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Abstract. In this paper we study some properties of Riemannian manifolds, we construct

a new example of non-harmonic biharmonic maps, and we characterize the biharmonicity

of some curves on Riemannian manifolds.

1. Preliminaries and Notations

Let (M, g) be a Riemannian manifold. By R, Ric and Ricci we denote respec-
tively the Riemannian curvature tensor, the Ricci curvature and the Ricci tensor of
(M, g). Thus R, Ric and Ricci are defined by:

(1.1) R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,

(1.2) Ric(X,Y ) = g(R(X, ei)ei, Y ), RicciX = R(X, ei)ei,

where ∇ is the Levi-Civita connection with respect to g, {ei} is an orthonormal
frame, and X,Y, Z ∈ Γ(TM). Given a smooth function f on M , the gradient of f
is defined by

(1.3) g(grad f,X) = X(f), grad f = ei(f)ei,

the Hessian of f is defined by

(1.4) Hessf (X,Y ) = g(∇X grad f, Y ),

where X,Y ∈ Γ(TM), the Laplacian of f is defined by

(1.5) ∆f = trace Hessf = g(∇ei grad f, ei).

* Corresponding Author.
Received December 31, 2017; revised October 3, 2018; accepted October 16, 2018.
2010 Mathematics Subject Classification: 53C20, 58E20, 53C22.
Key words and phrases: harmonic maps, biharmonic maps, product manifolds.
This work was supported by National Agency Scientific Research of Algeria.

135



136 A. Benkartab and A. Mohammed Cherif

(For more details, see for example [6]).
Let ϕ : (M, g)→ (N,h) be a smooth map between two Riemannian manifolds, the
tension field of ϕ is given by

(1.6) τ(ϕ) = trace∇dϕ = ∇ϕeidϕ(ei)− dϕ(∇eiei),

where {ei} is an orthonormal frame on (M, g), and ∇ϕ denote the pull-back con-
nection on ϕ−1TN . Then, ϕ is called harmonic map if the tension field vanishes,
i.e. τ(ϕ) = 0 (for more details on the concept of harmonic maps see [2, 3, 4]). We
define the index form for harmonic maps by (see [8]):

(1.7) I(v, w) =

∫
M

h(Jϕ(v), w)vg, v, w ∈ Γ(ϕ−1TN)

(or over any compact subset D ⊂M), where:

Jϕ(v) = − traceRN (v, dϕ)dϕ− trace(∇ϕ)2v

= −RN (v, dϕ(ei))dϕ(ei)−∇ϕei∇
ϕ
eiv +∇ϕ∇eieiv,(1.8)

RN is the curvature tensor of (N,h), ∇N is the Levi-Civita connection of (N,h),
and vg is the volume form of (M, g). If τ2(ϕ) ≡ Jϕ(τ(ϕ)) is null on M , then ϕ is
called a biharmonic map (see [3], [5]).

2. The Riemannian Manifold (M, g̃)

Definition 2.1. Let M be a Riemannian manifold equipped with Riemannian
metric g, and let f ∈ C∞(M). We define on M a Riemannian metric, denoted g̃,
by g̃ = g + df ⊗ df . For X,Y ∈ Γ(TM), we have the following

(2.1) g̃(X,Y )x = g(X,Y )x +X(f)xY (f)x, ∀x ∈M.

The Levi-Civita connection of (M, g̃) can now be related to those of (M, g) as
follows.

Theorem 2.2. Let (M, g) be a Riemannian manifold, if ∇̃ denote the Levi-Civita
connection of (M, g̃), then

(2.2) ∇̃XY = ∇XY +
Hessf (X,Y )

1 + ‖ grad f‖2
grad f,

where ∇ is the Levi-Civita connection of (M, g), Hessf (resp. grad f) is the
Hessian (resp. the gradient vector ) of f with respect to g, and ‖ grad f‖2 =
g(grad f, grad f).

Proof. Let X,Y, Z ∈ Γ(TM), from the Koszul formula (see [6]), we have

2g̃(∇̃XY,Z) = 2g(∇XY,Z) +X(Y (f)Z(f)) + Y (Z(f)X(f))

−Z(X(f)Y (f)) + Z(f)[X,Y ](f) + Y (f)[Z,X](f)

−X(f)[Y,Z](f),(2.3)
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let {Ei} be a geodesic frame on (M, g) at x ∈M , by (2.3) we obtain

2g̃(∇̃XY,Ei) = 2g(∇XY,Ei) +X(Y (f)g(Ei, grad f))

+Y (X(f)g(Ei, grad f))− Ei(g(X, grad f)g(Y, grad f))

+Ei(f)[X,Y ](f) + Y (f)(∇EiX)(f) +X(f)(∇EiY )(f),(2.4)

from equation (2.4), and the definition of Hessian (1.4), we get

g̃(∇̃XY,Ei) = g(∇XY,Ei) + g(∇XY, grad f)g(Ei, grad f)

+ Hessf (X,Y )g(Ei, grad f),(2.5)

from equation (2.5), we obtain

g̃(∇̃XY,Z) = g(∇XY, Z) + g(∇XY, grad f)g(Z, grad f)

+ Hessf (X,Y )g(Z, grad f),(2.6)

so that

g̃(∇̃XY,Z) = g̃(∇XY,Z) + Hessf (X,Y )Z(f).(2.7)

Hence Theorem 2.2 follows from (2.7), with

(2.8) Z(f) =
1

1 + ‖ grad f‖2
g̃(Z, grad f). 2

Now consider the curvature tensor R̃ of (M, g̃), writing R for the curvature
tensor of (M, g). We have the following result:

Theorem 2.3. Let (M, g) be a Riemannian manifold, and let f ∈ C∞(M). Then,
for all X,Y, Z ∈ Γ(TM), we have

R̃(X,Y )Z = R(X,Y )Z +
g(R(X,Y ) grad f, Z)

1 + ‖ grad f‖2
grad f

−Hessf (X, grad f) Hessf (Y,Z)

(1 + ‖ grad f‖2)2
grad f

+
Hessf (Y, grad f) Hessf (X,Z)

(1 + ‖ grad f‖2)2
grad f

+
Hessf (Y, Z)

1 + ‖ grad f‖2
∇X grad f − Hessf (X,Z)

1 + ‖ grad f‖2
∇Y grad f.(2.9)

Proof. By the definition of the curvature tensor R̃,

(2.10) R̃(X,Y )Z = ∇̃X∇̃Y Z − ∇̃Y ∇̃XZ − ∇̃[X,Y ]Z,
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and Theorem 2.2, we obtain

R̃(X,Y )Z = ∇̃X(∇Y Z +
Hessf (Y, Z)

1 + ‖ grad f‖2
grad f)

−∇̃Y (∇XZ +
Hessf (X,Z)

1 + ‖ grad f‖2
grad f)

−(∇[X,Y ]Z +
Hessf ([X,Y ], Z)

1 + ‖ grad f‖2
grad f),(2.11)

the first term of (2.11) is given by

∇̃X(∇Y Z +
Hessf (Y, Z)

1 + ‖ grad f‖2
grad f)

= ∇X(∇Y Z +
Hessf (Y,Z)

1 + ‖ grad f‖2
grad f)

+
Hessf (X,∇Y Z +

Hessf (Y,Z)
1+‖ grad f‖2 grad f)

1 + ‖ grad f‖2
grad f,(2.12)

by equation (2.12), and the definition of Hessian (1.4), we obtain

∇̃X(∇Y Z +
Hessf (Y,Z)

1 + ‖ grad f‖2
grad f)

= ∇X∇Y Z +
g(∇X∇Y grad f, Z)

1 + ‖ grad f‖2
grad f

+
Hessf (Y,∇XZ)

1 + ‖ grad f‖2
grad f − Hessf (X, grad f) Hessf (Y,Z)

(1 + ‖ grad f‖2)2
grad f

+
Hessf (Y,Z)

1 + ‖ grad f‖2
∇X grad f +

Hessf (X,∇Y Z)

1 + ‖ grad f‖2
grad f,(2.13)

using the similar method, the second term of (2.11) is given by

−∇̃Y (∇XZ +
Hessf (X,Z)

1 + ‖ grad f‖2
grad f)

= −∇Y∇XZ −
g(∇Y∇X grad f, Z)

1 + ‖ grad f‖2
grad f

−Hessf (X,∇Y Z)

1 + ‖ grad f‖2
grad f +

Hessf (Y, grad f) Hessf (X,Z)

(1 + ‖ grad f‖2)2
grad f

− Hessf (X,Z)

1 + ‖ grad f‖2
∇Y grad f − Hessf (Y,∇XZ)

1 + ‖ grad f‖2
grad f.(2.14)

Theorem 2.3 follows from equations (2.11), (2.13) and (2.14). 2
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3. The Biharmonicity of the Identity Map

Let (M, g) be a Riemannian manifold, f ∈ C∞(M), and denote by

Ĩ : (M, g) −→ (M, g̃),

x 7−→ x

the identity map.

Theorem 3.1. If ‖ grad f‖ = 1, then the identity map Ĩ is a proper biharmonic if
and only if the function f is non-harmonic on M , and satisfying the following

(∆f) Ricci(grad f) = −(∆2f) grad f −∇grad(∆f) grad f

−∆f

2
grad(∆f),

where ∆f is the Laplacian of f with respect to g, and ∆2f = ∆(∆f).

Proof. Let {Ei} be a normal orthonormal frame on (M, g) at x, we have

τ(Ĩ) = ∇ĨEidĨ(Ei)− dĨ(∇EiEi)

= ∇̃EiEi

=
Hessf (Ei, Ei)

1 + ‖ grad f‖2
grad f

=
∆f

2
grad f,(3.1)

note that Ĩ is harmonic if and only if ∆f = 0, i.e. the function f is harmonic on
(M, g). We compute the bitension field of the identity Ĩ, we have

R̃(τ(Ĩ), dĨ(Ei))dĨ(Ei) =
∆f

2
R̃(grad f,Ei)Ei

=
∆f

2

(
R(grad f,Ei)Ei

+
1

2
g(R(grad f,Ei) grad f,Ei) grad f

−1

4
Hessf (grad f, grad f) Hessf (Ei, Ei) grad f

+
1

4
Hessf (Ei, grad f) Hessf (grad f,Ei) grad f

+
1

2
Hessf (Ei, Ei)∇grad f grad f

−1

2
Hessf (grad f,Ei)∇Ei grad f

)
,(3.2)

since ‖ grad f‖ is constant on M , we obtain

Hessf (grad f,X) = 0, ∇grad f grad f = 0,
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for all X ∈ Γ(TM), from (3.2) and the definition of Ricci curvature, we get

R̃(τ(Ĩ), dĨ(Ei))dĨ(Ei) =
∆f

2

(
Ricci(grad f)

−1

2
Ric(grad f, grad f) grad f

)
.(3.3)

We compute

∇ĨEi∇
Ĩ
Eiτ(Ĩ)−∇Ĩ∇EiEiτ(Ĩ) =

1

2
∇̃Ei∇̃Ei∆f grad f

=
1

2
∇̃Ei∇Ei∆f grad f

=
1

2

(
∇Ei∇Ei∆f grad f

+
1

2
Hessf (Ei,∇Ei∆f grad f) grad f

)
,(3.4)

by definitions (1.5), (1.3), (1.4), we get

∇Ei∇Ei∆f grad f = (∆2f) grad f + 2∇grad(∆f) grad f

+(∆f) trace(∇)2 grad f,(3.5)

1

2
Hessf (Ei,∇Ei∆f grad f) =

∆f

2
g(∇Ei grad f,∇Ei grad f)

= −∆f

2
g(grad f, trace(∇)2 grad f),(3.6)

from equations (3.3), (3.4), (3.5), (3.6), and the following

trace(∇)2 grad f = Ricci(grad f) + grad(∆f),

the identity map Ĩ is a proper biharmonic map if and only if

2(∆f) Ricci(grad f)− (∆f) Ric(grad f, grad f) grad f

+(∆2f) grad f + 2∇grad(∆f) grad f + (∆f) grad(∆f)

−∆f

2
g(grad f, grad(∆f)) grad f = 0,(3.7)

with ∆f 6= 0. From (3.7), we have

(∆f) Ric(grad f, grad f) + ∆2f +
∆f

2
g(grad f, grad(∆f)) = 0.(3.8)

Theorem 3.1 follows from (3.7) and (3.8). 2

Example 3.2. Let α be a non-constant smooth function on (0,∞), such that
the derivative function α(1) > 0, and let H4 = {(x1, x2, x3, x4) ∈ R4|x4 > 0}
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be a 4-dimensional hyperbolic space, we set M = (0,∞) × H4 equipped with the
Riemannian metric

g = 2[α(1)(t+ x4)]2(dt2 + dx2
1 + dx2

2 + dx2
3 + dx2

4),

and let f(t, x1, x2, x3, x4) = α(t + x4) for all (t, x1, x2, x3, x4) ∈ M . By direct
computations we obtain

grad f =
1

2α(1)(t+ x4)
(
∂

∂t
+

∂

∂x4
),

‖ grad f‖ = 1,

∆f =
4α(2)(t+ x4)

α(1)(t+ x4)2
,

∆2f =
−12α(2)(t+ x4)α(3)(t+ x4) + 4α(4)(t+ x4)α(1)(t+ x4)

[α(1)(t+ x4)]5
,

grad(∆f) =
−4[α(2)(t+ x4)]2 + 2α(3)(t+ x4)α(1)(t+ x4)

[α(1)(t+ x4)]5
(
∂

∂t
+

∂

∂x4
),

Ricci(grad f) =
−2α(3)(t+ x4)α(1)(t+ x4) + 2[α(2)(t+ x4)]2

[α(1)(t+ x4)]5
(
∂

∂t
+

∂

∂x4
),

∇grad(∆f) grad f = 0.

According to Theorem 3.1 the identity map Ĩ : (M, g) −→ (M, g̃), where

g̃ = 3[α(1)(t+x4)]2(dt2+dx2
4)+2[α(1)(t+x4)]2(dx2

1+dx2
2+dx2

3)+2[α(1)(t+x4)]2dtdx4,

is a proper biharmonic map if and only if

(3.9) 5α(2)(t+ x4)α(3)(t+ x4)− α(4)(t+ x4)α(1)(t+ x4) = 0,

and α(2)(t + x4) 6= 0. Note that, the differential equation (3.9) has solutions, for
example, we set α(s) = s2, or α(s) =

√
s, ∀s ∈ (0,∞).

Using the similar technique of Example 3.2 we have:

Example 3.3. Let M = R3 equipped with the Riemannian metric

g = ex+y(dx2 + dy2) + e
x+y
2 dz2,

and let f(x, y, z) =
√

2e
x+y
2 , ∀(x, y, z) ∈ R3. Then, the function f satisfies the

conditions of Theorem 3.2 so, the identity map Ĩ : (R3, g) −→ (R3, g̃) is a proper

biharmonic. Here, ∆f = 3
√

2
4 e−

x+y
2 , and the Riemannian metric g̃ is given by

g̃ =
3

2
ex+y(dx2 + dy2) + e

x+y
2 dz2 + ex+ydxdy.
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Remark 3.4. Let (M, g) be a Riemannian manifold, and let f be a smooth
function on M such that ‖ grad f‖ = 1 and ∆f = k, where k ∈ R. Then, the

identity map Ĩ : (M, g) −→ (M, g̃) is biharmonic if and only if it is harmonic.

Indeed; from Theorem 3.1 the identity map Ĩ is a biharmonic map if and only if
Ricci(grad f) = 0, and by Bochner-Weitzenböck formula for smooth functions (see
[7])

1

2
∆(‖ grad f‖2) = ‖Hessf ‖2 + g(grad f, grad(∆f)) + Ric(grad f, grad f),

we obtain ‖Hessf ‖ = 0, so that ∆f = 0, that is Ĩ is harmonic map.

4. Biharmonic Maps into a Product Manifolds

Definition 4.1. Let M and N be two Riemannian manifolds equipped with Rie-
mannian metrics g and h, respectively, and let f ∈ C∞(M). Consider the product
manifold M × N and denote by π : M × N −→ M and η : M × N −→ N its
projections. We define on M ×N a Riemannian metric, denoted Gf , by

(4.1) Gf = π∗g + η∗h+ π∗(df ⊗ df).

Remark 4.2.

(1) The Definition 4.1 is a natural generalization of diagonal Riemannian metrics
on product Riemannian manifolds (see for example [6]).

(2) (M×N,Gf ) is the product Riemannian manifold of the Riemannian manifolds
(M, g̃) and (N,h), where g̃ = g + df ⊗ df . Then, the Levi-Civita connection
of (M ×N,Gf ) can now be related to those of (M, g̃) and (N,h) as follows

(4.2) ∇GfX Y =
(
∇̃X1

Y1,∇NX2
Y2

)
,

where ∇̃ (resp. ∇N ) is the Levi-Civita connection of (M, g̃) (resp. (N,h)),
the same for the Riemannian curvature tensor RGf of (M ×N,Gf ), we have

(4.3) RGf (X,Y )Z = (R̃(X1, Y1)Z1, R
N (X2, Y2)Z2),

where R̃ (resp. RN ) is the Riemannian curvature tensor of (M, g̃) (resp.
(N,h)).

Here, X = (X1, X2), Y = (Y1, Y2), Z = (Z1, Z2) ∈ Γ(TM)× Γ(TN).

Next, let y0 be an arbitrary point of a Riemannian manifold (N,h), and denote
by iy0 : (M, g) −→ (M × N,Gf ), x 7−→ (x, y0) the inclusion map of M at the y0

level in M × N , where (M, g) is a Riemannian manifold, and f ∈ C∞(M). We
note that the inclusion ix0

: (N,h) −→ (M ×N,Gf ), defined by ix0
(y) = (x0, y) is

always a totally geodesic map, that is ∇dix0
= 0, thus harmonic for any function

f ∈ C∞(M). From Theorem 3.1, we get the following
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Theorem 4.3. If ‖ grad f‖ = 1, the inclusion map iy0 is a proper biharmonic map

if and only if the identity map Ĩ : (M, g) −→ (M, g̃) is a proper biharmonic.

Theorem 4.4. Let ψ : (M, g) −→ (N,h) be a smooth map and f a harmonic
function on (M, g). Then, the graph map ϕ : (M, g) −→ (M × N,Gf ) with
ϕ(x) = (x, ψ(x)) is a biharmonic if and only if the map ψ : (M, g) −→ (N,h)
is a biharmonic. Furthermore, if ψ is proper biharmonic, then so is the graph.

Proof. Let {Ei} be a normal orthonormal frame on (M, g) at x, from the definition
of tension field, Theorem 2.2, and (4.2), we have

τ(ϕ) = ∇ϕEidϕ(Ei)− dϕ(∇MEiEi)

= ∇Gf(Ei,dψ(Ei))
(Ei, dψ(Ei))

)
=

(Hessf (Ei, Ei)

1 + ‖ grad f‖2
grad f,∇Ndψ(Ei)

dψ(Ei)
)

=
( ∆f

1 + ‖ grad f‖2
grad f, τ(ψ)

)
,(4.4)

so that ϕ is harmonic if and only if ∆f = 0 and τ(ψ) = 0, i.e. the function f is
harmonic on (M, g), and ψ is a harmonic map. Next, we compute the bitension
field of the graph map, with ∆f = 0. Let {Ei} be an orthonormal frame on (M, g),
according to (4.4) the tension field of ϕ is given by τ(ϕ) = (0, τ(ψ)), we compute

RGf (τ(ϕ), dϕ(Ei))dϕ(Ei) = RGf ((0, τ(ψ)), (Ei, dψ(Ei)))(Ei, dψ(Ei))

= (0, RN (τ(ψ), dψ(Ei))dψ(Ei)),(4.5)

by (4.5) and the following

(4.6) ∇ϕEi∇
ϕ
Ei
τ(ϕ) = ∇̃(Ei,dψ(Ei))(0,∇

N
dψ(Ei)

τ(ψ)) = (0,∇ψEi∇
ψ
Ei
τ(ψ)),

we have τ2(ϕ) = (0, τ2(ψ)), so that the graph map ϕ is a biharmonic if and only if
τ2(ψ) = 0. 2

Remark 4.5. Using Theorem 4.4, we can construct many examples for proper
biharmonic maps.

Example 4.6. The map ϕ : R4\{0} −→ (R4×R4, Gf ) given by ϕ(x) = (x, x/‖x‖2)
is a proper biharmonic map, where f is a smooth harmonic function on R4\{0}.
This follows from Theorem 4.2 and the fact that ϕ is the graph of the inversion
ψ : R4\{0} −→ R4 defined by ψ(x) = x/‖x‖2 which is known ([1]) to be a proper
biharmonic map
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5. Biharmonic Curve in (M, g̃)

Let γ : I ⊂ R −→ (M, g̃), t 7−→ γ(t) be a differentiable curve in a Riemannian
manifold (M, g), where f be a smooth function on M . Suppose that

‖ grad f‖ = 1, ∇γ̇ γ̇ = λ(grad f) ◦ γ,

for some smooth function λ : I −→ R. We have the following result:

Theorem 5.1. The curve γ is biharmonic if and only if the function f satisfies the
following

ρR((grad f) ◦ γ, γ̇)γ̇ + 2ρ′′(grad f) ◦ γ + 2ρ′∇γ̇ grad f + ρ∇γ̇∇γ̇ grad f = 0,

where ρ(t) = λ(t) + 1
2 Hessf (γ̇, γ̇), ∀t ∈ I. Furthermore, if the function ρ is a

non-null constant on I, then the curve γ is a proper biharmonic if and only if the
gradient vector of f is Jacobi field along γ on (M, g), i.e.

R((grad f) ◦ γ, γ̇)γ̇ +∇γ̇∇γ̇ grad f −∇∇γ̇ γ̇ grad f = 0.

Proof. The tension field of the curve γ is given by

τ(γ) = ∇γd
dt

dγ(
d

dt
) = ∇̃γ̇ γ̇,(5.1)

by (5.1), and Theorem 2.2, we have

τ(γ) = ∇γ̇ γ̇ +
1

2
Hessf (γ̇, γ̇)(grad f) ◦ γ,(5.2)

we set ρ(t) = λ(t) + 1
2 Hessf (γ̇(t), γ̇(t)), with ∇γ̇ γ̇ = λ(grad f) ◦ γ, we get

τ(γ) = ρ(grad f) ◦ γ,(5.3)

now, the curve γ is biharmonic if and only if

(5.4) R̃(τ(γ), dγ(
d

dt
))dγ(

d

dt
) +∇γd

dt

∇γd
dt

τ(γ) = 0,

from (5.3), and Theorem 2.3, with

Hessf (grad f,X) = 0, ∇grad f grad f = 0,

for all X ∈ Γ(TM), the first term on the left-hand side of (5.4) is

R̃(τ(γ), dγ(
d

dt
))dγ(

d

dt
) = ρR((grad f) ◦ γ, γ̇)γ̇

+
ρ

2
g(R((grad f) ◦ γ, γ̇)(grad f) ◦ γ, γ̇)(grad f) ◦ γ,(5.5)
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for the second term on the left-hand side of (5.4), we compute

∇γd
dt

τ(γ) = ∇γd
dt

ρ(grad f) ◦ γ

= ρ′(grad f) ◦ γ + ρ∇̃γ̇ grad f,(5.6)

by (5.6), and Theorem 2.2, we get

∇γd
dt

∇γd
dt

τ(γ) = ∇γd
dt

[
ρ′(grad f) ◦ γ + ρ∇γ̇ grad f

]
= ρ′′(grad f) ◦ γ + ρ′∇γd

dt

(grad f) ◦ γ

+ρ′∇γ̇ grad f + ρ∇γd
dt

∇γ̇ grad f

= ρ′′(grad f) ◦ γ + 2ρ′∇γ̇ grad f

+ρ∇γ̇∇γ̇ grad f +
ρ

2
Hessf

(
γ̇,∇γ̇ grad f

)
(grad f) ◦ γ,(5.7)

by definition (1.4), with ‖ grad f‖ = 1, we have

(5.8) Hessf
(
γ̇,∇γ̇ grad f

)
= −g((grad f) ◦ γ,∇γ̇∇γ̇ grad f),

from (5.5), (5.7) and (5.8), the the curve γ is biharmonic if and only if

ρR((grad f) ◦ γ, γ̇)γ̇ +
ρ

2
g(R((grad f) ◦ γ, γ̇)(grad f) ◦ γ, γ̇)(grad f) ◦ γ

+ρ′′(grad f) ◦ γ + 2ρ′∇γ̇ grad f + ρ∇γ̇∇γ̇ grad f

−ρ
2
g((grad f) ◦ γ,∇γ̇∇γ̇ grad f)(grad f) ◦ γ = 0,

(5.9)

by equation (5.9) we find that

−ρ
2
g(R((grad f) ◦ γ, γ̇)(grad f) ◦ γ, γ̇) + ρ′′(5.10)

+
ρ

2
g((grad f) ◦ γ,∇γ̇∇γ̇ grad f) = 0.

The Theorem 5.1, follows from (5.9) and (5.10). 2

Remark 5.2. From equation (5.3), the curve γ is harmonic if and only if ρ = 0.

Example 5.3. Let D = {((x, y) ∈ R2|x2 + y2 < 1}, and let M = D × R equipped
with the Riemannian metric

g = dx2 + dy2 +
1

1− x2 − y2
dz2.

We consider the curve on (M, g),

γ(t) = (t, t,−t2 + 2t− ln(t+ 1)),
1√
2
> t > − 1√

2
.



146 A. Benkartab and A. Mohammed Cherif

The tension field of the curve γ (with respect to g) is given by(
− t

(t+ 1)
2 ,−

t

(t+ 1)
2 ,
−1 + 2 t2

(t+ 1)
2

)
Let f(x, y, z) = xy + z, ∀(x, y, z) ∈M , we have

‖ grad f‖ = 1, (grad f) ◦ γ = (t, t, 1− 2t2),

so that, λ(t) = − 1
(t+1)2

, and note that

1

2
Hessf (γ̇, γ̇) =

1

(t+ 1)
2 ,

then the curve γ is harmonic on (M, g̃), because ρ(t) = 0, with

g̃ = (1 + y2)dx2 + (1 + x2)dy2 +
x2 + y2 − 2

x2 + y2 − 1
dz2 + 2xydxdy + 2ydxdz + 2xdydz.

Example 5.4. Let M = Rn\{0} equipped with the Riemannian metric g =
4‖x‖2dx2

i , f(x) = ‖x‖2, ∀x ∈ M , and consider the proper biharmonic curve on
(M, g),

γ(t) = (

√
t2 + 1

2
, 0, ..., 0), ∀t ∈ R.

Then, ‖ grad f‖ = 1, the gradient vector of f is Jacobi field along γ,

∇γ̇ γ̇ = (grad f) ◦ γ =
1√

2t2 + 2

∂

∂x1
,

and note that Hessf (γ̇, γ̇) = 0, so that ρ(t) = 1, ∀t ∈ R. According to Theorem 5.1
the curve γ : R −→ (M, g̃) is also proper biharmonic, with

g̃ = 4‖x‖2dx2
i + 4xixjdxi ⊗ dxj .
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