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ABSTRACT. In this paper, we introduce a hybrid subgradient method for finding an ele-
ment common to both the solution set of a class of pseudomonotone equilibrium problems,
and the set of fixed points of a finite family of k-strictly presudononspreading mappings
in a real Hilbert space. We establish some weak and strong convergence theorems of the
sequences generated by our iterative method under some suitable conditions. These con-
vergence theorems are investigated without the Lipschitz condition for bifunctions. Our
results complement many known recent results in the literature.

1. Introduction

Let H be a real Hilbert space in which the inner product and norm are denoted by
(-,-y and || - ||, respectively. Let C' be a nonempty closed convex subset of H. Let
T :C — C be a mapping. A point « € C is called a fized point of T if Tx = x and
we denote the set of fixed points of T' by F(T'). Recall that a mapping T : C — C
is said to be nonexpansive if

1Tz — Tyl < ||z —yl, for allz,y € C,
and it is said to be quasi-nonexpansive if F(T) # () and

|Tz — Ty|| < ||z —yl|, for allz € C, and y € F(T).

* Corresponding Author.

Received October 16, 2016; revised January 22, 2019; accepted January 28, 2019.

2010 Mathematics Subject Classification: 47H05, 47H09, 47H10.

Key words and phrases: pseudomonotone equilibrium problem, k-strictly presudonon-
spreading mapping, nonspreading mapping, hybrid subgradient method, fixed point.
This work was supported by Faculty of Science and Technology, Rajamangala University
of Technology Thanyaburi (RMUTT) Thailand.

83



84 W. Sriprad and S. Srisawat

A mapping T : C — C is said to be a strict pseudocontraction if there exists a
constant k € [0,1) such that

1Tz = Ty|* < llz = y||* + k(I = Tz — (I = T)yll*, Yo,y € C,

where [ is the identity mapping on H. If k = 0, then T is nonexpansive on C.
In 2008, Kohsaka and Takahashi [15] defined a mapping T in a in Hilbert spaces
H to be nonspreading if

2T — Ty||? < |Ta — y|? + | Ty — x||?, for all z,y € C.

Following the terminology of Browder-Petryshyn [10], Osilike and Isiogugu [17]
called a mapping T of C into itself k-strictly pseudononspreading if there exists
k € [0,1) such that

HTac—TyH2 < ||$—y||2+2<x—Ta:,y—Ty>+m||x—Tx—(y—Ty)||2, for all x,y € C.

Clearly, every nonspreading mapping is k-strictly pseudononspreading but the con-
verse is not true; see [17]. We note that the class of strict pseudocontraction map-
pings and the class of k-strictly pseudononspreading mappings are independent.

In 2010, Kurokawa and Takahashi [16] obtained a weak mean ergodic theorem
of Baillon’s type [7] for nonspreading mappings in Hilbert spaces. Furthermore,
using the idea of mean convergence in Hilbert spaces, they also proved a strong
convergence theorem of Halpern’s type [12] for this class of mappings. After that,
in 2011, Osilike and Isiogugu [17] introduced the concept of x-strictly pseudonon-
spreading mappings and they proved a weak mean convergence theorem of Baillon’s
type similar to [16]. They further proved a strong convergence theorem using the
idea of mean convergence. This theorem extended and improved the main theorems
of [16] and gave an affirmative answer to an open problem posed by Kurokawa and
Takahashi [16] for the case when the mapping T is averaged. In 2013 Kangtun-
yakarn [14] proposed a new technique, using the projection method, for s-strictly
pseudononspreading mappings. He obtained a strong convergence theorem for find-
ing the common element of the set of solutions of a variational inequality, and the
set of fixed points of k-strictly pseudononspreading mappings in a real Hilbert space.

On the other hand, let F' be a bifunction of C' x C' into R, where R is the set
of real numbers. The equilibrium problem for F': C' x C' — R is to find = € C such
that

(1.1) F(z,y) >0 forall y € C.

The set of solutions of (1.1) is denoted by EP(F, C). It is well known that there are
several problems, such as complementarity problems, minimax problems, the Nash
equilibrium problem in noncooperative games, fixed point problems, optimization
problems, that can be written in the form of an EP. In other words, the EP
is a unifying model for several problems arising in physics, engineering, science,
optimization, economics, etc.; see [6, 8, 11] and the references therein.
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In recent years the problem of finding an element common to the set of solutions
of a equilibrium problems, and the set of fixed points of nonlinear mappings, has
become a fascinating subject, and various methods have been developed by many
authors for solving this problem (see [1, 4, 5, 20]). Most of all the existing algorithms
for this problem are based on applying the proximal point method to the equilibrium
problem EP(F,C), and using a Mann’s iteration to the fixed point problems of
nonexpansive mappings. The convergence analysis has been considered when the
bifunction F' is monotone. This is because the proximal point method is not valid
when the underlying operator F' is pseudomonotone.

Recently, Anh [2] introduced a new hybrid extragradient iteration method for
finding a element common to the set of fixed points of a nonexpansive mapping and
the set of solutions of equilibrium problems for a pseudomonotone bifunctions. In
this algorithm the equilibrium bifunction is not required to satisfy any monotonicity
property, but it must satisfy a Lipschitz-type continuous bifunction i.e. there are
two Lipschitz constants ¢; > 0 and ¢y > 0 such that

(1.2) Flay)+ £y 2) 2 fz,2) —cillz = yl* = e2lly — 2%, Va,y,2 € C.

They obtained strongly convergent theorems for the sequences generated by these
processes in a real Hilbert space.

Anh and Muu [3] reiterated that the Lipschitz-type condition (1.2) is not in
general satisfied, and if it is, that finding the constants ¢; and cs is not easy. They
further observed that solving strongly convex programs is also difficult except in
special cases when C' has a simple structure. They introduced and studied a new
algorithm, which is called a hybrid subgradient algorithm for finding a common
point in the set of fixed points of nonexpansive mappings and the solution set of a
class of pseudomonotone equilibrium problems in a real Hilbert space. The proposed
algorithm is a combination of the well-known Mann’s iterative scheme for fixed point
and the projection method for equilibrium problems. Furthermore, the proposed
algorithm uses only one projection and does not require any Lipschitz condition for
the bifunctions. To be more precise, they proposed the following iterative method:

13060,

Wy, € O, F(Tn, )Tn,
(1.3) o, L
Un = C(-Tn - Vnwn)7 Tn = max{on uall}’

Tpt1 = @nZpn + (1 — ap)Tuy,, foreach n =1,2,3, ...,

where J.F(z,-)(x) stands for e-subdifferential of the convex function F(z,-) at x
and {e,}, {7}, {Bn}, {on}, and {a,} were chosen appropriately. Under certain
conditions, they prove that {x,} converges strongly to a common point in the set
of a class of pseudomonotone equilibrium problems and the set of fixed points of
nonexpansive mapping. Using the idea of Anh and Muu [3], Thailert et al. [21]
proposed a new algorithm for finding a common point in the solution set of a class
of pseudomonotone equilibrium problems and the set of common fixed points of a
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family of strict pseudocontraction mappings in a real Hilbert space. Then Thailert
et al. [22] introduced new general iterative methods for finding a common element in
the solution set of pseudomonotone equilibrium problems and the set of fixed points
of nonexpansive mappings which is a solution of a certain optimization problem
related to a strongly positive linear operator. Under suitable control conditions,
They proved the strong convergence theorems of such iterative schemes in a real
Hilbert space.

In this paper, motivated by Anh and Muu [3], Kangtunyakarn [14], and other
research going on in this direction, we proposed a hybrid subgradient method for the
pseudomonotone equilibrium problem and the finite family of k-strictly pseudonon-
spreading mapping in a real Hilbert space. The weak and strong convergence of the
proposed methods is investigated under certain assumptions. Our results improve
and extend many recent results in the literature.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respec-
tively. It is well-known that for all z,y,z € H and «, 3, v € [0, 1], with a+8+vy =1
there holds

(2.1) lz —ylI> = llz)* = ylI* = 2(z — y,v),
and
22) |az+By+yz P=allz P +8 1y > +ylzl* =B | z—y [I> —Brlly — 2>

Let C' be a nonempty closed convex subset of H. Then, for any x € H, there exists
a unique nearest point of C, denoted by Pox, such that | x — Pox ||<|| 2 — y || for
all y € C. Such a P¢ is called the metric projection from H into C'. We know that
P¢ is nonexpansive. It is also known that, Pox € C' and

(2.3) (x — Pox,Pocx —z) >0, forallz€ H and z € C.
It is easy to see that (2.3) equivalent to

(2.4) |z — 2||? > ||z — Pox||* + ||z — Pex||?, forallz € H and z € C.

Lemma 2.1.([19]) Let H be a real Hilbert space, let C' be a nonempty closed convex

subset of H and let A be a mapping of C into H. Let u € C. Then for X > 0,
ueVI(C,A) & u=Pc(I — NA)u,

where Po is the metric projection of H onto C.

Recall that a bifunction F : C x C' — R is said to be



Weak and Strong Convergence of Hybrid Subgradient Method

(i) n-strongly monotone if there exists a number 7 > 0 such that
F(xz,y) + F(y,x) < —nllz - y|I?, for all z,y € C,

(ii) monotone on C' if

F(z,y)+ F(y,z) <0, for all z,y € C,

(iii) pseudomonotone on C' with respect to x € C' if

F(z,y) > 0 implies F(y,z) <0, for all y € C.

It is clear that (i) = (ii) = (iii), for every x € C. Moreover, F' is said to be
pseudomonotone on C with respect to A C C, if it is pseudomonotone on C' with
respect to every x € A. When A = C, F is called pseudomonotone on C'.

The following example, taken from [18], shows that a bifunction may not be
pseudomonotone on C, but yet is pseudomonotone on C' with respect to the solution
set of the equilibrium problem defined by F' and C"

F(z,y) :=2y|z|(y — z) + zyly — z|, for all x,y € R, C := [-1,1].

Clearly, EP(F) = {0}. Since F(y,0) = 0 for every y € C, this bifunction is
pseudomonotone on C' with respect to the solution * = 0, However, F' is not
pseudomonotone on C. In fact, both F(—0.5,0.5) = 0.25 > 0 and F(0.5,—-0.5) =
0.25 > 0.

For solving the equilibrium problem (1.1), let us assume that A is an open
convex set containing C' and the bifunction F' : A x A — R satisfies the following
assumptions:

(Al) F(z,z) =0 for all x € C and F(z,-) is convex and lower semicontinuous on
¢

(A2) for each y € C, F(-,y) is weakly upper semicontinuous on the open set A;

(A3) F is pseudomonotone on C' with respect to EP(F,C) and satisfies the strict

paramonotonicity property, i.e., F(y,x) = 0 for x € EP(F,C) and y € C
implies y € EP(F,(C);

(A4) if {z,} C C is bounded and ¢, — 0 as n — oo, then the sequence {w,}
with w, € 0,F(zy, )z, is bounded, where O.F(z, )z stands for the e-
subdifferential of the convex function F'(z,-) at x.

The following idea of the e-subdierential of convex functions can be found in
the work of Bronsted and Rockafellar [9] but the theory of e-subdierential calculus
was given by Hiriart-Urruty [13].

Definition 2.2. Consider a proper convex function ¢ : C — R. For a given € > 0,
the e-subdierential of ¢ at o € Dom¢ is given by

Oep(wo) = {z € C: ¢(y) — d(xo) = (,y — w0) — €, Vy € C}.

87



88 W. Sriprad and S. Srisawat

Remark 2.3. It is known that if the function ¢ is proper lower semicontinuous
convex, then for every € Dom¢, the e-subdierential d.¢(x) is a nonempty closed
convex set (see [13]).

Next, throughout this paper, weak and strong convergence of a sequence {x,}
in H to x are denoted by z,, — x and xz,, — x, respectively. In order to prove our
main results, we need the following lemmas.

Lemma 2.4.([17]) Let C be a nonempty closed convex subset of a real Hilbert space
H, and let T : C — C be a k-strictly pseudonospreading mapping. If F(T) # 0,
then it is closed and convex.

Remark 2.5. If T : C — C is a k-strictly pseudononspreading mapping with
F(T) # 0, then from Lemma 2.8 in [14] and Lemma 2.1, we have F'(T') = VI(C, (I —
T)) = F(Po(I — M1 -T))), for all A > 0.

Lemma 2.6. Let H be a real Hilbert space and C' be a nonempty closed convex
subset of H. For everyi =1,2,....N, letT; : C — C be a finite family of k;-strictly
pseudononspreading mappings with ﬂfvzl F(T;) # 0. Let {ai,az2,...,a,} C (0,1)
with BN ja; = 1, let & = max{k1, K2, ...,kn} and let X € (0,1 — &). Then

() MLy F(T) = FSN aiPo(I = MI = T0)).
(ii) ||Efi1aiPc(If)\(IfT1;))xfy||2 <|lz—yl?, forallz € C andy € ﬂfil F(Ty),

i.e. YN a;Po(I — MNI —T;)) is quasi-nonexpansive.

Proof. (i) It easy to see that ﬂfil F(Ty) € F(EN a;Pc(I — X(I —Ty))). Let = €
F(ZN a;Pc(I-XI—T;))) and let z* € ﬂfvzl F(T;) C F(N a;Pc(I-X\I-T,))).
Note that for every ¢ = 1,2,3,..., N we have
[Pe(I =A(I = Ti))x —a*|* < ||lz —a* = X1 = T3)|?
= ||z — 2*||* = 2\z — 2*, (I — T})z)
(2.5) + NI - Ti)x ||

Put A;=1—-T;, foralli=1,2,.... N, we have T; = I — A; and

[Ty — Tia™||” = ||(I = Az — (I — Aj)a™||?
= |(z —a*) — Aiz|?
= [lz —2*|* = 2(z — 2", Aiz) + || Asz?
<o — | + wi||(I = Ty)x — (I = Ty)x*||* + 2(x — Tyz,z* — Tiz*)
(2.6) = |l —a*|* + will (I = Ty)z|?,

which implies that

(1 —r)|(I = T)z|* < 2{x — 2*, Ayx), foralli=1,2,3,..,N
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From (2.5) and (2.6), we have

|Po(I — AT —T))x —z*||> < ||z — 2*||* — 2Nz — 2*, (I — T})x)
+ N1 = Ti)z||?
< lz —2*[* = A1 = s |(I = T)z||®
+ N1 = Ti)x|?
= |z = 2*1” = Al(1 = ki) = N|[(I = T3)||”
(2.7) < o — a2,
forall:=1,2,3,...,N.
From the definition of x and (2.7), we have
o — 2*[]* = =L aiPe (I = A(I = Ty))x — «*||
= a1||Pc(I — MNI —Ty))x — 2*||> + ag||Pc(I — AN(I — T))x — 2*||> + - -
+an||Po(I — MI — Tn))z — 2*||* — aras||Po(I — MI — Ty))z
— Po(I = X1 — To))x|? — azas||Po(I — A(I — Ty))x—
Po(I = XNI=T3))z|> = —an_1an||Pc(I = XTI — Tyx_1))z—
Po(I — \I —Ty))z|?
< lz — 2| = arao|| Po(I = X1 = Th))a — Po(I = A(I — Tz))z||?
— agaz||Pc(I — \I — Ty))x — Po(I — NI — T3))z||* — - -
—an_1aN||Po(I = XTI = Tyx_1))x — Po(I — MI —Ty))z|?.
This implies that
Po(I—=MNI—T))x=Pe(I-XI-T))x=--=Po(l —AI —Ty))z
Since x € F(X; 1a;Pc(I — A(I —1T3))), we get that x = Po(I — A\(I — T;))x, for all
i=1,2,3,..., N From Remark 2.5, we have x € F(T;) , for alli =1,2,3,..., N. That
is 2 € X, F(T;). Hence F(EN a;Po(I — XI —Ty))) C N, F(T3).
(ii) Let 2 € C and y € N, F(T}) = F(SX a; Po(I — X1 - Ty)))
As the same argument as in (i), we can show that
(2.8) [Pe(I = AT = Ti))x —y|* < [lz —yl%,
foralli=1,2,3,..., N. Thus
[SX1aiPe(I = NI = Ti))z — y|* < a1[|Po(I = X1 = T1))z —y|*
+as||[Po(I = NI = Tz))z —y[|* + -+
+an||[Po(I = X1 —Ty))z —yl|?
(2.9) < SV aillz —yl® = |z -yl o
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Lemma 2.7.([23]) Let {a,} and {b,} be two sequences of nonnegative real numbers
such that

Ap41 S an+bna n 2 17

where Yoo b, < co. Then the sequence {a,} is convergent.

3. Weak Convergence Theorem

In this section, we prove weak convergence theorem for finding a common ele-
ment in the solution set of a class of pseudomonotone equilibrium problems and the
set of fixed points of a finite family of k-strictly presudononspreading mappings in
a real Hilbert space.

Theorem 3.1. Let C' be a closed convexr subset of a real Hilbert space H and
F:C xC — R be a bifunction satisfying (A1)-(A4). Let {k1,Ka,....,6n} C [0,1)
and {T; Y., be a finite family of k;-strictly pseudononspreading mappings of C into
itself such that Q = ﬂfil F(T;) N EP(F,C) # 0. Let 9 € C and {x,} be a se-
quence generated by

g € C,
Wy, € Oc, F (T, ) Tn,
(3.1) B _ 3y

un = Po(Zn = pnwn), Pn = ez el

Tptl = QnTp + anfilaiPc(I — AL (I —T3))2n + Yntin, Vn €N,

where a,b,c,d, A\ € R, a; € (0,1), for all i = 1,2,....N with vazlai = 1,
{an}a {Bn}a {’Yn} - [O, 1] with oy + Bn + Yn =1 and {571}’ {en};{/\:L} C (O, OO)

satisfying the following conditions:

(i) 0 < A <AL < min{l — k1,1 — Kayoooy 1 — Ky} and B2, \E < oo for all
i=1,2,..,N;

(il) 0 < a < ap,Bn,Tn <b<1;
(iii) D07 0 =00, Yoo ;02 < o0, and Yo Onen < 00.

Then the sequence {x,} converges weakly to T € §).
Proof. First, we will show that {x,} is bounded. Let p € Q. Then we have

|zn _pH2 — flun — xn”Q + 2(Tn — Un, P — Un)

||{En *p||2 + 2<xn — Un, P — un>

[
(3.2)

IN

Since u,, = Po(z, — prnwy,) and p € C, we get that

(33) <xn _unap_un> S pn<wn7p_un>-



Weak and Strong Convergence of Hybrid Subgradient Method

Substuting (3.3) into (3.2), we have

|un — p||2 < lan —p||2 + 2pp(Wn, p — Uun)
= ||xn —p||2 + 2pn<wn,p xn> + 2Pn<wmxn - Un>
< ||$n—p||2+2,0n<’wn,p Tn) + 2pn||wnll[|[zn — un||
(3.4) < lan *p”z + 200 (Wn, p — Tn) + 205 || Tn — un|-

By using u,, = Po(x, — prwy,) and z,, € C again, we get

|Zn — unll® = (Tp — Un, Tp — uy)

< pplWn, Tp — Up)

< pallwnllllzn — unll
(3.5) < dnllzn —unl,
which implies that
(3.6) |2 — unl|| < dp.
By condition (iii), we have
(3.7) Jim |z, — up| = 0.

Combining (3.4) and (3.6), we obtain

(3.8) ||un*pH2 <|lzn *p||2+2pn<wn,p*$n>+2572,l-

Since wy, € O, F(Xp, )Tn, p € C and F(z,x) = 0 for each z € C, we obtain that
<wnap_xn> S F(l‘n;p> _F(xnywn)'i_Gn

(3.9) = F(xn,p)+én.
Thus, it follows from (3.8) and (3.9) that
(3.10) ltn — Pl < ll2n — plI* + 200 F (20, p) + 2pn€n + 202.

Form Lemma 2.6 (ii), we have
(3.11) IZsaiPe(I =X, (I = T))zn = pl* < |z —pl*.
From (3.1), (3.10) and (3.11), we have

eni1 =pI* = llonzn + BaXiiaiPe(I = Ay (I = T5))xn + Yot — pl1?
< anllzn — pl? + BullEiL ai Po(I = X, (I = Ty))z, — pl?
+Ynl|tin _pll2 — anfnllTn — EN 10 Po(l — Al n(I = T))anz

04n||-rn _pH2 + ﬁn”‘rn - sz + ’Y’n(”xn - p”2 + 2pnF(xnap)

+20nen +202) = anBullen = TX1aiPo( = Ny(I = T))an?

IN

= ”xn - sz + 2'7npnF(xn;p) + 29, pr€n + 2’)’n§2
(3.12) —apBulln — BN ja; Po(I — N (I — T;)) a2
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Since p € EP(F,C) and F is pseudomonotone on F with respect to p, we get that
F(zy,p) <0 for all n € N. Then from (3.12) it follows that

||$n+1 _p||2 S Hxn - p”2 + Q'annen + 27716721
—anBnllen = EiLiaiPo(I = X, (I = T;))z,

(3.13) o

IN

lzn =PI + 2npnen + 270
Let 1, = 29npnén + 27,02 for all n > 0. From condition (ii) and (iii), we get that
Y% 0 = 2% 0 (2Vnpnn + 27n02) < 265°° o pren + 20850 162 < 400
Now applying Lemma 2.7 to (3.13), we obtain that the nl;ngo |zn, — p| exists, i.e.

lim ||x, — p|| = a for some a € C. Thus {z,} is bounded. Also, it easy to verify
n—oo

that {u,} and {SN a; Po(I — Ne,(I — T;))z,,} are also bounded.
Next, we will show that limsup F(x,,p) = 0 for any p € . Since F is pseu-

n—oo
domonotone on C' and F'(p,x,) > 0, we have —F(x,,p) > 0. From (3.12) and
condition (ii), we have

2Ynpu|—F(2n,p)] < |lon —plI* = llznsr — pl?
+29,Pn€n + 2765
(3.14) < lzn = plI? = l|Tntt — Pl + 2bpnen + 2b62.

Summing up (3.14) for every n, we obtain
0 < QZ'ann[_F(xnap)]
n=0

(3.15)

IN

o0 o0
lwo =Dl +2b) " pnen +2b) 67 < +00.
n=0 n=0

By the assumption (A4), we can find a real number w such that ||w,| < w for every
n. Setting I' := max{o,w}, where o is a real number such that 0 < o, < o for
every n, it follows from (ii) that

(3.16) 0 < Y bal-Flep)
n=0

(3.17)

IN

2 Z ’ann[_F(xnvp)] < +007
n=0
which implies that

(3.18) 0< i On[—F(2n,p)] < +00.

n=0
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Combining with —F(z,,p) > 0 and Y.~ 8, = oo, we can deduced that
limsup F'(zy,p) = 0 as desired.

n—oo
Next, we will show that w,(z,) C Q, where w,(z,) = {z € H : ,, — z for

some subsequence {z,, } of {z,}}. In deed since {z,,} is bounded and H is reflexive,
Wy () is nonempty. Let T € w,(z,). Then there exists subsequence {z,} of {z,}.
converging weakly to Z, that is x,, — Z as ¢ — 0o. By the convexity, C is weakly
closed and hence T € C. Since F(-, p) is weakly upper semicontinuous for p € 2, we
obtain

vV

F(z,p) lim sup F(2,,,p)

17— 00
= lim F(zn,,p)
11— 00

= limsup F(z,,p)

n—oo

(3.19) = 0.

Since F is pseudomontone with respect to p and F(p, T) > 0, we obtain F(Z,p) < 0.
Thus F(Z,p) = 0. Furthermore, by assumption (A4s), we get that z € EP(F,C).
On the other hand, from (3.13) and conditions (ii)—(iii), we have

aanHxn - le\ilazPC(I_)‘:L(I - E))anz
< lan = pl? = 2ns1 — pI° + 29npnen + 2905
< _pH2 = lzns1 — pH2 + 2bpnen + 2b5721
(3.20)

taking the limit as n — oo yields
(3.21) Jim [l — %0, Po(I = AL (I = Ti))za| = 0.
Now, we will show that = € ﬂfil F(T;). Assume that T ¢ ﬂi\il F(T;). By Lemma

2.6, we have 7 ¢ F(2N a;Po(I — \,(I —T;))). From the Opial’s condition, (3.21)
and condition (i), we can write

liminf ||z, — Z| < lminf ||z, — 2~ a;Po(I — Xo(I = T;))Z||
12— 00 11— 00
71— 00

< liminf (Hxni — SN aiPo(I — No(I —T;))an, |

+ IS ai Po(I — Xy (I = T3))an, — SitiaiPo(l — M (1 — Ti>>f:||>

IN

lim inf (Hmni — 2|+ 2 @M ||( = Th)an, — (I — Ti)iH)
11— 00

A

liminf ||zn, — Z||.
11— 00

This is a contradiction. Then Z € ﬂf;l F(T;). Thus £ € EP(F,C)NF(T) = Q
and 80 wy,(z,) C .
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Finally, we prove that {z,} converge weakly to an element of 2. It’s sufficient
to show that w,(z,) is a single point set. Taking z1,29 € wy(z,) arbitrarily, and
let {x,,} and {z,, } be subsequence of {x,} such that z,, — z; and z,, — 29
respectively. Since lim ||z, — p|| exists for all p € Q and 21, 22 € Q, we get that

n—oo
lim ||z, — 21| and lim ||z, — 22| exist. Now, assume that z; # 23, then by the
n—oo n—oo
Opial’s condition,
i ol =i o, =
< lim ||&n, — 22|

k—o0

lim ||z, — 22]|
n— o0

T, — 2|

< dim zn, — 2]

(3.22)

lim ||, — 2],
n—oo

which is a contradiction. Thus z; = 2. This show that w,,(z,) is single point set.
i.e. x, — Z. This completes the proof. O

If we set k; =0 for all i = 1,2, ..., N then we get the following Corollary.

Corollary 3.2. Let C be a closed convexr subset of a real Hilbert space H and
F:C x C — R be a bifunction satisfying (A1)-(A4). Let {T;}., be a finite family
of nonspreading mappings of C into itself such that ) := ﬂi\il F(T,))NEP(F,C) # 0.
Let g € C and {z,} be a sequence generated by

o € C,

Wy, = 66 F Tny ) Tn,
(3.23) L) 5

Up = Pc(xn - pnwn)a Pn = m’

Tpi1 = ATy + Bn SN 10 Po(I — No(I = T))xn + Ynln, ¥n €N,

where a,b,c,d,\ € R, a; € (0,1), for all i = 1,2,.... N with ¥¥ a; = 1,

{an}, {Bn}s {7} C [0,1] with a + Bn +Yn = 1 and {6,}, {en},{\}} C (0,00)
satisfying the following conditions:

(i) 0 <A< N <1 and X224\, < o0 foralli=1,2,...N;
(il) 0 < a < ay,Bn,Tn <b<1;
(i) Yool g 6n =00, Yoo 102 < 00, and Y oo Onep < 00.

n=0 n=0"n

Then the sequence {x,} converges weakly to T € Q.
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4. Strong Convergence Theorem

In this section, to obtain strong convergence result, we add the control condition
1
lim o = 3 and then we get the strong convergence theorem for finding a common

n—oo
element in the solution set of a class of pseudomonotone equilibrium problems and

the set of fixed points of a finite family of x-strictly presudononspreading mappings
in a real Hilbert space.

Theorem 4.1. Let C' be a closed convex subset of a real Hilbert space H and
F:C xC — R be a bifunction satisfying (A1)-(A4). Let {k1,k2,....,6n} C [0,1)
and {T;}I¥.| be a finite family of k;-strictly pseudononspreading mappings of C' into
itself such that Q = ﬂfvzl F(T;)NEP(F,C) # 0. Let xzy € C and {x,} be a se-

quence generated by

o € C,

W, S aenF(xn; ')xnv
(4.1) o .
Up = C(an - pnwn)a Pn = max{o-n)uwnn}a

Tpal = ATy + 6nE£V:1aiPC(I — AL (I —T3))Tp + Ynlin, Vn €N,

where a,b,c,d,\ € R, a; € (0,1), for all i = 1,2,... N with XY a; = 1,

{ant, {Bn}, {1} C [0.1] with ay + B + 7 = 1 and {d,}, {ex}.{\} C (0,00)
satisfying the following conditions:

(i) 0 < A < A, < min{l — k1,1 — Kka,...,1 — ky} and B2, \Y < oo for all
i=1,2, . N:

1
(ii) 0 < a < @n,Bn,Tn <b<1and lim o, = =;
n— 00 2

(i) D0 o0 =00, Y00 02 < o0, and Y o On€p < 0O

Then the sequence {x,} converges strongly to T € .

Proof. By a similar argument to the proof of Theorem 3.1 and (2.4), we have

=10 Po(l = X,(I = Tp))xn — Pa(za)lI” < |2 aiPe(l = AL (I = Th))an — anlf?
~llzn = Pa(za)l?

and
(4.2) [un — Pa(xn)||? < llun — @0 ll* = [l2n — Polza)].

Tt follows from (4.2) and condition (ii) that
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|lns1 = Pa(@nt)ll?

< ||O‘nmn + ﬁnzﬁvzlaipc'([ - /\;(I —T3))xn + Yntn — Pﬂ(mn)HQ

< anllzn — Pa(an)|? + BullSiLiai Po(I = X, (I = T3))xn — Palan))|?
+Ynllun — Pn(xn)HQ

< anllzn — Pa(zn)|® + 5n<||2fv:1@ipc(f — X, (I = T0))xn — aal®
~llwn = Pa(@a)l[2) + 3 (It = 2all* = 20 = Palwa) )

= (an = (Bn +m)llzn — PSl(xn)HQ + BnHEij\;laiPC(I - )‘;(I —T;))xpn — xn||2
+¥nllun *xn”z

< (2o = Dllwn — Pa(@a)? + bIZY ai Po(I = Ny (I = T))wn — )

+b||un, —mnHQ.

Combining (3.7), (3.21), conditions (ii)—(iii), and the boundedness of the sequence
{z,, — Pa(z,)}, we obtain

(4.3) lim [zp+1 — Pa(zn+1)] =0

n—oo
Since €2 is convex, for all m > n, we have (Po(xy) + Pa(zyn)) € ©Q, and therefore
[Pa(zm) = Pa(za)l* = 2llam — Pa(em)| + 2l|lzm — Palza)|?
1
~Al|zm — 5 (Po(@m) + Palan))|l”

< 2)@m — Po@m)|? + 2| 2m — Po(zn)|?
_4me - PQ(xm)HQ
(4.4) = 2|zm — Po(za)|® = 2/|zm — Palem)|?.

Using (3.13) with p = Pq(x,), we have

|Zm — Pﬂ(xn)HQ < @m-1 - Pﬂ(xn)HQ + Nm—1
< Hmm72 - Pﬁ(mn)||2 + m—1 + NMm—2
<
m—1
(4.5) <l — Pal@a) | + Y nj,
j=n

where 1; = 27v,p;€; + 27;62. It follows from (4.4) and (4.5) that
j iP5 795

m—1

(4.6) |[Pa(zm) — Po()|? < 2|, — Pa(z,)|” +2 Z i = 2[|zm — Po(zm)|*.

Jj=n
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Together with (4.3) and Z;io n; < 400, this implies that {Pqo(z,)} is a Cauchy
sequence, Hence {Pq(x,)} strongly converges to some point 2* € 2. Moreover, we
obtain

(4.7) ¥ = lim Pq(z,,) = Pa(Z) = 7,

1—> 00

which implies that Po(x;) — z* = & € Q. Then from (4.3) and (4.7), we can
conclude that x,, — Z. This completes the proof. O

If we set k; =0 for all ¢ = 1,2,..., N then we get the following Corollary.
Corollary 4.2. Let C be a closed convex subset of a real Hilbert space H and
F:CxC — R be a bifunction satisfying (A1)-(A4). Let {T;}Y.| be a finite family

of nonspreading mappings of C into itself such that ) := ﬂfil F(T;)NEP(F,C) # 0.
Let o € C and {z,} be a sequence generated by

xg € C,
Wy, € Oc, F(n, ) Tn,

On
un = Po(xn — ppwy), pn = AT, wnl}’

Tnal = QuTp + BnZZN:laiPC(I — AL (T = T3))Tn + Ynln, Vn €N,

€n

(4.8)

where a,b,c,d, A € R, a; € (0,1), for all i = 1,2,...,N with Zfilai = 1,
{an}, {Bn}, {m} C [0,1] with ay + Bn + 0 = 1 and {0}, {en},{N,} C (0,00)
satisfying the following conditions:

(i) 0 <A< AN, <1 and X2, < oo foralli=1,2,...,N;

1
(ll) 0<a< anaﬁn;'}/n < b <1 and lim oy = 5;
n— o0

(i) D02 0 =00, Y oe ;02 < o0, and Y oo Onepn < 0O.

n=0 n=0"n

Then the sequence {x,} converges weakly to T € .
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