J. Appl. Math. & Informatics Vol. 37(2019), No. 3 - 4, pp. 207 - 217
https://doi.org/10.14317/jami.2019.207

ON THE COMPLETE CONVERGENCE FOR WEIGHTED
SUMS OF NEGATIVELY SUPERADDITIVE DEPENDENT
RANDOM VARIABLES'
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ABSTRACT. We are presented of several basic properties for negatively su-
peradditive dependent(NSD) random variables. By using this concept we
are obtained complete convergence for maximum partial sums of rowwise
NSD random variables. These results obtained in this paper generalize a
corresponding ones for independent random variables and negatively asso-
ciated random variables.
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1. Introduction

Alam and Saxena(1) introduced the concepts of negatively associated prop-
erty and Joag-Dev and Proschan(6), Block et al.(2), Seo and Baek(3) have care-
fully studied a number of well known multivariate distributions posesses the NA
property.

Definition 1.1. (1) A finite family {X; : 1 < i < n} is said to be negatively
associated (N A) if, for every pair of disjoint subsets A; and As of {1,2,3,--- ,n},

COV(f(Xi’i € Al)vg(Xja.j € AQ)) <0,

whenever f and g are coordinatewise nondecreasing functions such that this
covariance exists. An infinite sequence {X,, : n > 1}is NA if every finite subcol-
lection is NA.

Hu(7) was introduced the concept of negatively superadditive dependent(NSD)
random variables which is based on the class of superadditive functions
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Definition 1.2. (7) A random vector (X7, Xo, -+, X,)is said to be NSD if
BEé(X1, Xo, .o, Xn) < EQ(XT, X5, 0, X7

where X1, X5, ..., X} are independent such that X; and X; have the same dis-
tribution for each ¢ and ¢ is a superadditive function such that the expectations
in the above equation exist.

Definition 1.3. (7) A sequence {X, : n > 1} of random variables is said to be
NSD if for all n > 1, (X1, Xa, ..., X») is NSD.

Hu gave an example illustrating that NSD does not imply NA and Christofides

and Vaggelatou(4) indicated that negatively association implies negatively su-
peradditive dependence. Negatively superadditive dependence structure is an
extension of negatively associated structure and sometimes more useful than
negatively associated structure(see Joag-Dev and Proschan(6)).
Since concepts of NSD is weaker than independent and NA, the studying of the
limit behavior of the NSD random variable is of interest. The main purpose
of this paper is to study the complete convergence for weighted sums of NSD
random variables.

The following concept of stochastic domination will be used in this paper.

Definition 1.4. A sequence {X,, : n > 1} of random variables is said to be
stochastically dominated by a random variable X if there exists a positive con-
stant C such that

P(|X,| >xz) <CP(|X|>x)
forallz > 0and n > 1.

Finally, in section 2 we study some preliminary results for NSD random vari-
ables and the main results of this paper is discuss complete convergence for
maximum partial sums of rowwise NSD random variables in section 3.

2. Preliminaries

Throughout this paper, a = O(b) means a < Cb and C will represent positive
constants which their value may change from one place to another. For z > 0 the
symbol [z] denotes the greatest integer in x. In this section, we will introduce
some important lemmas which will be need to prove our main results of this

paper.

Lemma 2.1. (7) (a) Let (X1, X2, X3,-++ , Xp,) be an NSD random vector, then
(7X1, 7X2, 7X3, crey 7X7,) is NSD.

(b) Let (X1,Xa, X3, - ,X,,) be an NSD random vector and f1, fa, -, fn are
non-decreasing functions, then f1(X1), fa(Xa), -+, fu(Xy) are NSD.

Lemma 2.2. (7) Let (X1, X2, X3, , X, )and (Z1,Z2,Z3,- -+ , Zy,) be indepen-
dent random vectors. If (X1, X2, X3,---,X,,) and (21,22, Zs,--- , Zy,) are both
NSD, then for any o € R, (X1 + aZ1,Xo+aZs,--- , X, + aZ,) is NSD.
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Lemma 2.3. Let (X1, X5, X3, -+ ,X,) be an NSD random vector. Then for
eachn>1 andt >0,

EeX tXi < H EetXi,

i=1

Proof. By Definition 1.2, Lemma 2.1(b) and Lemma 2.2, we obtain that
Eez tX; < E(ez tX,i*)
= EetX1EetXz. .. FetXn
= ﬁ BetXi,
i=1

U
Lemma 2.4. Let (X1, X5, X3, -+ ,X,) be an NSD random vector with mean
zero and 0 < C, = Y- EX} < oo. Then

wwzog<1+;z>>

5] < Sr(inin) el

=1

(2.1)

where S, = > X
Proof. The proof is similar to that of Theorem 2 in Fuk and Nagaev(5). Let
Y, = XiI<Xi < y) + yI<Xi > y> and Z, = > 1 ,Y; and note that ¥; <
X;,BY; <0 and EY? < EX?. By Lemma 2.1, for t > 0,et1, ez ... ¥ are
NSD. Thus, by Lemma 2.3,

n
Eet?n — BetXYi < HEethz (2.2)
i=1

Let F;(z) = P(X; < ;). Then, we obtain that for ¢ > 0.

y
EetYt = / e dF;(x) + etyP<Xi > x)

— 00

y
1+tEYi+/ (et“:—l—tx)dFZ-(:r)—l— (ety—l—ty>P(Xi>y)

1+ /U (em — 1 —tx)dFi(x) + <efy -1- ty)P(Xi > y) (2.3)

—0o0

IN

Since f(x) = 6”7# is increasing function for all z,t > 0 and 1 + z < €7
p g

for all real number z, it follows from (2.3) that

1+ etv—1-ty

(2 adr) + 2P 2 )

etYi <
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1+ (etv=1-)pX2

= 2

((etylty)EXiQ >
=z
e (2.4)

Thus, by (2.2) and (2.4) we obtain that for all > 0 and ¢t > 0

(_t$+Ex?Ct1’%"%l)
— ¢ Y
T Eetén < e

Taking t = log(1 + 2y/C},)/y, we obtain that
< 2 log(1+ L)~ 75 log(1 +J”ﬁ)))
67th6tZ" S e

<;—;log<1+g,{))
< e

Clearly, the events {S,, >z} C {Z, # S,} U{Z, > x}. Then we obtain that
P(S,>xz) < P(S,+# Z,)+P(Z,>x)

IN

< Z PX,>y)+ et Betén

n z—ﬂog(lwp)
< ZP(XzZyHe(yy . (2.5)

Similarly, since {—X,|n > 1} is NSD by Lemma 2.1(a) We obtain that

. (s
P(-S,>x) < Y P(-X;>y) (2.6)
=1

Thus, from (2.5) and (2.6) we obtain that

n <U—y10g( +Z)>
STP(IXI] > ) + 2 .

=1

IA

3. Main results and Proofs

Theorem 3.1. Suppose that {X,;|1 <i < k,, n > 1} be an array of mean zero
rowwise NSD random variables which is stochastically dominated by a random
variable X such that EX? < oo and let {a,| n > 1} be a sequence of posi-

tive real numbers with a, 1T co. If 220:1 kna,? = O(n'=2P) < oo for some
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p > % and {k,| n > 1} is a nondecreasing sequence of integer numbers , then
o 1 kn

2in=1a, E<maX1<kn<n 22l Xni| =

Proof. For all € > 0 and for any = > 0,

+
Ean) < oo for all e > 0.

> 1 kn +
—F| max Xnil —ea
G (1<kn<nz n n)
n=1 =1
el 1 oo kn
:Z—/ P max ZX”’ ga,| > x |dx
n Jo 1<k, <n|4
n=1 =1
o) 1 an
< — max Xnil > ea, +x |dx
- Z an /0 <1<kn<n Z " "
n=1
oo 1 o)
+ — max Xnil > ea dx
ngl an /an <1<k: <n Z " " )

kn

< Z P( 1?%&2(” ZX"Z Zan

= I+II(say).

1
> Z—/ < max >z>dz
—a 1<k, <n

Now we first need to prove that I < co. For any € > 0,p > = , and enough

large n, we obtain that
me > 5)

o
I = —
<Xm|>an>

n=1
CZ ZE‘XM

< cz S, B (1] > a

< CO(nl_Qp)E|X2<oo.

IN

Next we only need to prove that Il < oco. To prove that I < oo, for all
1<i<ky,n>1andy >0, we define as follows. Let Y,; = —yl(X,; <
=) + Xni (| Xnil < y) +yl(Xni > ¥), Zni = Xni — Yi = (X +9) I (X <
_y) + (an - y)I(an > y)

Then, for 11,

) k, k,
1 n oo n
I < Za P(|Xm| >y>dy+z / (1<mk§§n|zyni| >y)dy
i=1"%n - =1

n=1

= I + Ix(say)
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To prove that I; < oo, for any y > 0,p > 3, by Definition 1.4 and above
conditions, we obtain that

oo k
1 n o
L, = ZCTZ/ P(|Xni| > y)dy
n=1 " j=1"0n
0o kn

Z ai ZP<X7Li|I<Xni| > an) > y)dy
n=1

moi=1

IN

kn E|Xn1[(|an| > y)

Qp

< 2
< O n1_2p)E|X|2<oo.

Next, to prove Iy, we will first prove that
En

Z Xni

For 1 <i < oo,n > 1, since EX,; = 0,FY,; = —EZ,;. If X,; > y, then
0<Z,; = Xni —y < X,;. Consequently,

1
sup — max
y>an Y 1<kn<n|4

—0asn— o0

1 kn

sup — max E EY,;:
Y>an ) 1<k, <n .
kn

1
= sup — max
y>an Y 1<kn<n

i=1

kn
< Csup - E\Z
y>an Y ; "
< C sup — ZE’an ‘X’ﬂz| > y)
y>an Y =1
E| X (|an‘ > y)
<

oo knp
ZZ an
g Ozk JE|X|?

< CO(nl_Qp) — 0, as n — oo.

Next, we will prove that Iy < co. For Iy, by Lemma 2.1(b), {Y,; — EY,; : 1 <
i < kp,n > 1} is still an array of rowwise NSD random variables with mean
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zero. Let B, = Zf;l(Ym- — EY,;)? < co. Then, by Lemma 2.4 and Markov
inequality, we have that

kn

oo 1 o'e)
b S (s S0

00 1 0o kn y
< Z;/ (133@1 ;(Ym—EYm) >2>dy

+2e2 / ( )d

Z‘—lE ni — Ynz 2 / < )2

< CYy — i= dy + 2 d
- Zan/ y? ez B+% /
<

E nz 1 > Bn
szan/ el +222;/ (W) dy
n=1 An n 2

n=1i=1

kn 1 °°E\Xm|21(\Xm-|§an)
_ czzan / - dy

n=1{=1

+02ia/ = a”<2|Xm|<y)dy

nlzln

oyt L |Xm\>y>dy+262§; /(BB>dy

n=1 i= 1 +
= ]3+I4+I5+Ig(say).

For I3, by Definition 1.4 and above conditions, we have that for p > % and
enough large n,

E|Xn7,‘21 |an‘ <an)
% o A - dy

n=1i=1

E|X)?I( |X|<an)
DNy
n=1 =1

< C’O(nlzp)E|X|2 < 00.

IN

For I,, by Definition 1.4 and conditions, we have that for p > %1 and enough

2
large n,

EXH’L 2I a7l< an <
S L [ Ballles < Ul <),

2
nlzl Yy
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oS S [ EX P <X <),
n=1 @n k=[an] y?
oo oo
kn EIXPI(Jan] < |X|<k+1)
DD =
n=1" k=[a,]
[e'S) k
kn EIXPIG<|X[<j+1)
eyl s Ly |
n=1 k= [an] j=lan]
Ny 0o , =1
CY e 3 EXPIG< I <540 Y g
n=1"" j—[an] k=j

CZ o Z E|X|Ij<|X|<j+1)
J[a]

€3 B pxRr(X) > a0)

n=1 "

co (n”?) E|X|* < c0.

For I5, by Definition 1.4 and conditions, we have that for p > % and enough

large n,

I5

= CZZ / P|Xm|>y)

n=1i=1

< CZ / P(IX|I(|X] > an) > y)dy
> B|X|I(|X n

< Czkn | |(|a\>a)
n=1 n

< CO <n1_2p>E|X2 < 0.

1

For Ig, by Definition 1.4 and above conditions, we have that for p > % and
enough large n,

Ig

IN

IN

2

S [ G

n=

cEL[ (B,
oxa [ ()

711
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I7

<

IN

_|_

IN

IN

<

(fé

_4<ZE

2
4( Xf”;I(an < | Xl < y)) dy

I 2
CZ E/ y 4(ZP(|Xm| > y)) dy
n=1 an i=1

n

I + Ig + Ig(say).

Thus, we will prove that I; < oo, Igs < 0o and Iy < oo.
So, for Iy, by Definition 1.4 and above conditions, we have that for p > % and
enough large n,

Czan/

n=1

—4

2
P(| Xl >y > dy

(Z EX2,I(| X < an)>2dy

e LR

2 2

n >
2
an

(2
n=1

n

2
C(O(lep)EX2> < 0.

2
(X <an>) dy

2

2
(X <an>) dy

Next, for Ig, by Definition 1.4 and above conditions, we have that for p > % and
enough large n,

Ig

IN

IA

(e 1 00 kn
ey - [T (X ex:
nJan i=1
kn 2 oo
1 2 | 4
S EX2I(an < [Xnil <y y~dy

" i=1 a

e’} kn
cy i (Z EX?2

2
I(an < |an| S y))

2
I(a, < |Xnil < y)) dy

n
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e} 1 kn 2
C Z o (Z EX?I(a, < |X| < y)>

CZ(k EX2>
- C(anlknEX2)2

IA

IN

2
an

2
< C(O(nl_zp)EX2> < 00.

Finally, for Io, since sup,,s,, ngl P(|Xni| > y) < ngl P(|Xni| > v), by
Definition 1.4 and above conditions, we have that for p > l and enough large n,

Iy = Czan/ 4<ZP|Xm>y)dy

n=1
< C - E(|X,i*) d
< ofa [T () a
1 n o0
= C) — E(| X2 ~d
zan(z ) [rtay
k,EB|X|?
< CZ( X ) / iy
2
< C(O(nlzP)E|X2) < o0.
O
From the Theorem 3.1 we have a the following corollary 3.2.
Corollary 3.2. Under the assumptions of Theorem 8.1, we can obtain that
k‘n,
ZP( lglca)énEani|>5)<ooforalla>0.
Proof. Similar to the proof of Theorem 3.1, we can show that
kn
ZP( 1$a§n|;Xm|>s><oof0ralls>0.
O

Remark 3.1. Since NA random variables are the special case of NSD random
variables, The results of above is an extension of NA random variables.
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