithm 1).
Using this we define the shifted switching process on pairs of shifted Young
tableaux (Algorithm 2). In Section 4, we investigate the properties of the
shifted tableau switching and in Section 5, we provide a shifted analogue of
the generalized evacuation in [2] and redescribe the shifted switching process
in the spirit of the shifted J-operation. In Section 6 and Section 7 we introduce
another switching algorithm: the modified shifted tableau switching, and also
investigate the properties of this algorithm. Section 8 deals with applications
of the shifted tableau switching and modified shifted tableau switching. Fi-
nally Appendix A, B, C and D are devoted to the proof of Proposition 3.3,
Lemma 4.4, Proposition 6.1 and Theorem 6.2, which are placed here for their
length and complexity.

2. Definitions, terminologies, and notation

In this section, we provide definitions and notation which are required to
develop our arguments. More details can be found in [2, 11, 17, 19].

For a strict partition λ = (λ1 > λ2 > · · · > λℓ > 0), we define the length ℓ(λ)
of λ to be the number of positive parts of λ with λi = 0 for all i > ℓ(λ). And
we denote the set of all strict partitions by Λ+. For λ, µ ∈ Λ+ with λi ≥ µi for
all i ≥ 1, we write λ ⊇ µ, and define the shifted diagram S(λ/µ) of λ/µ to be
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the set
{

(i, j) ∈ Z2 : 1 ≤ i ≤ ℓ(λ), µi + i ≤ j ≤ λi + i− 1
}

.

The intersection of {(i, i) : 1 ≤ i ≤ ℓ(λ)} and S(λ/µ) is called themain diagonal

of S(λ/µ). Particularly, when µ = ∅, we briefly write S(λ). It should be
mentioned that, throughout this paper, the elements of S(λ/µ) are visualized
as boxes in a plane with matrix-style coordinates and S(λ/µ) is frequently
denoted by λ/µ.

For given two boxes (i, j) and (k, l) in a shifted diagram, (i, j) is said to
be north of (k, l) if i ≤ k, and northwest of (k, l) if i ≤ k and j ≤ l. When
i = k − 1 and j = l, (i, j) is said to be the neighbor to the north of (k, l). The
other directions and neighbors can be defined in the same manner.

Definition 2.1. Let λ, µ ∈ Λ+ with λ ⊇ µ.
(a) A shifted Young tableau (ShYT) T of shape λ/µ is a filling of λ/µ with

letters in X = {1′ < 1 < 2′ < 2 < · · · } such that

(1) the entries are weakly increasing along each row and down each column,
(2) each column contains at most one k for each k ≥ 1, and
(3) each row contains at most one k′ for each k ≥ 1.

(b) A semistandard shifted Young tableau (SShYT) T of shape λ/µ is a
shifted Young tableau satisfying the following extra condition:

(4) there is no primed entry on the main diagonal.

For a given ShYT T of shape λ/µ, we define the shape sh(T ) of T to be the
shifted diagram S(λ/µ) and the weight wt(T ) of T to be the sequence (wt1(T ),
wt2(T ), . . .), where wti(T ) denotes the number of occurrences of i and i′ in T .
Especially, T is called standard if its weight is (1, 1, . . . , 1) and it has no primed
letter.

For any filling T of skew shape, the reading word of T , denoted by w(T ),
is defined to be the word obtained by reading entries of T from right to left,
starting with the topmost row in T .

Example 2.2.

S = 1 2 T =
3′ 3 4′ 4

3′ 4′ 4

4′ 6′















sh(S) = (2), sh(T ) = (6, 3, 2)/(2)
wt(S) = (1, 1), wt(T ) = (0, 0, 3, 5, 0, 1)
w(S) = 21, w(T ) = 44′33′44′3′6′4′

S is standard.

When ν ⊆ µ ⊆ λ, we say that λ/µ extends µ/ν or µ/ν is extended by λ/µ.
For two ShYTs S and T , we say that T extends S if sh(T ) extends sh(S). In
Example 2.2 we see that T extends S. If a single box B is extended by λ/µ, B
is called an inner corner of λ/µ. It should be distinguished from a removable

corner of λ/µ, which is a box in λ/µ that is neither a neighbor to the south
nor a neighbor to the east in λ/µ.

For given two fillings F1 of shape λ/µ and F2 of shape γ/δ, if sh(F1) ∩
sh(F2) = ∅, we can naturally consider F1∪F2, which means the filling obtained
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by drawing F1 and F2 in a plane simultaneously. For any filling F , let F (i) be
the subset of F consisting of all i′, i in F . Especially, if T is an ShYT, then
T (i) is an ShYT of border strip shape consisting of all i′, i in T . We call this
the i-border strip ShYT. By the maximum max(T ) of an ShYT T we mean
the largest integer i such that wti(T ) is positive and the minimum min(T )
of T be defined similarly. If max(T ) = m and min(T ) = n, then we have
T = T (n) ∪ T (n+1) ∪ · · · ∪ T (m).

For example, continuing Example 2.2,

T (3) =

3′ 3

3′ T (4) =

4′ 4

4′ 4

4′
T (6) =

6′ .

Definition 2.3. Let T be an ShYT.
(a) The standardization of T , denoted by stan(T ), is defined to be the stan-

dard ShYT obtained from T by replacing all 1′’s with 1, 2, . . . , k1 from top to
bottom, and next all 1’s with k1+1, k1+2, . . . , k1+k2 from left to right, and so
on. Here k1 and k2 denote the number of occurrences of 1′ and 1, respectively.

(b) The reverse standardization of T , denoted by stanr(T ), is defined to be
the filling of sh(T ) obtained from stan(T ) by replacing i with |sh(T )| − i+ 1.

For example, from Example 2.2 we have

stan(T ) =
1 3 4 8

2 5 7

6 9

and stanr(T ) =
9 7 6 2

8 5 3

4 1 .

Worley [19] and Sagan [11] independently introduced the shifted analogue of
Schützenberger’s jeu de taquin, which is a combinatorial algorithm taking an
ShYT to another ShYT with the same weight, but different shape. This can be
carried out by applying the shifted jeu de taquin slides described in Figure 1
(for short, shifted slides) in succession. Here k means a letter k ∈ X without
specifying whether it is primed or not, and let |k| denote the unprimed letter
k.

Given an ShYT T of skew shape, one can apply shifted slides to T iteratively
to get an ShYT of normal shape (which means no more shifted slides are
possible). This can be done in many different ways, but the resulting ShYT of
normal shape is known to be same for all possible choices. This ShYT is called
the rectification of T and denoted by Rect(T ). For example,

T =
1′ 2′

2′ 3

2′

1′ 2′

2′ 2 3

1′ 2′ 3

2′ 2
Rect(T ) =

1′ 2′ 2 3

2′

.

Here the shaded boxes denote inner corners.
We say that two ShYTs are shifted jeu de taquin equivalent if one can be

changed into the other by a sequence of shifted slides. Equivalently, two ShYTs
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S and T are shifted jeu de taquin equivalent if and only if Rect(S) and Rect(T )
are the same. As in the ordinary case, shifted jeu de taquin equivalence can
be described in terms of shifted Knuth equivalence. Given any word u =
u1u2 · · ·un in X , the possible shifted Knuth relations that can be applied to u
in order to form another word are

• replace yzx by yxz or vice versa if x ≤ y < z,
• replace xzy by zxy or vice versa if x < y ≤ z,
• for the last two elements of u we may

replace yx by xy or vice versa if |x| 6= |y|,
replace x′x by xx or vice versa.

Here, (x′)′ denotes x for an unprimed letter x. Shifted Knuth equivalence of
words, denoted by ≡SK, can induce the equivalence relation on the set of words
in X in such a way that u and v are shifted Knuth equivalent if one can be
transformed into the other under the relations above. For more information,
refer to [11].

Proposition 2.4. ([11, 19]) Given two ShYTs, they are shifted jeu de taquin

equivalent if and only if their reading words are shifted Knuth equivalent.

3. Shifted tableau switching

We here introduce the shifted version of the tableau switching given in [1].
For this purpose we first introduce the notion of shifted perforated tableaux.

Definition 3.1. For a skew shape θ, a shifted perforated a-tableau A in θ
is a filling of some of the boxes in θ with a′, a ∈ X satisfying the following
conditions:

(1) no a′’s are placed to southeast of any a,
(2) each column of A contains at most one a,
(3) each row of A contains at most one a′, and
(4) the main diagonal of A contains at most one a.

(i)

if |a| < |b|, or |a| = |b| and a is primed

if |a| > |b|, or |a| = |b| and a is unprimed

a

b

a

b

b a

(ii)
a′

a

a a a′

a′
a′ a

Figure 1. The shifted slides
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Define the shape sh(A) of A by the subset of θ consisting of all boxes filled
with a′ and a. For a shifted perforated a-tableau A and b-tableau B in θ,
(A,B) is called a shifted perforated (a,b)-pair of shape θ if θ is the disjoint
union of sh(A) and sh(B). For a shifted perforated (a,b)-pair (A,B) of shape
θ we can consider A ∪B in the obvious way. For instance,

A =
a′ a

a

a

and B =
b′ b

b′ b

b

form a shifted perforated (a,b)-pair of shape (6, 3, 2)/(2) and

A ∪B =
a′ b′ b a

a b′ b

b a
.

For any filling F , let Fi,j be the entry of (i, j) in F . And we call (i, j) an
a-box in case where Fi,j = a.

As the tableau switching in [1], our shifted tableau switching can be per-
formed by applying a sequence of elementary transformations called switches.
Let (A,B) be a shifted perforated (a,b)-pair. Interchanging an a-box and a
b-box in A ∪B is called a switch if it is subject to the following rules.

(1) The case where an a-box is adjacent to a unique b-box:

(S1) a b b a (S2)
a

b

b

a

(S3) (S4)
a b′

b

b b

a

a a

b

b a′

a

(2) The case where an a-box is adjacent to two b-boxes:

(S5)
a b′

b

b′ a

b
(S6)

a b

b

b

a

b

(S7)
a a b

b

b a′ b

a

An a-box in A ∪ B is said to be fully switched if it can be switched with no
b-boxes. If every a-box in A ∪ B is fully switched, then A ∪ B is said to be
fully switched.

Remark 3.2. (a) The shifted slides in Figure 1 can be recovered from the
above switches by viewing a-boxes as empty boxes.

(b) The switches cannot be expressed as a composition of two other switches.
For instance, (S7) is different from the composition of (S6) and (S1).
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Let F = A∪B be a shifted perforated (a,b)-pair which is not fully switched.
Choose the easternmost a-box in F (a) which is the neighbor to the north or
west of a b-box if such an a-box exists. Otherwise, choose the southernmost
a′-box which is the neighbor to the north or west of a b-box. Denote this
box by �(F ). Then we apply the adequate switch among (S1) through (S7)
to �(F ) and denote the resulting filling by σ(F ). Let us apply this process in
succession until σn(F ) gets fully switched, where σi(F ) is inductively defined by
σ(σi−1(F )) for i = 2, 3, . . . , n. We call the process from F to σn(F ) the shifted
(tableau) switching process, and write AB for σn(F )(a) and AB for σn(F )(b) to
respect the notation in [1].

As the following example shows, even though A ∪ B is a shifted perforated
(a,b)-pair, σ(A ∪B) is not necessarily a shifted perforated (a,b)-pair:

A ∪B =
a b′

b a

(S5)
σ(A ∪B) =

b′ a

b a

This problem, however, does not arise in practice in case where B extends A.
Going further, we can state the following proposition whose proof will be given
in Appendix A.

Proposition 3.3. Let (A,B) be a shifted perforated (a,b)-pair such that B
extends A. Suppose that σn(A ∪ B) is fully switched for some positive integer

n. Then σm(A∪B) is still a shifted perforated (a,b)-pair for all m = 1, 2, . . . , n.

Let A and B be fillings consisting of a and b, respectively. Notice that,
when B extends A, (A,B) is a shifted perforated (a,b)-pair if and only if A,B
are pairs of a- and b-border strip ShYTs, respectively. Hence, Proposition 3.3
yields the following (well-defined) algorithm on shifted perforated (a,b)-pairs
(A,B) such that B extends A.

define SP(A,B) do
set F ← A ∪B
while F is not fully switched do

F ← σ(F )
set A← F (a) and B ← F (b)

return A,B

Algorithm 1. The shifted switching process on pairs of bor-
der strip ShYTs

Example 3.4. Let

A =
1′ 1

1 1 and B =
1′ 1

1′

1′ 1 .

We graphically illustrate how Algorithm 1 acts on (A,B) step by step:
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1′ 1 1′ 1
1 1 1′

1′ 1

(S5) 1′ 1′ 1 1
1 1 1′

1′ 1

(S1) 1′ 1′ 1 1
1 1 1′

1′ 1

(S5) 1′ 1′ 1 1
1 1′ 1
1′ 1

(S2) 1′ 1′ 1 1
1 1′ 1
1′ 1

(S3) 1′ 1′ 1 1
1′ 1 1

1 1

(S5) 1′ 1′ 1 1
1′ 1 1

1 1

(S6) 1′ 1 1 1
1′ 1 1′

1 1

Theorem 3.5. Let (A,B) be a shifted perforated (a,b)-pair such that B ex-

tends A. Then we have

(a) AB ∪AB has the same shape as A ∪B.

(b) AB extends AB. In addition, AB and AB are a- and b-border strip ShYTs

respectively.

Proof. (a) The assertion follows from the fact that no switches affect on the
shape.

(b) By Remark 3.2(a), AB can be obtained by applying a sequence of shifted
slides to B following the order in which we choose inner corners given by
stanr(A). This tells us that AB is a b-border strip ShYT extended by AB .
Since AB is a shifted perforated a-tableau due to Proposition 3.3, it follows
that AB is an a-border strip ShYT. �

We now are ready to present the shifted switching process on pairs (S, T ) of
ShYTs such that T extends S.

define SW(S, T ) do
set m← max(S) and n← max(T )
for i from m to 1

for j from 1 to n
SP(S(i), T (j))

set ST ← T (1) ∪ · · · ∪ T (n) and ST ← S(1) ∪ · · · ∪ S(m)

return ST, ST

Algorithm 2. The shifted switching process on pairs of ShYTs

Following the notation of the above algorithm, we write ST and ST for the
fillings that S and T respectively yield when the shifted switching process is
applied to (S, T ). We define the shifted (tableau) switching Σ to be the map
sending (S, T ) to (ST, ST ). The next theorem is the main result of this section.

Theorem 3.6. Let (S, T ) be a pair of ShYTs such that T extends S. The

shifted tableau switching (S, T ) 7→ (ST, ST ) satisfies the following.

(a) ST ∪ST has the same shape as S ∪ T . In addition, ST and ST has the

same weight as S and T , respectively.
(b) (ST, ST ) is a pair of ShYTs such that ST extends ST .
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Proof. Let m := max(S) and n := max(T ). As we can see in Algorithm 2, ST

and ST are obtained by performing only SP(S(i), T (j))m≤i≤1,1≤j≤n in the order

given in Algorithm 2. But, every resulting pair obtained from SP(S(i), T (j))
does, due to Theorem 3.5, satisfy the assertions (a) and (b) in Theorem 3.6.
Hence, using the induction on the number of border strip ShYTs together with
the property

Σ(S, T ) = Σ(S(1) ∪ S′, T ) = Σ(S(1), S
′

T ) ∪ S′
T , (S′ := S(2) ∪ · · · ∪ S(m))

we can easily see that ST and ST satisfy the desired properties. �

Example 3.7. Let

S =
1′ 1

1 1 2′

2
and T =

1′ 1
1′

1′ 1
2 2 .

We graphically illustrate how Algorithm 2 acts on (S, T ) step by step:

1′ 1 1′ 1
1 1 2′ 1′

2 1′ 1
2 2

1′ 1 1′ 1
1 1 1′ 2′

1′ 1 2
2 2

1′ 1 1′ 1
1 1 1′ 2
1′ 1 2′

2 2

1′ 1 1 1
1′ 1 1′ 2

1 1 2′

2 2

1′ 1 1 1
1′ 1 2 1′

2 1′ 2′

1 2

As a consequence, we have

ST =
1′ 1 1

1′ 1 2
2

and ST =
1

1′

1′ 2′

1 2 .

Remark 3.8. (a) There is a slight difference between the slides in [2] and our
switches. For clarity, we denote the slides in [2] by . Let us consider the
following shifted perforated (a,b)-pairs:

U =
a′ a

b
V =

a′ a b

b

Under the identification of o-holes with a-boxes and a′-boxes with o′-holes,
these pairs are transformed by the sliding process given in [2] as follows:

U ′ =
b a′

a
V ′ =

b b a′

a

On the contrary, U and V are transformed by our switching process in the
following form:

U ′′ =
b a′

a′
V ′′ =

b b a′

a′
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It should be pointed out that U and V cannot be recovered from U ′ and V ′,
respectively, by applying since

b a′

a

a a

b
and

b b a′

a

b a′ b

a

a a b

b .

But, by applying our switches, they can be recovered from U ′′ and V ′′, respec-
tively. In fact we will prove in Section 4 that our shifted tableau switching is
an involution (see Theorem 4.3).

(b) Given a shifted perforated (a,b)-pair (A,B) such that B extends A, let
us identify a′-boxes and a-boxes with o′-holes and o-holes, respectively. Let

(AB,AB) be the shifted perforated (b, a)-pair obtained through the sliding
process given in [2]. In case where neither U nor V presented in (a) does not
occur in the middle of the sliding process, one can easily verify that (AB,AB)

is exactly equal to (AB,AB). However, if either U or V occurs, then AB is

different from AB although AB is still equal to AB. The difference between
AB and AB lies in that the former has a primed letter in the southernmost
box on the main diagonal, whereas the latter has an unprimed letter therein.
It implies that stan(AB) = stan(AB).

(c) The definition of the sliding process presented in [2] tells us that AB =
stan(A)B and stan(A)B = stan(A)B . From this it follows that AB = stan(A)B
and stan(AB) = stan(A)B . Similarly, one can observe that the standardization
of b letters is compatible with our switches (S1) through (S7). The below
example shows that (S7) followed by the standardization of b letters and the
standardization of b letters followed by (S4) produce the same result:

a a b

b

(S7) b a′ b

a

a a 2

1

(S4) 1 a′ 2

a

stan(B) stan(B)

As a consequence, we can derive that AB = Astan(B) and stan(AB) = Astan(B).
(d) Suppose that (A′, B) is a shifted perforated (a,b)-pair such that B

extends A′. If stan(A) = stan(A′), then stan(A)B = stan(A′)B and therefore
stan(AB) = stan(A′

B) by (c).

4. Properties of the shifted tableau switching

The primary purpose of this section is to show that our shifted tableau
switching is an involution and has a very nice behavior with respect to tableaux
whose reading words satisfy the lattice property. As a byproduct, we give a
combinatorial interpretation of various identities related to Schur P - and Q-
functions. To do this let us review Schur P - and Q-functions very briefly.
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For λ, µ ∈ Λ+ with λ ⊇ µ, let ˜Y(λ/µ) and Y(λ/µ) denote the set of all ShYTs
of shape λ/µ and the set of all SShYTs of shape λ/µ respectively. Then (skew)
Schur P - and Q-functions are defined as follows:

Pλ/µ(x) =
∑

T∈Y(λ/µ)

xT and Qλ/µ(x) =
∑

T∈Ỹ(λ/µ)

xT ,

where xT is
∏

i≥1 x
wti(T )
i . When µ = ∅, we simply write them as Pλ(x) and

Qλ(x). For λ, µ, ν ∈ Λ+, the shifted Littlewood–Richardson (LR) coefficients

fν
λµ are the structure constants appearing in the Schur P -expansion of the
product of two Pλ and Pµ, that is,

Pλ(x) · Pµ(x) =
∑

ν

fν
λµPν(x).

To prove the positivity of fν
λµ in a combinatorial way has been an important and

interesting problem in the study of combinatorics of symmetric functions. For
instance, [11,17,19] approach this problem with ShYTs and very recently [3,4,
6, 14] with another combinatorial objects called ‘semistandard decomposition
tableaux’. We here focus on the former approach.

It is due to Sagan [11] and Worley [19] that fν
λµ counts the standard shifted

Young tableaux S of shape ν/λ with Rect(S) = T for an arbitrarily chosen
standard shifted Young tableau T of shape µ. Moreover, they proved that
Rect(S) depends not on the shape of S but on its reading word w(S). By
virtue of their seminal works one can interpret the identity

(1) Qν/λ(x) =
∑

µ

fν
λµQµ(x)

in a combinatorial way by using the shifted jeu de taquin. Later, we will give
another combinatorial interpretation of Eq. (1) by using our shifted tableau
switching. To do this, we need the Stembridge’s combinatorial interpretation
of fν

λµ, which gives a characterization for the ShYTs that rectify to the special

ShYT, denoted by Rµ, whose ith row consists of only i’s for all i = 1, . . . , ℓ(µ).

Theorem 4.1 ([17, Theorem 8.3]). The shifted Littlewood–Richardson coeffi-

cient fν
λµ is the number of ShYTs T of shape sh(T ) = ν/λ and wt(T ) = µ such

that

(a) w(T ) satisfies the lattice property, and

(b) the rightmost i in |w(T )| is unprimed for each 1 ≤ i ≤ ℓ(µ).

(For the definition of the lattice property, see [17, Section 8]).

We call these ShYTs shifted Littlewood–Richardson (LR) tableaux, and a
word satisfying both the lattice property and Theorem 4.1(b) a shifted Little-

wood–Richardson (LR) word. Then the following lemma tells us that for each
shifted Knuth equivalence class on words, either all or none of its elements are
shifted LR words.
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Lemma 4.2 ([2, Lemma 1]). Let u, v be shifted Knuth equivalent words. Then

u is a shifted LR word if and only if v is a shifted LR word.

Now we are ready to state our main theorem.

Theorem 4.3. Let (S, T ) be a pair of ShYTs such that T extends S. If the

shifted tableau switching transforms (S, T ) into (ST, ST ), then we have the

following.

(a) The shifted tableau switching transforms (ST, ST ) into (S, T ).
(b) When T is a shifted LR tableau, so is ST .
(c) When S is a shifted LR tableau, so is ST .

To prove this theorem, we first claim that the shifted tableau switching is
involutive on pairs (A,B) of a- and b-border strip ShYTs (see Lemma 4.4).
The proof of this claim is straightforward but quite complicated, so we will
prove it in Appendix B.

Lemma 4.4. Let A and B be an a- and a b-border strip ShYT, respectively.

If B extends A, then Σ(AB,AB) = (A,B).

Proof of Theorem 4.3. (a) Notice that, in the middle of the shifted switch-
ing process on (S, T ), two border strips in S which are not adjacent do not
effect each other. So the assertion follows from Lemma 4.4.

(b) Let T be a shifted LR tableau and T ′ any filling obtained by a sequence
of shifted slides to T . By applying Lemma 4.2 in iteration, we can deduce that
T is a shifted LR tableau if and only if w(T ′) is a shifted LR word. Since
ST = Rect(T ) due to Remark 3.2(a), w(ST ) is a shifted LR word and thus ST
is a shifted LR tableau.

(c) Let S be a shifted LR tableau. By (b), ST is a shifted LR tableau if

and only if
ST

ST is a shifted LR tableau. Now our assertion is straightforward

since
ST

ST = S (by (a)). �

5. The shifted generalized evacuation

Worley [19] introduced a shifted analogue of Schützenberger’s J-operation
[13] in order to explain the identities related with shifted Littlewood–Richardson
coefficients in a combinatorial way. The purpose of this section is to demon-
strate the relationship between Worley’s shifted J-operation and our shifted
tableau switching.

Let −X := {· · · < −2′ < −2 < −1′ < −1} and X := {· · · < −1′ < −1 <
1′ < 1 < · · · }. It should be particularly noticed that, in the present section,
an ShYT always denotes an ShYT with letters in X . Recall that an ShYT T
of shape λ/µ is of normal shape if µ = ∅. For an unprimed letter a ∈ X, set
a∗ := −a′ and (a′)∗ := −a. Conventionally, −(−a) is set to be a.

Definition 5.1 ([19]). Given λ, µ ∈ Λ+ with λ ⊇ µ, let T be an ShYT of shape
λ/µ. Then T ∗ is defined to be the ShYT obtained by the following steps:
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(a) Each box (i, j) is transported into (−j,−i) and then moved on the original
partial plane.

(b) Each entry a is replaced by −a′, where (a′)′ := a.

The shifted J-operation for ShYTs is the mapping T 7→ T J defined by

T J := Rect(T ∗) .

Then the following property of the shifted J-operation is well-known.

Lemma 5.2 ([19, Lemma 7.1.4]). Let T be an ShYT. Then we have the fol-

lowing.

(a) If T is of normal shape, then sh(T J) = sh(T ) and (T J)J = T .
(b) If T is of skew shape, then w(Rect(T ∗)) ≡SK w(Rect(T )∗), that is, T J =

Rect(T )J .

Example 5.3. We give an example for T ∗ and T J :

T =

1′ 1 1 2

2 3′

3

T ∗ =

−2′

−3′ −3 −1′

−2′ −1′

−1

T J =

−3′ −3 −2′ −1

−2′ −1′

−1

In the previous section, we showed fν
λµ = fν

µλ by using the shifted tableau
switching. Worley had, however, obtained this result much earlier by using the
shifted J-operation. His argument can be restated in the following manner.

Theorem 5.4 ([19, Theorem 7.2.2]). For each T ∈ Fν
λµ define ρ(T ) to be the

ShYT uniquely determined by the condition that ((Rλ)
J ∪T )J = (Rµ)

J ∪ ρ(T ).
Then the function

ρ : Fν
λµ → F

ν
µλ, T 7→ ρ(T )

is a bijection.

Hence it would be very natural to search for the relationship between Wor-
ley’s shifted J-operation and our shifted tableau switching. For this purpose,
we first provide a shifted analogue of [1, Algorithm 5.2], which is called the gen-
eralized evacuation there (See Algorithm 4). Let T be an ShYT of normal
shape.

Example 5.5. Continuing Example 5.3, we show how to obtain TE step by
step:

T =
1′ 1 1 2

2 3′

3

−1 −1 −1 2

2 3′

3

2 2 3 −1

3 −1′

−1

−2′ −2 3 −1

3 −1′

−1

3 3 −2′ −1

−2′ −1′

−1

TE =
−3′ −3 −2′ −1

−2′ −1′

−1
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define SGE(T ) do
set m← max(T ) and TE ← ∅
for a from 1 to m

if T1,1 = a then

set T (a) ← −a′ −a · · · −a

else
set T (a) ← −a −a · · · −a

if a = m then
return TE ← T (a) ∪ TE

else
set T ← T (a)

(T (a+1) ∪ · · · ∪ T (m)),
TE ← (T (a))T (a+1)∪···∪T (m) ∪ TE

Algorithm 4. The shifted generalized evacuation

Notice that it is obvious from Theorem 3.6 that TE is an ShYT. The fol-
lowing theorem shows the relationship between the shifted J-operation and the
shifted generalized evacuation for ShYTs of normal shape.

Theorem 5.6. Let T be an ShYT of normal shape. Then TE = T J .

Proof. Recall that T is uniquely decomposed as T (1) ∪ T (2) ∪ · · · ∪ T (max(T )).
For simplicity, let us call this decomposition the elementary decomposition of

T . We will prove our assertion by induction on the number of border strip
ShYTs, denoted by b(T ), appearing in the elementary decomposition of T .

If b(T ) = 1, then T = T (a) for some (unprimed) a ∈ X , that is,

T = a′ a · · · a or a a · · · a .

In the former case, TE = −a −a · · · −a and w(T ∗) = −a′ · · · − a′ − a. In the

latter case, TE = −a′ −a · · · −a and w(T ∗) = −a′ · · · − a′. Lemma 5.2 says

that T J = Rect(T ∗) is an ShYT of normal shape sh(T ) consisting of −a′,−a.
Moreover, it is not difficult to see that if T ′ is any ShYT obtained by applying
shifted slides to T ∗, then the rightmost letter in w(T ′) equals that in w(T ∗).
Therefore we can conclude that TE = T J .

Now assume that the assertion holds for all ShYTs R of normal shape with
b(R) < n. Suppose that T is an ShYT of normal shape with b(T ) = n. By
shifting all the entries in T if necessary, we may assume that T = T (1) ∪ T (2) ∪
· · · ∪ T (n). Let U := T (1) and V := T (2) ∪ · · · ∪ T (n).

To prove the assertion, we first show that (U ∪ V )J = V J ∪ (UJ)V , equiva-
lently, (UJ∪V )J = V J∪UV . Let δ be the smallest staircase partition containing
sh(T ). Choose any ShYT W such that W extends T and sh(T ∪W ) = δ. Let
U ′ = ((UJ ∪ V )∗)(1). Then we see that (UJ ∪ V )∗ = V ∗ ∪ U ′. It is clear that
U ′ is of connected vertical strip shape contained in δ. On the other hand, by
applying the shifted tableau switching to (UV ,W ) we get the 1-border strip
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ShYT (UV )W . Since sh(UV ∪ UV W ∪ (UV )W ) = δ due to Theorem 3.6, this
1-border strip ShYT is also of connected vertical strip shape in δ. From the
case where b(T ) = 1 it follows that the southernmost entry in U ′ and (UV )W
are identical and hence U ′ and (UV )W are the same ShYT.

Notice that Rect(W ) extends V ∗ since W ∗ and Rect(W ) are of the same
normal shape. So we have

Σ(Rect(W ), V ∗) = (Rect(V ∗),Rect(W )V ∗) = (V J ,Rect(W )V ∗)

and sh(V J) = sh(Rect(V )) = sh(UV ). This shows that sh(Rect(W )V ∗) =
sh(UV W ) and thus (UV )W extends Rect(W )V ∗ .

Let S be an ShYT of arbitrary shape such that sh(S) ⊆ δ. Let S∨ be an
ShYT obtained by applying reverse shifted slides to S in succession until the
shape of the resulting ShYT gets δ/κ for some κ ⊆ δ. Indeed S∨ is uniquely
determined because S∨ and (SJ )∗ produce the same resulting tableau. In view
of this observation, we can deduce that (Rect(W )V ∗ , (UV )W ) goes to (UV ,W )
by the shifted tableau switching. Hence Rect(W )V ∗ and UV W are the same
ShYT due to Theorem 4.3. Furthermore, we have

(UJ∪V )J = Rect(V ∗∪U ′) = V J∪Rect(W )V ∗U ′ = V J∪
UV W (UV )W = V J∪UV .

Here the second equality follows from the fact that the rectification does not
depend on the choice of inner corners.

Now we are ready to prove our assertion. By the definition of Algorithm 4
and induction hypothesis, TE can be expressed as

TE = (U ∪ V )E = Rect(V )E ∪ (UE)V = Rect(V )J ∪ (UJ)V .

On the other hand, from (U ∪ V )J = V J ∪ (UJ)V along with Lemma 5.2 it
follows that

T J = (U ∪ V )J = V J ∪ (UJ)V = Rect(V )J ∪ (UJ )V .

Therefore TE = T J . �

Remark 5.7. We define the shifted generalized evacuation on the set of ShYTs.
The similar operation defined on the set of words is already described in [8,
Theorem 14.12] as follows: for any ShYT T ,

E (T ) := ins(opp(w(T ))).

Here ins is the Sagan–Worley insertion in [11,19] and opp is ∗ on words described
at the beginning of this section. But it does not produce the same result with
our shifted generalized evacuation. With T in Example 5.3 we have

E (T ) =

−3′ −3 −2′ −1

−2′ −1′

−1′
.



964 S.-I. CHOI, S.-Y. NAM, AND Y.-T. OH

Let us consider the operation on the set of pairs of ShYTs defined by

ϕ(S ∪ T ) := SJ ∪ T.

Then the relationship between the shifted J-operation and the shifted tableau
switching can be summarized as follows:

Theorem 5.8. For λ, ν ∈ Λ+ with λ ⊆ ν, let (S, T ) be a pair of ShYTs

with entries X such that S and T are of shape λ and ν/λ respectively. Then

(SJ ∪ T )J = T J ∪ ST and J ◦ ϕ = ϕ ◦ Σ.

Proof. Since SJ ∪ T is an ShYT of shape ν with letters in X, so is (SJ ∪ T )J .
In addition, we may write (SJ ∪ T )J as Rect(T )J ∪ Y for some ShYT Y of
shape ν/sh(Rect(T )) and with entries −X . On the other hand, from Theorem
5.6 and Algorithm 4 we have

(SJ ∪ T )J = (SJ ∪ T )E = Rect(T )E ∪ ((SJ )E)T .

Since J is an involution on ShYTs of normal shape and SJ is of normal shape,
(SJ)E = (SJ)J = S. This proves the first assertion. The second one is imme-
diate from the first. �

6. The modified shifted tableau switching

Throughout this section, we will consider only shifted perforated (a,b)-pairs
with no primed letters on the main diagonal. Unfortunately the set of these
pairs is not closed under the shifted tableau switching. In more detail, if a
switch defined in Section 3 is applied to the following a-boxes

a b′
a′

b

a′ b

b

,

then the resulting pairs have a primed letter on the main diagonal. To avoid
this phenomenon, we introduce three new switches labelled by (S1′), (S2′) and
(S6′).

• The case where an a-box on the main diagonal is adjacent to a unique
b′-box:

(S1′) a b′ b a′

• The case where an a′-box is adjacent to a unique b-box on the main
diagonal:

(S2′)
a′

b

b′

a

• The case where an a′-box is horizontally adjacent to a b-box and vertically
adjacent to a b-box on the main diagonal:
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(S6′)
a′ b

b

b′ b

a

For the clarity we call these the modified switches. The original (S1), (S2) and
(S6) will be used only in the cases other than the above three ones. Using the
switches (S1) through (S7) together with (S1′), (S2′) and (S6′), let us define the
modified shifted (tableau) switching process on shifted perforated (a,b)-pairs in
the same way as the shifted switching process has been defined. It should
be remarked that the modified shifted switching process in which no modified
switches are used is identical to the shifted switching process.

Suppose that T is a filling of a double border strip shape with letters a and
b and is not fully switched. Let σ̃(T ) denote the resulting filling obtained from
T by applying a modified switch.

We will prove the following proposition in Appendix C.

Proposition 6.1. Let (A,B) be a shifted perforated (a,b)-pair such that B
extends A. Then,

(a) modified switches in total can appear at most once in the modified shifted

switching process on (A,B),
(b) each (a,b)-pair appearing in the modified shifted switching process on

(A,B) is still a shifted perforated (a,b)-pair.

From now on, we will use the notation ˜Σ to distinguish the modified shifted
switching process from the shifted switching process. For a shifted perforated

(a,b)-pair (A,B) such that B extends A we will write ˜AB for ˜Σ(A,B)(a) and
˜AB for ˜Σ(A,B)(b). We also call the map ˜Σ obtained via this process the modified

shifted tableau switching.
The subsequent theorem shows that the set of pairs of SShYTs is invariant

under the modified shifted tableau switching. The proof of this theorem will
be given in Appendix D.

Theorem 6.2. Let (S, T ) be a pair of SShYTs such that T extends S. The

modified shifted tableau switching (S, T ) 7→ (˜ST ,˜ST ) satisfies the following.

(a) ˜ST ∪ ˜ST has the same shape as S ∪ T . In addition, ˜ST (resp., ˜ST ) has
the same weight as S (resp., T ).

(b) ˜ST extends ˜ST . In addition, ˜ST and ˜ST are SShYTs.

The following example illustrates how the modified shifted switching process
works.

Let S, T be the SShYTs in Example 3.7. Keeping the modified shifted
switching process, we finally obtain:



966 S.-I. CHOI, S.-Y. NAM, AND Y.-T. OH

˜ST =

1′ 1 1

1 1 2

2
and ˜ST =

1

1′

1′ 2′

1 2′ .

In particular, the modified shifted switching process to (S(2), T (1)) yields

1′ 1

2′ 1′

2 1′ 1

(S1′)
1′ 1

2′ 1′

1 2′ 1

(S1)
1′ 1

2′ 1′

1 1 2′

(S5)
1′ 1

1′ 2′

1 1 2′

.

7. Properties of the modified shifted tableau switching

The aim of this section is to show that the map via the modified shifted
tableau switching defined in Section 6 is an involution and also behaves nicely
with respect to whose reading words satisfied the modified lattice property (see
below). To do this we first recall Schur Q-expansion of the product of two Schur
Q-functions, and Schur P -expansion of skew Schur P -functions.

For λ, µ, ν ∈ Λ+, the shifted Littlewood–Richardson coefficients ˜fν
λµ are

given by

Pν/λ(x) =
∑

µ∈Λ+

˜fν
λµPµ(x) or Qλ(x)Qµ(x) =

∑

ν∈Λ+

˜fν
λµQν(x).

It follows from the facts ˜fν
λµ = 2ℓ(λ)+ℓ(µ)−ℓ(ν)fν

λµ and ℓ(λ) + ℓ(µ) − ℓ(ν) ≥ 0

(whenever fν
λµ ≥ 0) that these coefficients are nonnegative integers.

To find an appropriate tableau model for these coefficients, we note that, for
each i, the rightmost entry i of |w(T )| in Theorem 4.1(b) is unprimed. Indeed
it was pointed out in [17, page 126] that the lattice property is unaffected when
the primes of these extremal entries are changed arbitrarily. This shows that
the number of ShYTs of shape ν/λ and weight µ satisfying the lattice property
is given by 2ℓ(µ)fν

λµ. Since every entry on the main diagonal of T is an extremal
entry, we have the following lemma.

Lemma 7.1. The modified Littlewood–Richardson coefficient ˜fν
λ/µ is the num-

ber of SShYTs of T of shape sh(T ) = ν/λ and wt(T ) = µ such that w = w(T )
satisfies the lattice property.

We denote by ˜Fν
λµ the set of these tableaux and call an SShYT in ˜Fν

λµ a

modified Littlewood–Richardson–Stembridge (LRS) tabelau.

Example 7.2. Let λ = (4, 2), µ = (4, 3, 1) and ν = (6, 5, 2, 1). Then | ˜Fν
λµ| = 8:

1′ 1
1 1 2′

2 2
3

1 1

1 2 2

1 2

3

1 1

1 2′ 2

1 2

3

1 1

1′ 2′ 2

1 2

3

1′ 1

1′ 1 2′

2 2

3

1 1

1 2 2

1 2′

3

1 1

1 2′ 2

1 2′

3

1 1

1′ 2′ 2

1 2′

3
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The main result of this section is the following theorem which is an analogue
of Theorem 4.3 for the modified shifted tableau switching.

Theorem 7.3. Suppose that S and T are SShYTs such that T extends S. If

the modified shifted tableau switching transforms (S, T ) into (˜ST ,˜ST ), then we

have the following.

(a) The modified shifted tableau switching transforms (˜ST ,˜ST ) into (S, T ).

(b) When T is a modified LRS tableau, so is ˜ST .

(c) When S is a modified LRS tableau, so is ˜ST .

Proof. (a) It is enough to show that ˜Σ ◦ ˜Σ(A ∪ B) = A ∪ B for any shifted
perforated (a,b)-pair (A,B) such that B extends A. If a modified switch is
not used in the modified shifted switching process, the assertion follows from
Lemma 4.4. Otherwise, we have

˜Σ(˜AB, ˜AB) = ˜Σ(˜Σ(A,B))
= Σ (Ω (Σ (Ω(A,B)))) (by Lemma D.1(a))
= Σ (Ω (Ω (Σ(A,B)))) (by Lemma D.1(b))
= Σ (Σ(A,B)) (since Ω ◦ Ω = id)
= (A,B) (by Lemma 4.4)

as desired. Here Ω is defined in Appendix D.
(b) Suppose that (S, T ) is a pair of SShYTs such that T extends S. Denote

by (S′, T ′) any pair obtained by applying a sequence of shifted and modified
switches to (S, T ). To prove our assertion, it is suffices to show that w(T ) is
a lattice word if and only if w(T ′) is a lattice word. Notice that every word
shifted Knuth equivalent to an LRS word is an LRS word by Lemma 4.2 and
every word obtained by changing the primes of any rightmost letters is also a
lattice word by [17, page 126], and hence one can immediately derive that every
word shifted Knuth equivalent to a lattice word is a lattice word. Moreover, by
Lemma D.1(a), w(T ′) is obtained from w(T ) by applying a sequence of shifted
Knuth transformations and by priming some rightmost letters if necessary. This
shows that w(T ) is a lattice word if and only if w(T ′) is a lattice word.

(c) Let S be a modified LRS tableau. From (b) it follows that ˜ST is a

modified LRS tableau if and only if
˜̃ST ˜ST is a modified LRS tableau. Now the

assertion is straightforward by (a). �

Remark 7.4. Let S and T be shifted tableaux such that T extends S. When
the shifted tableau switching is applied to (S, T ), the image of (S, T ) can
also be obtained by destandardizing the image of (stan(S), stan(T )) since each
shifted switch is compatible with the standardization of pairs of ShYTs (see
Remark 3.8(c)). Thus we can consider the shifted tableau switching as the
tableau switching which is defined on pairs of ShYTs with special slide (see
Figure 1(ii)). However, in the case of the modified shifted tableau switch-
ing, we cannot recover the image of (S, T ) by destandardizing the image of
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(stan(S), stan(T )). That is because in case of modified switches (S1′), (S2′)
and (S6′) is used during the modified shifted tableau switching is being applied

to (S, T ), the southwesternmost i′ or i-box in ˜Σ(S, T ) do not necessarily come
from those in S ∪ T respectively. At the moment we have no idea how the
modified shifted tableau switching can be regarded as the tableau switching on
pairs of SShYTs.

Finally, it should be pointed out that, unlike the switching process in [1], our
switching processes depend on an order of inner corners to which (modified)
switches are applied. It would be interesting to find a ‘nice’ order of inner
corners to make the modified shifted tableau switching most efficient.

8. Applications of the shifted tableau switchings

We here explain various identities related to Schur P - and Q-functions in a
combinatorial manner by using our (modified) shifted tableau switching.

To begin with, recall that Rλ is the ShYT whose ith row consists of only i’s
for all i = 1, . . . , ℓ(λ), and Λ+ is the set of strict partitions. For λ, µ, ν ∈ Λ+,
let Fν

λµ be the set of all shifted LR tableaux of shape ν/λ and weight µ. It is

obvious that Rλ is a unique ShYT in Fλ
∅λ. Likewise, we denote Λ by the set of

partitions and Rα, for α ∈ Λ, by the semistandard Young tableau (SST) whose
ith row consists of only i’s for all i = 1, . . . , ℓ(α). For α, β and γ ∈ Λ, let Cγαβ
be the set of all (ordinary) Littlewood–Richardson tableaux of shape γ/α and
weight β. It is also obvious that Rα is a unique SST in Cα∅α. In this section
we define the addition and subtraction of two (ordinary or strict) partitions
componentwise.

(a) (The (modified) shifted Littlewood–Richardson rule) Let λ, ν ∈ Λ+ with
λ ⊆ ν. By Theorem 4.3, The shifted tableau switching affords a bijection

Σ : Fλ
∅λ ×

˜Y(ν/λ) −→
⋃

µ⊆ν

˜Y(µ)×Fν
µλ, (Rλ, T ) 7→

(

RλT, (Rλ)T
)

.

This immediately gives a combinatorial interpretation of

Qν/λ(x) =
∑

µ

fν
µλQµ(x).

Similarly, by Theorem 7.3 the modified shifted tableau switching affords a
bijection

Σ : ˜Fλ
∅λ × Y(ν/λ)→

⋃

µ⊆ν

Y(µ)× ˜Fν
µλ, (Rλ, T ) 7→

(

˜RλT , (̃Rλ)T

)

.

It immediately yields a combinatorial interpretation of Pν/λ(x) =
∑

µ
˜fν
µλPµ(x).

(b) (Symmetry of the (modified) shifted Littlewood–Richardson coefficients)
By Theorem 4.3(b) and (c), the map Σ in (a) restricts to a bijection

Σ : Fλ
∅λ ×F

ν
λµ −→ F

µ
∅µ ×F

ν
µλ, (Rλ, T ) 7→ (Rµ, (Rλ)T ) .
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Hence, not only have we proven fν
λµ = fν

µλ, but also we have constructed an
explicit involution that interchanges the inner shape with the weight of a shifted
LR tableau. This result is already introduced in [18, Corollary 4.7].

Similarly, by Theorem 7.3(b) and (c), the map ˜Σ in (a) restricts to a bijection

˜Σ : ˜Fλ
∅λ ×

˜Fν
λµ −→ ˜Fµ

∅µ ×
˜Fν
µλ, (Rλ, T ) 7→ (Rµ, (Rλ)T ) .

It gives an explicit involution of the symmetry ˜fν
λµ = ˜fν

µλ.

(c) (The generalized skew (modified) shifted Littlewood–Richardson rule)
Let λ, µ, ν ∈ Λ+ with λ ⊇ µ ⊇ ν. As above, Theorem 4.3 and Theorem 7.3
afford bijections

Σ :
⋃

ζ∈Λ+

|ζ|=|µ|−|ν|

Fµ
νζ ×

˜Y(λ/µ) −→
⋃

(ν⊆)η∈Λ+

|η|=|λ|−|ζ|

˜Y(η/ν)×Fλ
ηζ , (S, T ) 7→

(

ST, ST

)

.

˜Σ :
⋃

ζ∈Λ+

|ζ|=|µ|−|ν|

Gµνζ × Y(λ/µ) −→
⋃

(ν⊆)η∈Λ+

|η|=|λ|−|ζ|

Y(η/ν)× Gληζ , (S, T ) 7→
(

ST, ST

)

,

respectively. These give combinatorial interpretations of
∑

ζ

fµ
νζQλ/µ(x) =

∑

η

fλ
ηζQη/ν(x) and

∑

ζ

gµνζPλ/µ(x) =
∑

η

gληζPη/ν(x),

which is a shifted analogue of [1, Example 3.4].
(d) (A bijection between ShYTs of a given shape and ShYTs of its flip) The

flip of S(λ/µ) is defined to be the skew shifted diagram obtained by flipping
S(λ/µ) over its anti-diagonal, that is, {(i, λ1 − i + 1) : 1 ≤ i ≤ ℓ(λ)} ∩ S(λ).
Denote it by (λ/µ)fl. Given an ShYT T of shape λ/µ, let T = T (1) ∪ · · · ∪
T (m), where m = max(T ). By applying Algorithm 1 to each pair (T (i), T (j))
for (i, j) = (1, 2), . . . , (1,m), (2, 3), . . . , (2,m), . . . , (m − 1,m) and using the
reversed order, that is, · · · < 2′ < 2 < 1′ < 1, we obtain a unique tableau of
the same shape. On the other hand, it can also be viewed as an ShYT of shape
(λ/µ)fl by changing primed letters to unprimed letters and vice versa and then
reading the columns (in this tableau) from right to left. It induces the identity
Q(λ/µ)fl(x) = Qλ/µ(x). In fact, this identity first appeared in [5, Proposition
IV.13].

(e) (A connection between unshifted and shifted standard Young tableaux)
For r ≥ 2, let δr := (r−1, r−2, . . . , 1) and δ1 = ∅. Given ν ∈ Λ+, let ν◦ denote
the ordinary partition ν − δℓ(ν). By setting λ = δℓ(ν) in (a), we have

Sν◦(x) =
∑

µ

fν
µ δℓ(ν)

Qµ(x),

where Sν◦(x) is the Schur S-function which is defined by the weight generating
function of tableaux of unshifted shape ν◦ satisfying three conditions in Def-
inition 2.1(a). We call these tableaux marked tableaux of shape ν◦. Then the
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symmetry of shifted LR coefficients in (b) implies that

(2) Sν◦(x) =
∑

µ∈Λ+

gµν◦Qµ(x),

where gµν◦ is the number of marked tableaux of unshifted shape ν◦ and weight
µ, and whose reading word is a shifted LR word (see [17, p. 132]). For µ ∈ Λ+

let gµ denote the number of standard shifted Young tableaux of shape µ. The
identity Eq. (2), when we only consider the contribution of standard shifted
Young tableaux, immediately induces

fν◦

=
∑

µ∈Λ+

gµν◦ gµ,

where fν◦

is the number of standard Young tableaux of unshifted shape ν◦.
This identity can be obtained in a direct way by using our shifted tableau
switching. We denote δℓ(ν) briefly by δ. Since gµν◦ = fν

δµ, Theorem 4.3 affords
a bijection

Σ : Fδ
∅δ × S(ν◦) −→

⋃

µ(⊆ν)∈Λ+

S+(µ)×Fν
µδ, (Rδ, T ) 7→

(

RδT, (Rδ)T
)

,

where S(ν◦) denotes the set of standard Young tableaux of unshifted shape ν◦

and S+(µ) denotes the set of standard shifted Young tableaux of shape µ.
(f) (The Littlewood–Richardson rule) Let α, β ∈ Λ with α ⊇ β, and δ =

δℓ(α). Then (c) gives rise to a bijection

Σ :
⋃

λ∈Λ+

Fβ+δ
δ λ ×

˜Y((α+ δ)/(β + δ)) −→
⋃

δ⊆µ∈Λ+

˜Y(µ/δ)×Fα+δ
µλ , (S, T ) 7→

(

ST, ST

)

.

It gives a combinatorial interpretation of
∑

λ∈Λ+

gλβSα/β(x) =
∑

µ∈Λ+

fα+δ
µ λ Sµ−δ(x).

In particular, if λ = β, then no switches (S3), (S4), (S7) occur in the shifted
switching process, so we can say that the above bijection is afforded by the
ordinary(=unshifted) switching process from (Rµ, T ) to (RµT, (Rµ)T ). Hence,
by [1, Theorem 3.1], it also gives a combinatorial interpretation of

(3) Sα/β =
∑

γ∈Λ

cαγβSγ ,

where cαγβ are the (ordinary) Littlewood–Richardson coefficients.

(g) (Schur expansions of Schur Q-functions) Let λ ∈ Λ+. Recall that Pλ =
∑

γ∈Λ gλγsγ . So we have

Qλ(x) = 2ℓ(λ)Pλ(x) = 2ℓ(λ)
∑

α∈Λ

gλαsα(x) = 2ℓ(λ)
∑

α∈Λ

fα+δ
δλ sα(x)

=
∑

α∈Λ

2ℓ(λ)+ℓ(δ)−ℓ(δ+α)fα+δ
δλ sα(x) =

∑

α∈Λ

˜fα+δ
δλ sα(x).
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Here δ’s are staircase partitions for α’s with ℓ(α) ≥ ℓ(α). We denote by g̃λα
the coefficient ˜fα+δ

δλ of sα(x).
(h) (Schur expansions of the products of Schur and Schur P -(orQ-)functions)

With the hypothesis in (f) it follows that Eq. (3) yields a bijection

Σ : Cβ∅β ×F
α+δ
β+δ λ −→

⋃

γ∈Λ

Fγ+δ
δ λ × C

α
γβ, (Rβ , T ) 7→ (RβT, (Rβ)T ),

which gives

(4) fα+δ
β+δ λ =

∑

γ∈Λ

gλγ c
α
γβ.

Recall that sγsβ =
∑

α∈Λ cαγβsα. So we have

sβPλ(x) = sβ
∑

γ∈Λ

gλγsγ(x) =
∑

γ∈Λ

gλγ

(

∑

α∈Λ

cαβγsα(x)

)

=
∑

α∈Λ





∑

γ∈Λ

gλγc
α
βγ



 sα(x) =
∑

α∈Λ

fα+δ
β+δ λ sα(x).

The last equality is followed by Eq. (4) and the symmetry of Littlewood–Rich-
ardson coefficients. By using shifted tableau switching it gives a combinatorial
proof of [15, Theorem 4.1].

Similarly, we have that from (g) and (b)

sβQλ(x) = sβ
∑

γ∈Λ

g̃λγsγ(x) =
∑

γ∈Λ

g̃λγ

(

∑

α∈Λ

cαβγsα(x)

)

=
∑

α∈Λ





∑

γ∈Λ

g̃λγc
α
βγ



 sα(x) =
∑

α∈Λ

˜fα+δ
β+δ λ sα.

(i) (The Z2-symmetries of shifted Littlewood–Richardson coefficients) Let

α, β ∈ Λ with α ⊇ β and δ = δmax{α1,ℓ(α)}. We write g
α/β
λ instead of fα+δ

β+δ λ in

(f) briefly. It follows from (g) that

Sα/β =
∑

λ∈Λ+

g
α/β
λ Qλ.

Let γ′ be the conjugate partition of γ and (α/β)π be the skew diagram obtained
from α/β by rotating 180 degree. From the result Sα/β = Sα′/β′ = S(α/β)π

(see [5, Proposition IV.15]), we have

g
α/β
λ = g

(α/β)′

λ = g
(α/β)π

λ .

(j) (The Schur Q-expansion of Schur S-functions of truncated shapes) For
positive integers r, t with r > t, let δr,t be the partition (r − 1, r − 2, . . . , t).
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In particular, δr,1 = δr. For 1 ≤ s ≤ r − t, let ∆r
s,t be the shifted diagram

S(δr,t/δs). For example,

∆9
3,4 =

.

Similar to (a), the shifted tableau switching affords a bijection

Σ : Fδs
∅δs
× ˜Y(∆r

s,t) −→
⋃

λ∈Λ+

|λ|=|∆r
s,t|

˜Y(λ)×F
δr,t
λ δs

, (Rδs , T ) 7→
(

RδsT, (Rδs)T
)

.

For the same reason of (b) we have f
δr,t
λ δs

= f
δr,t
δs λ. By Theorem 4.1, for each

i ≥ 1 there is only one way to fill in the boxes of hook shape

({(i, s− 1 + i+ y) : y ≥ 0} ∪ {(i+ x, s− 1 + i) : x ≥ 1}) ∩ S(∆r
s,t)

by entries i, i′. So we have

f
δr,t
δs λ =

{

1 if λ=(r−1, r−2, . . . , s+t−1, s+t−3, . . . , s+t−2min{s, t}+1),
0 otherwise.

It gives a combinatorial interpretation of

Q∆r
s,t
(x) = Q(r−1,...,s+t−1,s+t−3,...,s+t−2min{s,t})+1).

Specially, if r = s + t, then ∆r
s,t is of rectangular shape (ts), so we have

Q∆r
s,t
(x) = S(ts)(x) = Q(r−1,r−3,...,r−2min{s,t}+1)(x). (cf. Dewitt [5, Eq. (4.5)],

Worley [19, Eq. (7.19)])
(k) (Content-reversing involutions on ShYTs and SShYTs) In [16, Chapter

6] Stembridge gave a combinatorial proof that SchurQ-functions are symmetric.
To do this he showed that there is a content-reversing involution on the set of
ShYTs. We remark that our shifted tableau switching also give a combinatorial
proof of the symmetry of Schur Q-functions. More precisely, for an ShYT T we
can define a content-reversing involution by performing the shifted switching
process on (T (i), T (i+1)) and then interchanging i↔ i+1, i′↔ (i+1)′. It should
be emphasized that the involution coming from our shifted tableau switching
is different to some extent from Stembridge’s involution.

Moreover, the set of SShYTs is not closed under this involution, thus Stem-
bridge’s method does not induce a combinatorial proof that Schur P -functions
are symmetric. So the modified shifted tableau switching (Theorem 6.2) give
a combinatorial proof of the symmetry of Schur P -functions. Also we remark
that Cho [3] gave another combinatorial proof of the symmetry of Schur P -
functions by giving a Bender-Knuth type involution on the set of semistandard
decomposition tableaux.
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Remark 8.1. In [18], Thomas-Yong devised a combinatorial tool called the in-
fusion to provide a root-theoretic generalization of the Littlewood–Richardson
rule for the Schubert calculus of (co)minuscule variety. More precisely, for
a minuscule flag variety G/P , they introduced notion of the rectification of
a standard tableau that depends on the root system, and then showed that
the Schubert intersection number cνλ,µ(G/P ) equals the number of standard

tableaux of shape ν/λ whose rectification is a fixed standard tableau of shape µ.
They also showed symmetric properties that cνλ,µ(G/P ) satisfies (see [18, Corol-

lary 4.7]). In the case of isotropic Grassmannian, their generalization coincides
with the shifted Littlewood–Richardson rule [17, Lemma 8.4] and the symme-
try of cνλ,µ(G/P ) with the symmetry of shifted LR coefficients described in

(b). Although the shifted tableau switching can be recovered from the infusion
map of type C with the semistandardization procedure for ShYTs introduced
in [10, Section 9] by Pechenik and Yong, the modified shifted tableau switching
cannot be recovered, which is an extended result about it.

Appendix A. Proof of Proposition 3.3

To begin with, we provide two lemmas which are required to prove Propo-
sition 3.3. Suppose that (A,B) is a shifted perforated (a,b)-pair such that B
extends A. For each a-box in A ∪ B, define its switching path by the set of
boxes it passes through during the shifted switching process. For example, if

A ∪B = a a b′ b b
b′

,

then the switching path of the (1, 2) box is {(1, 2), (1, 3), (1, 4), (1, 5)} and that
of the (1, 1) box is {(1, 1), (1, 2), (2, 2)} since

a a b′ b b
b′

(S1) a b′ a b b
b′

(S1) a b′ b a b
b′

(S1) a b′ b b a

b′
(S3) b′ b b b a

a
.

Lemma A.1. Let (A,B) be a shifted perforated (a,b)-pair such that B extends

A. Then the switching path α of the (i, j) box in A has one of the following

forms:

T1 {(i, j), . . . , (i, j + y)} for some y ≥ 0 (horizontal shape)
T2 {(i, j), . . . , (i+ x, j)} for some x ≥ 1 (vertical shape)
T3 {(i, j), (i, j + 1), (i+ 1, j + 1)} (hook shape)

Proof. Since A ∪B is the union of two border strip ShYTs, it suffices to show
that no paths contain the following type subsets:

E1 {(s, t), (s+ 1, t), (s+ 1, t+ 1)}
E2 {(s, t), (s, t+ 1), (s, t+ 2), (s+ 1, t+ 2)}
E3 {(s, t), (s, t+ 1), (s+ 1, t+ 1), (s+ 2, t+ 1)}

We first deal with the case where the (i, j) box in A is �(A ∪ B). When α
contains E1, the (s, t+ 1) box is filled with b, which contradicts Definition 3.1
since the (s+ 1, t+ 1) box is in B. When α contains E2, the (s, t+ 1), (s, t+
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2), (s+1, t), (s+1, t+1) and (s+1, t+2) boxes should be contained in B. This
cannot occur since B is a b-border strip ShYT. The case where α contains E3
can be treated in the same manner.

Next we deal with the case where the (i, j) box in A is not �(A∪B). When
the (i, j) box in A is �(σk(A ∪ B)) for some k, our assertion follows from the
above argument. The case where this fails occurs only when j = i and the (i, i)
box in A is moved to the (i, i+ 1) position by either (S4) or (S7). But, in this
case, the (i, i + 2) box is empty or filled with b. It implies that the (i + 1)st
row consists of only one b-box, hence α is horizontal. �

Given a shifted perforated pair (A,B) such that B extends A, let us identify
a′-boxes and a-boxes with o′-holes and o-holes, respectively. We remark that
the switching path of a given a-box is exactly same to its sliding path defined
in [1, p.82] except that the final position of the switching path and the sliding
path may be different. More precisely, if either (S4) or (S7) occurs in the
shifted switching process of a given unprimed a-box, then the final position of
its switching path is filled with a′. On the contrary, the final position of the
corresponding o-hole is still an o-hole (see Remark 3.8(a)).

Suppose that a set α of boxes and a box B are contained in a shifted diagram.
When α contains a box which is strictly east and weakly north of B, we say
that B lies west of α. Similarly, when α contains a box which is strictly south
and weakly west of B, we say that B lies north of α. We can derive the same
result with [1, Lemma 2] by replacing sliding paths by switching paths.

Lemma A.2 (cf. [1, Lemma 2]). Let (A,B) be a shifted perforated (a,b)-pair
such that B extends A. Suppose that the switching path β from (s, t) occurs

directly after the switching path α from (i, j). For any (s′, t′) ∈ β,

(a) if (s′, t′) lies west of α, and (s′, t′) is not on the main diagonal of A, then
at the next step (s′, t′) will lie west of α.

(b) if (s′, t′) lies north of α, then the same is true at the next step.

Proof of Proposition 3.3. The only nontrivial part of the proof is to see
that σm(A ∪ B)(a) and σm(A ∪ B)(b) are shifted perforated a and b-tableau
for all m = 1, . . . , n, respectively. For a fixed inner corner of B let us move
this box until it becomes a removable corner by applying a sequence of shifted
slides. In each step one can see that the corresponding filling satisfies the four
conditions in Definition 3.1. Therefore the final filling obtained by discarding
the new removable corner in the above is a b-border strip ShYT. By repeating
this process, one can see that σm(A ∪B)(b) is a shifted perforated b-tableau.

Next we will show that σm(A ∪B)(a) is a shifted perforated a-tableau. For
the box �(A ∪B), let α1 be the switching path starting from this box. When
α1 is of type T1, the perforateness is obviously being preserved in the corre-
sponding switching process. In case where α1 is of type T2, if (S4) or (S7) does
not occur in the switching process, then the perforateness is obviously being
preserved. If (S4) or (S7) occurs in the switching process, then this switch will
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be used the final step. Note that α1 = {(i, j), (i + 1, j), . . . , (j, j)} for some
i < j. Since b-boxes (i + 1, j + 1), . . . , (j, j + 1) cannot be contained in A ∪B
and the box (j − 1, j) will be filled a′, so the perforateness is also being pre-
served. In case where α1 is of type T3 one can easily see the preservation of
the perforateness similar to the case T2.

Assume that for some r ≥ 1, σr(A ∪ B) is a shifted perforated pair such
that the a-boxes in A corresponding from 1 to k as the order stanr(A) are fully
switched. Let (s, t) := �((A∪B)r). Suppose that the switching path α occurs
directly before the switching path β passing through (s, t). When β and α are
intersected by (S4) or (S7), one can see that α is vertical whose final position
is on the main diagonal and β is horizontal whose initial position is on the
main diagonal. Lemma A.2(b) implies that all boxes in β lie north of α and
they are filled with a′ except the initial position of β. So the assertion holds.
In the other cases Lemma A.2 says the perforateness is being preserved. This
completes the proof. �

Appendix B. Proof of Lemma 4.4

We first give necessary lemmas. Let A be an ShYT consisting of (k + 1)
a-boxes. Define A[k] to be the subtableau of A occupied by k in stanr(A) and

A[≤k] := A[k] ∪ A[k−1] ∪ · · · ∪A[1].

Then, by definition, A = A[k+1]∪A[≤k] and A[≤k] extends A[k+1]. If two shifted
perforated (a,b)-pairs (A,B) and (A′, B′) are same when we ignore the (i, j)
box, then we use the following expression

(A,B) ≈ (A′, B′) up to (i, j).

Lemma B.1. Let (A,B) be a shifted perforated (a,b)-pair such that |A| = k+1
(k ≥ 1) and B extends A. Let A[k+1] = Ai,j. If neither (S4) nor (S7) occurs in
the shifted switching process corresponding to the switching path starting with

(i, j), then

Σ(AB,AB) ≈ Σ(A
[≤k]

B,A[≤k]
B) up to (i, j).

Proof. Let u be the smallest integer such that σu(A[≤k], B) gets fully switched.
Since A[k+1] remains unchanged in applying σu to (A,B), it follows that
�(σu(A,B)) = A[k+1] = Ai,j . When A[k+1] is fully switched in σu(A,B),

there is nothing to prove. Hence we assume that A[k+1] is not fully switched.
Then, by Lemma A.1, the switching path at (i, j) has one of the following
types:

T1 {(i, j), . . . , (i, j + y)} for some y ≥ 1
T2 {(i, j), . . . , (i+ x, j)} for some x ≥ 1
T3 {(i, j), (i, j + 1), (i+ 1, j + 1)}

In case of T1, σu+y(A,B) is fully switched and (σu+y(A,B))i−1,j+y is a b′-box

or an empty box since (σu(A,B))i,j+y is a b-box. For 1 ≤ s ≤ y, let vs be the
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integer uniquely determined by the condition

�(σvs(AB,AB)) = (i, j + y − s).

Then we have

σv1+1(AB,AB) ≈ σv1(A
[≤k]

B,A[≤k]
B) up to (i, j), . . . , (i, j + y − 1).

More generally, for 1 ≤ s ≤ y and vs ≤ r ≤ vs+1 − 1, it is not difficult to see
that

σr+1(AB,AB) ≈ σr+1−s(A
[≤k]

B,A[≤k]
B) up to (i, j), . . . , (i, j + y − s).

It should be noticed that we are regarding vy+1 as a sufficiently large integer.

This implies that
(

Σ(AB,AB)
)

i,j
= A[k+1] and

Σ
(

AB,AB

)

≈ Σ
(

A[≤k]

B,A[≤k]
B

)

up to (i, j)

because the (i, j) box is not in Σ(A
[≤k]

B,A[≤k]
B).

In case of T2, σu+x(A,B) is fully switched. For 1 ≤ s ≤ x, let vs be the
integer uniquely determined by the condition

�(σvs(AB,AB)) = (i + x− s, j).

For 1 ≤ s ≤ x and vs ≤ r ≤ vs+1 − 1,

σr+1(AB,AB) ≈ σr+1−s(A
[≤k]

B,A[≤k]
B) up to (i, j), . . . , (i + x− s, j).

Here we are regarding vx+1 as a sufficiently large integer. This equivalence
holds since �(σv1(AB,AB)) = (i + x − 1, j) is switched with an a-box placed
at (i+ x, j) regardless of the (i+ x, j − 1) box. As in case of T1, it holds that
(

Σ(AB,AB)
)

i,j
= A[k+1] and

Σ
(

AB,AB

)

≈ Σ
(

A[≤k]

B,A[≤k]
B

)

up to (i, j).

Finally, in case of T3, σu(A,B) must contain one of the following subfillings:

a b′

b′
or

a b′

b
or

a b′

b′ b
or

a b′

b b

It implies that (AB,AB) must contain one of the following subfillings:

b′ b

a
or

b b

a
or

b′ b

b′ a
or

b′ b

b a

Note that in the first two subfillings, the upper leftmost box denotes the (i, i)
box in σu(A,B) and

(

AB,AB

)

, respectively. In particular, A[k+1] = Ai,i. Let
v be the integer uniquely determined by the condition

�
(

σv
(

AB,AB

))

= (i, i+ 1).
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Applying (S4) to �(σv(AB,AB)), we can deduce that

σv+1
(

AB,AB

)

≈ σv
(

A[≤k]

B,A[≤k]
B

)

up to (i, i).

Furthermore, since the (i, i) a-box in σv+1
(

AB,AB

)

cannot be switched with

any b-box in σv+1
(

AB,AB

)

, it follows that for r ≥ 1,

σv+1+r
(

AB,AB

)

≈ σv+r
(

A[k]

B,A[k]
B

)

up to (i, i).

For the remaining two subfillings, we let v1 and v2 be the integer uniquely
determined by

�
(

σv1
(

AB,AB

))

= (i, j + 1)

and

�
(

σv2
(

AB,AB

))

= (i, j),

respectively. Here the (i, j) box is the upper leftmost box in the each subfilling.
Then

σv1+1
(

AB,AB

)

≈ σv1(A
[≤k]

B,A[≤k]
B) up to (i, j) and (i, j + 1).

Now consider any b-box on the southwest of (i, j). The switching path at (i, j)
does not contain (i, j+1). Moreover, the (i, j) a-box in σv2+1(AB,AB) cannot
be switched with any b-box in σv2+1(AB,AB). Therefore, for s = 1, 2 and
vs ≤ r ≤ vs+1 − 1,

σr+1
(

AB,AB

)

≈ σr+1−s(A
[≤k]

B,A[≤k]
B) up to (i, j) and (i, j + 2− s).

Here we are regarding v3 as a sufficiently large integer. Hence we showed for
all subfillings above that

Σ
(

AB,AB

)

≈ Σ
(

A[≤k]

B,A[≤k]
B

)

up to (i, j),

where A[k+1] = Ai,j . �

Lemma B.2. Let (A,B) be a shifted perforated (a,b)-pair such that |A| = k+1
(k ≥ 1) and B extends A. Let A[k+1] = Ai,i. If either (S4) or (S7) occurs in

the shifted switching process corresponding to the switching path starting with

(i, i), then

Σ
(

AB,AB

)

≈ Σ
(

A[≤k]

B,A[≤k]
B

)

up to (i, i).

Proof. Let u be the smallest integer such that σu(A[≤k], B) is fully switched.
Then the uth switch should be (S4) or (S7) and by which A[k+1] is moved from
(i, i) to (i, i+ 1).

When (S4) is applied to σu−1(A,B), the (i, i + 1) box in σu−1(A,B) is
filled with a and this box is in the switching path at A[k]. In particular, the
(i, i + 2) box in σu−1(A,B) is either an a-box or an empty box and the ith
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column in A ∪ B has only a single box at (i, i). Refer to the following figure:

a
a

b′

b

b
a a

b′

a

b

b
a

(S4)

b
b′

a′

a

b
a or

a

b′

b′

a

b′

b

b
a

a

b′

b′

b′

a

b

b
a

(S4)

b

b′

b′

b′

a′

a

b
a

Hence σu(A,B) is fully switched and

(

AB,AB

)

≈
(

A[≤k]

B,A[≤k]
B

)

up to (i, i), (i, i+ 1) and (i+ 1, i+ 1).

Let v be the integer such that �(σv(AB,AB)) = (i, i). We see that

�(σv(A
[≤k]

B,A[≤k]
B)) = (i, i+ 1) and for 0 ≤ r ≤ v,

σr(AB,AB) ≈ σr(A
[≤k]

B,A[≤k]
B) up to (i, i), (i, i+ 1) and (i+ 1, i+ 1).

Since (S2) and (S3) are applied to �(σv(A
[≤k]

B,A[≤k]
B)) and �(σv(AB,AB)),

respectively, it follows that

σv+1(AB,AB) ≈ σv+1(A
[≤k]

B,A[≤k]
B) up to (i, i).

This implies that whenever r ≥ v + 1, the switch to be applied to σr(AB,AB)

should be same to that to be applied to σr(A
[≤k]

B,A[≤k]
B). Thus we see that

Σ
(

AB,AB

)

≈ Σ
(

A[≤k]

B,A[≤k]
B

)

up to (i, i).

When (S7) is applied to σu−1(A,B), then �(σu−1(A,B)) = (i, i+1). More-
over, (i + 1, i + 1) and (i, i + 2) in σu−1(A,B) respectively are filled with b
and b. We claim that A[k] = Ai,i+1. Suppose that A[k] 6= Ai,i+1. Then

(i − 1, i + 1) is in the switching path at A[k] and filled with a in σu−2(A,B).
Now let us investigate the (i − 1, i + 2) box in σu−2(A,B). If it is filled with
a, then �(σu−2(A,B)) = (i− 1, i+ 2) and thus �(σu−1(A,B)) = (i− 1, i+ 1)
or (i − 1, i + 3). If it is filled with b′, then the (u − 1)st switch is (S1) and
�(σu−1(A,B)) = (i− 1, i+2). This shows that the (i− 1, i+2) box should be
filled with b in σu−2(A,B), thus in σu−1(A,B). It is obviously a contradiction
to the fact that the (i, i+2) box in σu−1(A,B) is filled with b. Hence we verified
the claim. In addition, by using this property, we see that the ith column in
A ∪B has only a single box at (i, i). Refer to the following figure:

b′ a

a a b b b b

b

b′ b

a a b b b a

b

(S7)
b′ b

b a′ b b b a

a

a a a b b

b b a a

a a b b b

b a a a

(S7) b a′ b b b

a a a a
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Suppose that the switching path at (i, i) is {(i, i), . . . , (i, i+y)} for some y ≥ 2.
Then σu+y−1(A,B) is fully switched and

(AB,AB) ≈ (A
[≤k]

B,A[≤k]
B) up to (i, i), . . . , (i, i+ y) and (i+ 1, i+ 1).

For 1 ≤ s ≤ y, let vs be the integer determined by the condition

�(σvs(AB,AB)) = (i, i+ y − s).

Then, for 1 ≤ s ≤ y − 1 and vs ≤ r ≤ vs+1 − 1,

σr+1(AB,AB) ≈ σr+1−s(A
[≤k]

B,A[≤k]
B) up to (i, i), . . . , (i, i+y−s) and (i+1, i+1).

Applying σ to the case where s = y − 1 and r = vy − 1, one can see that

σvy+1(AB,AB) ≈ σvy−y+2(A
[≤k]

B,A[≤k]
B) up to (i, i).

This equivalence implies that for each r ≥ 1, the switch to be applied to

σvy+r(AB,AB) is equal to that to be applied to σvy−y+r+1(A
[≤k]

B,A[≤k]
B).

Thus we see that

Σ
(

AB,AB

)

≈ Σ
(

A[≤k]

B,A[≤k]
B

)

up to (i, i).
�

Proof of Lemma 4.4. We prove the assertion by induction on the number of
boxes in A. To begin with, consider the case where A consists of a single box.
Let (i, j) be its position and α be the switching path starting with (i, j). As in
the proof of Lemma B.1, the type of α is one of T1, T2 and T3. Let u be the
smallest integer such that σu(A,B) is fully switched.

In case of T1, when the (i+1, j) box is filled with b in B, the (i, j+1) box
is filled with b′ and all boxes (i, j + 2) through (i, j + y) should be filled with
b. On the other hand, when the (i+ 1, j) box is not in B, the (i, j + 1) box is
filled with b and all boxes (i, j + 2) through (i, j + y) should be filled with b.
In either case, since the (i− 1, j+ y) box is a b′-box or an empty box, it follows
that σi(AB,AB) = σu−i(A,B) for all 1 ≤ i ≤ u. Thus σu(AB,AB) = (A,B).

In case of T2, all boxes (i + 1, j) through (i + x − 1, j) are filled with b′,
whereas the (i + x, j) box is filled with b. When the (i + x, j − 1) box is
filled with b in B, the (i+ x, j) box is filled with b. On the other hand, when
the (i + x, j − 1) box is not in B, it is filled with b. In either case, since
�(AB,AB) = (i + x − 1, j), it follows that σi(AB,AB) = σu−i(A,B) for all
1 ≤ i ≤ u. Thus σu(AB,AB) = (A,B).

Finally, one can easily see that the T3 case can occur only in the following
subfillings:

a b′

b

b b
a

a b′

b′
b′ b

a

a b′

b b

b′ b

b a

a b′

b′ b

b′ b

b′ a

For all subfillings above, it is straightforward to see that Σ(AB,AB) =
(A,B).
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We now assume that the desired result holds for all ShYTs of border strip
shape with k boxes. Suppose that A has k + 1 boxes. Letting A[k+1] = Ai,j ,
by Lemma B.1 and Lemma B.2 we have

Σ
(

AB,AB

)

≈ Σ
(

A[≤k]

B,A[≤k]
B

)

up to (i, j).

Moreover, from induction hypothesis it follows that

Σ
(

A[≤k]

B,A[≤k]
B

)

=
(

A[≤k], B
)

.

It follows that

Σ
(

AB,AB

)

= A[k+1] ∪ Σ
(

A[≤k]

B,A[≤k]
B

)

= A[k+1] ∪
(

A[≤k], B
)

= (A,B) ,

as required. �

Appendix C. Proof of Proposition 6.1

Proof of Proposition 6.1. (a) Suppose that σ̃ is applied to σk(A,B) for
some k ≥ 0. Here σk(A,B) is a shifted perforated (a,b)-pair by Proposition
3.3.

When σ̃ =(S1′) is applied to the (i, i) a-box in σk(A,B), then (σ̃◦σk(A,B))i,i
= b and (σ̃◦σk(A,B))i,i+1 = a′. Moreover, the (i+1, i+1) box is not contained
in σk(A,B) since if it is filled with b, then the switch to be applied to σk(A,B)
is not (S1′) but (S3). Now suppose that another modified switch is applied
to σj ◦ σ̃ ◦ σk(A,B) for some j ≥ 0. Then �(σj ◦ σ̃ ◦ σk(A,B)) is (i − 1, i)
and has the neighbor to the south. Since (σk(A ∪ B))i,i+1 = b′, it follows
that (σj ◦ σ̃ ◦ σk(A,B))i−1,i+1 = b′. Therefore the switch to be applied to
σj ◦ σ̃ ◦ σk(A,B) is not a modified switch but (S5), which is absurd.

When σ̃ =(S2′) or (S6′) is applied to the (i − 1, i) a′-box in σk(A,B), then
(σ̃ ◦ σk(A,B))i,i = a, (σ̃ ◦ σk(A,B))i−1,i = b′, and the (i − 1, i− 1) box is not
contained in σk(A,B) by Definition 3.1. By the occurrence of (S2′) or (S6′), the
(i, i+1) box in σk(A,B) cannot be filled with b, so the (i, i+1) box in σk(A,B)
is an a-box or an empty box. This implies that the (i, i) a-box in (σ̃◦σk(A,B))
is fully switched and is a unique box on the main diagonal in (σ̃ ◦ σk(A,B)).
As a result, no modified switches can be applied to (σj ◦ σ̃ ◦ σk)(A,B) for all
j ≥ 0.

(b) If a modified switch is not used in the modified shifted switching process,
there is nothing to prove. Otherwise, by (a), each (a,b)-pair appearing in the
modified shifted switching process can be written as σj ◦ σ̃ ◦ σk(A,B) for some
nonnegative integers j, k. Due to Proposition 3.3, we have only to see that

there exists a pair of ShYTs ( ̂A, ̂B) such that ̂B extends ̂A and

σ̃ ◦ σk(A,B) = σk+1( ̂A, ̂B).
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Set (A′, B′) := σk(A,B).
First, suppose that σ̃ = (S1′) is applied to the (i, i) a-box in A′. Then

σ̃(A′, B′) ≈ σ(A′, B′) up to (i, i) and (i, i+ 1),

where σ = (S1). Let B′′ be the filling obtained from B′ by changing b′ into
b at (i, i + 1). It is a shifted perforated b-tableau since the (i + 1, i + 1) box
is not contained in B′. Similarly, let A′′ be the filling obtained from A′ by
changing a into a′ at (i, i). It is also a shifted perforated a-tableau with a
primed letter on the main diagonal since the (i, i) a-box is the westernmost
box in A′. Moreover, since the (i, i) a′-box is the southwesternmost box in A′′,
it follows that �(A′′ ∪B′′) = (i, i) and thus

σ̃(A′, B′) = σ(A′′, B′′).

Now define ( ̂A, ̂B) to be the pair of ShYTs obtained from (A,B) by changing
a into a′ at the westernmost a-box in A and by changing b′ into b at the

southernmost b′-box in B. We claim that A′′ ∪ B′′ = σk( ̂A, ̂B). Since the
westernmost (i, i) a-box in A is not affected by σk and the southernmost b′-box
of B has been moved to the (i, i+ 1) b′-box in B′ through σk,

σk( ̂A, ̂B) ≈ A′ ∪B′(≈ A′′ ∪B′′) up to (i, i) and (i, i+ 1).

The claim follows from the fact that the (i, i) box and (i, i+1) in σk( ̂A, ̂B) are
a′ and b, respectively.

Second, suppose that σ̃ =(S2′) is applied to the (i− 1, i) a′-box in A′. Then

σ̃(A′, B′) ≈ σ(A′, B′) up to (i − 1, i) and (i, i),

where σ = (S2). Let A′′ be the filling obtained from A′ by changing a′ into a at
(i−1, i). It is a shifted perforated a-tableau since no a′-boxes are in the ith row
in A′. Similarly, let B′′ be the filling obtained from B′ by changing b into b′ at
(i, i). It is also a shifted perforated b-tableau with a primed letter on the main
diagonal since the (i, i) b-box is the westernmost box in B′. In addition, since
the (i− 1, i) box in A′ is the southernmost a′-box and the (i − 1, i) box in A′′

is the westernmost a-box, it follows that �(A′ ∪B′) = �(A′′ ∪B′′) = (i− 1, i),
and thus

σ̃(A′, B′) = σ(A′′, B′′).

Define ( ̂A, ̂B) to be the pair of ShYTs obtained from (A,B) by changing a′ into
a at the southernmost a′-box in A and b into b′ at the westernmost b-box in
B. We claim that A′′ ∪B′′ = σk( ̂A, ̂B). Notice that the (i, i+ 1) box is clearly
not in A ∪ B, so the (i, i) box is filled with b in A ∪ B. Since (S2′) is applied
to the (i − 1, i) a′-box, the (i, i) box in A′ ∪ B′ is filled with b. It means that
the westernmost (i, i) b-box in B is not affected by σk. On the other hand,
no boxes are in the (i − 1)st column of A ∪ B, so the southernmost a′-box in
the ith column of A has been moved to the (i− 1, i) a′-box in A′ through σk.
Combining these properties yields that

σk( ̂A, ̂B) ≈ A′ ∪B′(≈ A′′ ∪B′′) up to (i− 1, i) and (i, i).
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The claim now follows from the fact that the (i−1, i) box and (i, i) in σk( ̂A, ̂B)
are a and b′, respectively.

Finally, in case where σ̃ = (S6′) is applied to the (i−1, i) a′-box in A′, ( ̂A, ̂B)
can be obtained in a similar way as in the second case. In this case, the (i, i+1)
box may be or may not be in A ∪ B. In any case, it can be easily seen that
the westernmost (i, i) b-box in B is not affected by σk and the southernmost
a′-box in the ith column of A has been moved to the (i − 1, i) a′-box in A′

through σk. �

Appendix D. Proof of Theorem 6.2

We give two auxiliary lemmas to prove this theorem. By using the following
lemmas, it can be proved essentially in the same way as in the proof of Theorem
3.6.

Let A and B be ShYTs consisting of a-boxes and b-boxes, respectively.
Define ω(A) by the ShYT obtained by priming the southwesternmost box in
A. Recall that (a′)′ is set to be a. In particular, for (A,B) such that B extends
A, define Ω(A,B) by (ω(A), ω(B)).

Lemma D.1. Suppose that (A,B) is a shifted perforated (a,b)-pair such that

B extends A. If Σ(A,B) is not equal to ˜Σ(A,B), then we have

(a) ˜Σ(A,B) = Σ ◦ Ω(A,B).

(b) Ω ◦ ˜Σ(A,B) = Σ(A,B), or equivalently, Ω ◦ Σ = Σ ◦ Ω.

Proof. (a) The proof of Proposition 6.1(b) shows that if a modified switch is
applied to σk(A,B) for some k ≥ 0, then

(5) σ̃ ◦ σk(A,B) = σk+1(ω(A), ω(B)).

By Proposition 6.1(a), only nonmodified switches can be applied to either side
of (5). Therefore we can conclude that

σl ◦ σ̃ ◦ σk(A,B) = σl ◦ σk+1(ω(A), ω(B)) for all l ≥ 0.

(b) Note that

Ω ◦ Σ ◦ Ω(A,B) = Ω ◦ Σ(ω(A), ω(B))

= Ω(ω(A)ω(B), ω(A)ω(B))

= (ω(ω(A)ω(B)), ω(ω(A)ω(B))).

Since Σ(A,B) 6= ˜Σ(A,B) by assumption, the switches (S3), (S4) and (S7)
cannot occur in the modified shifted switching process. This again implies that
they cannot occur in the shifted switching process, too. In particular, since
neither (S4) nor (S7) is not used in obtaining (Aω(B), Aω(B)) from (A,ω(B)),
the southwesternmost box in A is moved to that in Aω(B) by Lemma A.1 and
these boxes are both primed or both unprimed. It follows that ω(Aω(B)) =
ω(A)ω(B). In addition, since (S3) is not used in the shifted jeu de taquin of B
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depending on ω(A), the southwesternmost box in B is also moved to that in
ω(A)B and these two boxes are both primed or both unprimed. This implies
that ω(ω(A)B) = ω(A)ω(B). Now combining Remark 3.8(iv) with the fact that
stan(A) = stan(ω(A)) and stan(B) = stan(ω(B)), we can derive that

ω(A)B = stan(ω(A))B = stan(A)B = AB and

Aω(B) = Astan(ω(B)) = Astan(B) = AB .

Consequently

Ω ◦ ˜Σ(A,B) =
(

ω(ω(A)ω(B)), ω(ω(A)ω(B))
)

=
(

ω(A)B,Aω(B)

)

= (AB,AB). �

Lemma D.2. Let (A,B) be a shifted perforated (a,b)-pair such that B extends

A. Then we have

(a) ˜AB ∪ ˜BA has the same shape as A ∪B.

(b) ˜AB extends ˜AB. In addition, ˜AB and ˜AB are SShYTs of border strip

shape.

Proof. (a) The assertion follows from the fact that neither a switch nor a mod-
ified switch does not affect on the shape.

(b) When Σ(A,B) = ˜Σ(A,B), there is nothing to prove. When Σ(A,B) 6=
˜Σ(A,B), ˜Σ(A,B) is equal to Ω ◦ Σ(A,B) by Lemma D.1(b). It follows that
˜Σ(A,B)(a) extends ˜Σ(A,B)(b). Since no primed letters are on the main diagonal

in ˜Σ(A,B), we obtain the desired result. �
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