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EXTENDING THE APPLICABILITY OF

INEXACT GAUSS–NEWTON METHOD FOR

SOLVING UNDERDETERMINED NONLINEAR

LEAST SQUARES PROBLEMS

Ioannis Konstantinos Argyros and Gilson do Nascimento Silva

Abstract. The aim of this paper is to extend the applicability of Gauss-

Newton method for solving underdetermined nonlinear least squares prob-

lems in cases not covered before. The novelty of the paper is the introduc-
tion of a restricted convergence domain. We find a more precise location

where the Gauss-Newton iterates lie than in earlier studies. Consequently

the Lipschitz constants are at least as small as the ones used before. This
way and under the same computational cost, we extend the local as well

the semilocal convergence of Gauss-Newton method. The new develop-
mentes are obtained under the same computational cost as in earlier stud-

ies, since the new Lipschitz constants are special cases of the constants

used before. Numerical examples further justify the theoretical results.

1. Introduction

We consider the nonlinear least squares problem

(1) min
x∈Ω

ζ(x) :=
1

2
F (x)TF (x),

where Ω ⊆ Rn is an open set, F : Ω → Rm is a continuously differentiable
nonlinear function. A wide variety of applications can be found in mathematical
programming literature, see for example [5]–[20].

It is not hard to see that finding the stationary points of ζ is equivalent to
solving the following nonlinear equation

(2) ∇ζ(x) = F ′(x)TF (x) = 0.

Thus, Newton’s method for solving (2) can be used to solve (1). However,
Newton’s method for solving (2) requires the computation of the Hessian ma-
trix of ζ at each iteration, and this may be difficult especially for large scale
problems (see for instance [8]). A generalization of the Newton method called
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the Gauss-Newton method (GN), can be used to solve the problem (1). This
iterative algorithm computes the sequence

xk+1 = xk − F ′(xk)†F (xk), k = 0, 1, . . . ,

where F ′(xk)† denotes the Moore-Penrose inverse of the linear operator F ′(xk).
Many authors have studied the local as well as semi-local convergence of the
Gauss-Newton method; see for instance [4, 6, 11,15,22].

The study of convergence of iterative algorithms is usually centered into two
categories: semi-local and local convergence analysis. The semi-local conver-
gence is based on the information around an initial point, to obtain conditions
ensuring the convergence of these algorithms; while the local convergence is
based on the information around a solution to find estimates of the computed
radii of the convergence balls. Local results are important since they provide
the degree of difficulty in choosing initial points.

In [6] Bao et al., considered the case when m ≤ n, i.e., the problem (1) is
underdetermined. They proposed some approximate Gauss-Newton methods
for solving (1), and they studied the convergence of their method under the
full row rank assumption. They noted for that purpose that, in the case when
F ′(xk) is of full row rank, F ′(xk)† = F ′(xk)T (F ′(xk)F ′(xk)T )−1. Thus, solving
the Gauss-Newton step, dk := −F ′(xk)†F (xk), is equivalent to solving the
equation

(3) F ′(xk)F ′(xk)T sk = −F (xk),

and setting the step dk := F ′(xk)T sk.
Bao et al, [6], proposed the truncated Gauss-Newton method for solving

(1) which solves (3) inexactly and compute dk by dk := F ′(xk)T sk. They
considered the assumption that the Fréchet derivatives are Lipschitz continuous
and of full row rank, and established Kantorovich convergence criteria for their
algorithm.

A usual assumption to obtain quadratic convergence of Newton’s method, is
the Lipschitz continuity of F ′ in a neighborhood of the solution, see [1,2,6,9,16,
17]. Indeed, ensuring control of the derivative is an important consideration in
the convergence analysis of Newton’s method. On the other hand, a couple of
studies have dealt with the issue of convergence analysis of Newton’s method,
by relaxing the assumption of Lipschitz continuity of F ′, see for example [3–5,
19].

Here, we extend the convergence domain of truncated Gauss-Newton method
even further than [5–7, 10–13, 15, 19–22] using our new idea of restricted con-
vergence domains. To achieve this goal, we first introduce the center-Lipschitz
condition which determines a subset of the original domain for the mapping
containing the iterates. The classical Kantorovich’s condition is then related
to the subset instead of the original domain. This way, the center-Lipschitz
condition is more precise than if they were depending on the original domain
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of the mapping as in earlier studies. The new technique leads to: weaker suf-
ficient convergence conditions, tighter error bounds on the distance involved
and an at least as precise information on the location of the solution. These
advantages are obtained under the same computational cost as in earlier stud-
ies, since in practice the new conditions are special cases of the Kantorovich’s
condition. The idea introduced in this paper can be used on other iterative
methods. Numerical examples are also provided to show that our results apply
to solve equations but not earlier ones [3, 4].

The remainder of this paper is organized as follows. In Section 2, some
notations and important results used throughout the paper are presented. In
Sections 3 and 4, the convergence analysis is obtained for algorithm TGNU (I)
and TGNU (II). Section 5 contains numerical examples showing the superiority
of the new results. Finally, the paper ends with a conclusion section.

2. Majorizing sequences

The convergence analysis that follows in Section 3 is based on some scalar
functions. Define function fβ(·) : R ∪ {0} → R by

(4) fβ(t) = αt2 − βt+ µ,

where α > 0, β > 0 and µ ≥ 0.
Suppose that

(5) 4αµ ≤ β2,

then fβ has two distinct positive zeros if (5) is a strict inequality and one
positive zero if equality holds in (5).

The smaller zero denoted by t∗ is given by

(6) t∗ =
β −

√
β2 − 4αµ

2α
.

Let K > 0, L > 0, δ ≥ 0 and ω ∈ [0, 1) be parameters with K ≤ L. Define

α(M,ω, δ) =
M(1 + ω)

2[1 +Mωδ(1 + ωδ(1 + ω)]
,

β(M,ω, δ) = 1− ω[1−Mδ(1 + ω)]

1 +Mωδ(1 + ωδ(1 + ω)
,

µ = δ(1 + ω),

where M = K or L. Set α := α(K,ω, δ), β := β(K,ω, δ), α1 := α(L, ω, δ) and
β1 := β(L, ω, δ).

Similarly function fβ1(·) : R ∪ {0} → R is defined by

(7) fβ1(t) = α1t
2 − β1t+ µ

and if

(8) 4α1µ ≤ β2
1 ,
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we can set

(9) t∗ =
β1 −

√
β2

1 − 4α1µ

2α1

to be the smallest zero of function fβ1 .
It was shown in [6, Lemma 3.1] that, if

(10) Lδ ≤ H
holds, so does (8), where

(11) H =
(1− ω)2

(1 + ω)(
√

(2ω2 − ω + 1)2 + 2ω(1− ω)3 + 2ω2 − ω + 1)
.

Clearly, by replacing α1, β1, L by α, β, K, respectively in the proof of the
lemma, we have that, if

(12) Kδ ≤ H
holds, so does (5).

Condition (10) is the sufficient convergence criterion for the semi-local con-
vergence of method TGNU I, II. We shall show that (10) can be replaced by
(12). Notice that

(13) Lδ ≤ H ⇒ Kδ ≤ H.
Implication (13) does not imply

Kδ ≤ H ⇒ Lδ ≤ H
unless, if K = L. Hence, the applicability of the methods TGNU I, II studied
in Section 3 and Section 4 is extended. Moreover, the error bounds are also
improved. Similarly, it is easy to see that

(14) 4α1µ ≤ β2
1 ⇒ 4αµ ≤ β2,

since α ≤ α1 and
β2
1

α2
1
≤ β2

α2 .

Moreover, the implication (14) does not imply

(15) 4αµ ≤ β2 ⇒ 4α1µ ≤ β2
1 ,

unless, if K = L.
We need to define some majorizing sequences for method TGNU I, II. First,

we define sequences used in [6]:

(16) t0 = 0, tk+1 = tk −
fβ1

(tk)

f ′11
(tk)

= tk −
α1(tk − tk−1)2 + (1− β1)(tk − tk−1)

2α1tk−1
,

(17) t̂0 = 0, t̂k+1 = t̂k −
fβ1(t̂k)

f ′β1
(tk)

= t̂k −
α1(t̂k − t̂k−1)2 + (1− β1)(t̂k − t̂k−1)

2α1t̂k − β1

,

where f11
(t) = α1t

2 − t+ µ.
The following result was given in [6].
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Lemma 1. Let t∗, {tk}, {t̂k} be given, respectively by (9), (16) and (17).
Suppose that (8) holds. Then, the following items hold for each k = 0, 1, . . .

(18) tk < tk+1 < t∗, t̂k < t̂k+1 < t∗,

{tk} and {t̂k} increasingly converge to t∗. Moreover,

(19) t̂k+1 − t̂k ≤
µ

β1
for each k = 0, 1, . . .

and for

γ1 =
β1 −

√
β2

1 − 4α1µ

β1 +
√
β2

1 − 4α1µ

(20) t∗ − t̂k =
γ2k−1

1∑2k−1
i=0 γi1

t∗ for each k = 0, 1, . . . .

Next, we define the new sequences that shall be shown to be majorizing for
method TGNU I, II for 0 ≤ K0 ≤ K :

(21) r̄0 = 0, r̄k+1 = r̄k −
(1−Kr̄k)[α(r̄k − r̄k−1)2 + (1− β)(r̄k − r̄k−1)]

(1−K0r̄k)(2α1r̄k − 1)
,

(22) r0 = 0, rk+1 = rk−
α(rk − rk−1)2 + (1− β)(rk − rk−1)

2α1rk − 1)
= rk−

fβ(rk)

f ′β(rk)
,

(23) ¯̂s0 = 0, ¯̂sk+1 = ¯̂sk −
(1−K ¯̂sk)[α(¯̂sk − ¯̂sk−1)2 + (1− β)(¯̂sk − ¯̂sk−1)]

(1−K0
¯̂sk)(2α¯̂sk − β)

and

(24) ŝ0 = 0, ŝk+1 = ŝk−
α(ŝk − ŝk−1)2 + (1− β)(ŝk − ŝk−1)

2αŝk − β
= ŝk−

fβ(ŝk)

f ′β(ŝk)
.

Remark 1. (a) It follows from the definition of sequences {rk}, {ŝk}, {r̄k}, {¯̂rk}
and a simple inductive argument that for each k = 1, 2, . . .

(25) 0 ≤ r̄k ≤ rk, 0 ≤ r̄k+1 − r̄k ≤ rk+1 − rk,

(26) 0 ≤ ¯̂sk+1 ≤ ¯̂sk, and 0 ≤ ¯̂sk+1 − ¯̂sk ≤ ŝk+1 − ŝk,

so sequences {r̄k}, {¯̂rk} under the hypotheses of next lemma increasingly
converge to their unique least upper bounds r̄∗ = limk→+∞ r̄k and ¯̂s∗ =
limk→+∞ ¯̂sk such that

(27) r̄∗ ≤ t∗ and ¯̂s∗ ≤ t∗.

So far sequences {r̄k}, {¯̂sk} were shown to converge under the same hypotheses
(see (5)) as {rk}, {ŝk}. However, these sequences may converge under even
weaker hypotheses than (5). Such results can be found in [2]–[5], [17].
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(b) If we only suppose (8), then as noted above (5) also holds. A simple
inductive argument again, the definition of the sequences lead to (25) and (26).
Then, clearly we have the analog of Lemma 1 for sequence {rk}.

Lemma 2. Let t∗, {rk}, {r̂k} be given, respectively by (6), (22) and (24).
Suppose that (5) holds. Then, the following items hold

(28) rk < rk+1 < t∗, ŝk < ŝk+1 < t∗,

{rk} and {ŝk} increasingly converge to t∗. Moreover,

(29) ŝk+1 − ŝk ≤
µ

β
for each k = 0, 1, . . .

and for γ =
β−
√
β2−4αµ

β+
√
β2−4αµ

(30) t∗ − ŝk =
γ2k−1∑2k−1
i=0 γi

.

Proof. Simply replace α1, β1, γ1, tk, t̂k, t∗, fβ1
, (8) by α, β, γ, rk, ŝk, t∗, fβ ,

(5), in the proof of Lemma 1, respectively. �

Remark 2. In view of Remark 1 we have

(31) 0 ≤ r̄k ≤ rk ≤ tk, 0 ≤ r̄k+1 − r̄k ≤ rk+1 − rk ≤ tk+1 − tk
and

(32) 0 ≤ ¯̂sk+1 ≤ ŝk ≤ t̂k, 0 ≤ ¯̂sk+1 − ¯̂sk ≤ ŝk+1 − ŝk ≤ t̂k+1 − t̂k.

Hence, in view of (30)–(32) not only the sufficient convergence criteria are
weaker under our new approach (see (5), (12), replacing (8), (10), respectively)
but also the error bounds on ‖xk+1 − xk‖, ‖xk − x∗‖ are also improved as well
as the information on the location of the solution x∗. It is very important
to notice that these advantages are obtained under the same computational
cost as in [6]. Indeed in practice the computation of parameter L requires the
computation of parameters K0 and K as special cases.

3. Convergence analysis for algorithm TGNU (I)

We present the semi-local and local convergence analysis of the truncated
GN method denoted by Algorithm TGNU ({εk}), for solving problem (1) under
condition (45) that follows.

Algorithm TGNU ({εk})
Choose an initial point x0 ∈ Ω ⊆ Rn. For each k = 0, 1, . . . , until convergence,
do:
Step 1: Compute F ′(xk).
Step 2: Solve (3) to find sk such that the

(33) λk := F ′(xk)F ′(xk)T sk + F (xk)
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satisfies

(34) ‖F ′(x0)†λk‖ ≤ εk.

Step 3: Set xk+1 = xk + F (xk)T sk.
Let Q : Rn → Rm be a linear operator or an m× n matrix. We denote by QT

the adjoint of Q. We say that a mapping Q† : Rm → Rn or an n ×m matrix
Q† is the Moore-Penrose inverse of Q, if the following estimates are satisfied:

QQ†Q = Q, Q†QQ† = Q†, (QQ†)T = QQT , (Q†Q)T = Q†Q.

Moreover, if Q is of full row rank, then Q† = QT (QQT )−1 and QQ† = IRm ,
where IRm stands for the m×m identity matrix. Furthermore, it follows easily
from the definition of the Moore-Penrose inverse, that (Q†P )† = P †Q if P and
Q are full rank.

From now on we shall simply say full rank instead of simply full row rank.
More details about the properties of Moore-Penrose inverse can be found in
[7, 20, 21]. In the rest of the paper, we suppose that m ≤ n, unless otherwise
stated.

Let U(w, δ) stand for the open ball in Rn with center w and of radius δ > 0.
Then, Ū(w, δ) stands for its closure.

From now on, we shall often use the identity

(35) xk+1 = xk − F ′(xk)†F (xk) + F ′(xk)†λk

implied by (33) and (34) provided that F ′(xk) is of full rank.
Let x0 ∈ Rn. Define R := sup{t ≥ 0 : U(x0, t) ⊆ Ω}. Let also ‖ · ‖ be the

Euclidean vector norm or the induced matrix norm and set Ω0 = U(x0, R).
We need the definition of the center Lipschitz condition.

Definition 1. A nonlinear operator G(·) : Ω0 → Rm is said to satisfy the
center Lipschitz condition at x0 with center Lipschitz constant K0 on Ω0, if

(36) ‖G(x)−G(x0)‖ ≤ K0‖x− x0‖ for each x, y ∈ Ω0.

Define U0 := Ω0 ∩ U(x0,
1
K0

).

Definition 2. A nonlinear operator G(·) : Ω0 → Rm is said to satisfy the
restricted Lipschitz condition with Lipschitz constant K on U0, if

(37) ‖G(x)−G(y)‖ ≤ K‖x− y‖ for each x, y ∈ U0.

In earlier studies [6]–[22] the following condition was used instead of the
combination of Definition 1 and Definition 2 that we shall use in the present
study.

Definition 3. A nonlinear operator G(·) : Ω0 → Rm is said to satisfy the
Lipschitz condition with Lipschitz constant L on Ω0, if

(38) ‖G(x)−G(y)‖ ≤ L‖x− y‖ for each x, y ∈ Ω0.
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Notice, however that U0 ⊆ Ω0. Hence, we have that

(39) K ≤ L.

We also have by Definition 1 and Definition 3 that

(40) K0 ≤ L

and L
K0

can be arbitrarily large [3]–[5].
In the rest of the paper, we shall assume that

(41) K0 ≤ K.

Otherwise, i.e., if K ≤ K0 the results to follow will also hold with K0

replacing K. Let us see why the new results improve the earlier results in [6]:
Let x0 ∈ Ω0 be such that F ′(x0) is of full row rank. SetG(x) = F ′(x0)†F ′(x).

We need the auxiliary result.

Lemma 3. Let x0 ∈ Ω0 be such that F ′(x0) is of full row rank. Suppose that
F ′(x0)†F ′(x) satisfies the Lipschitz condition with Lipschitz constant L on Ω0.
Then, for each x ∈ U0, F ′(x) is of full row rank and

(42) ‖F ′(x)†F ′(x0)‖ ≤ 1

1− L‖x− x0‖
.

If we simply use the more precise and needed K0 instead of L used in the
proof of the preceding lemma, we obtain:

Lemma 4. Let x0 ∈ Ω0 be such that F ′(x0) is of full row rank. Suppose that
F ′(x0)†F ′(x) satisfies the center-Lipschitz condition with Lipschitz constant K0

on Ω0. Then, for each x ∈ U0, F ′(x) is of full row rank and

(43) ‖F ′(x)†F ′(x0)‖ ≤ 1

1−K0‖x− x0‖
.

Notice that in view of (40), (43) is more precise than (42) on the norm
‖F ′(x)†F ′(x0)‖. That exchange of upper bounds in the proofs of the results
leads to a tighter convergence analysis. On the other hand, K can replace L
on the upper bounds on ‖F ′(x0)†F ′(xk)‖ leading again to more precise uppers
bounds on this norm. Then, in view of (41), we can reproduce all the proofs
of the semi-local results in [6] with simply K, K0 replacing L, L0, respectively.

The same technique can be used to improve the local results in [6]. It is
convenient for the semi-local convergence analysis that follows to introduce
some parameter, sequences and conditions.

Set

(44) ρ = ‖F ′(x0)†F (x0)‖.

Let {ηk} be a non-negative sequence satisfying 0 ≤ η := supk≥0 ηk < 1 for
some η ∈ [0, 1). We shall suppose that

(45) εk ≤ ‖F ′(x0)†F (xk)‖
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and

(46) εk ≤ ‖F ′(x0)†F (xk)‖2.

Next, we present the semi-local convergence analysis of sequence {xn} gen-
erated by the Algorithm TGNU ({εk}).

Theorem 5. Suppose that there exists x0 ∈ Ω0 such that F ′(x0) is of full
row rank and U(x0, R) ⊆ Ω. Moreover, suppose that F ′(x0)†F ′(·) satisfies
the center-Lipschitz condition at x0 with Lipschitz constant K0 on Ω0 and the
restricted Lipschitz condition with constant K on U0, (12) holds and r∗ ≤
R, where R, K0, K, Ω0, U0 and R∗ are defined previously. Then, sequence
{xk} generated by (35) with starting point x0 by the method with sequence {εk}
satisfying (45) is well defined, remains in U(x0, r

∗) for each k = 0, 1, . . . and
converges to a solution x∗ of equation F (x) = 0 in Ū(x0, r

∗).
Moreover, the following error bound holds:

(47) ‖xk − x∗‖ ≤ r∗ − rk for each k = 0, 1, . . . .

Proof. By simply following the proof of [6, Theorem 3.1], replacing sequence
{tk} by {rk} and the L0, L by K0, K, respectively, we obtain the estimates
with the crucial differences (see also Remark 3.7).

The estimates for j = 0, 1, . . . , k

(48) ‖F ′(xj)†F ′(x0)‖ ≤ 1

1−K0‖xj − x0‖
≤ 1

1−K0rj
,

(49) ‖F ′(x0)†F ′(xj)‖ ≤
(1−Krj)(rj+1 − rj

1 + ω
,

and by (22), (35), (48), (49) and

‖xj+1 − xj‖ = ‖F ′(xj)†F ′(x0)(−F ′(x0)†F (xj) + F ′(x0)†λj‖

≤ (1 +K)‖F ′(xj)†F ′(x0)‖‖F ′(x0)†F (xj)‖
≤ r̄j+1 − r̄j ≤ rj+1 − rj ,(50)

so

(51) ‖xk+1 − xk‖ ≤ r̄j+1 − r̄j ≤ rj+1 − rj .

The rest of the proof follows as in [6, Theorem 3.1] with the noted modifications.
�

Remark 3. (a) The corresponding estimates in [6] are less tight (see (5), (6),
(8), (9), (10), (12), (13)–(15)),

‖F ′(xj)†F ′(x0)‖ ≤ 1

1− L‖xj − x0‖
≤ 1

1− Ltj
,

‖F ′(x0)†F ′(xj)‖ ≤
(1− Ltj)(tj+1 − tj)

1 + ω
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and
‖xj+1 − xj‖ ≤ tj+1 − tj .

(b) If m = n, (45) and (46) reduce to

(52)
‖F ′(x0)−1λk‖ ≤ εk‖F ′(x0)−1F (xk)‖ and

‖F ′(x0)−1λk‖ ≤ εk‖F ′(x0)−1F (xk)‖2 k = 0, 1, . . . .

This way we obtain the next corollary that follows for inexact Newton methods
[6, 13, 15, 22]. This corollary improves Corollary 3.1 (of Theorem 3.1 in [13])
which in turn improved the results in [13,15].

Corollary 6. Suppose that m = n and there exists x0 ∈ Ω such that F ′(x0)−1 ∈
L (Rn,Rn) and U(x0, R) ⊆ Ω. Moreover, suppose that F ′(x0)−1F ′(·) satisfies
the center-Lipschitz condition at x0 with center Lipschitz constant K0 on Ω0

and the restricted Lipschitz condition with Lipschitz constant K on U0, (12)
holds and r∗ ≤ R0. Then, sequence {xk} generated by method (35) (with
F ′(x)† = F ′(x)−1) with sequence {εk} satisfying (46) is well defined, remains
in U(x0, r

∗) and converges to a solution x∗ of equation F (x) = 0 in Ū(x0, r
∗).

Moreover, the following error bound holds:

(53) ‖xk − x∗‖ ≤ r∗ − rk for each k = 0, 1, . . . .

Next, we present the local convergence analysis of method (35) with (12)
satisfied using Theorem 5. To achieve this, we define

(54) K̂ =
K

1−K0%
for some % > 0 to be determined later.

Notice that

(55) L̂ =
L

1− L̂%
was used in [6]. We have that

(56) K̂ ≤ L̂.
This modification leads to advantages similar to the semi-local convergence case
and under the same computational cost (see also Remark 4 and the numerical
section).

The proofs of the next three results are obtained from the corresponding
ones in Lemma 3.2, Theorem 3.2 and Corollary 3.2 in [6], respectively by using
the modification already suggested in Theorem 5. So these proofs are omitted
(see also Remark 4).

Lemma 7. Suppose there exists x∗ ∈ Ω solving equation F (x) = 0, such that
F ′(x∗) is of full rank and U(x∗, R) ⊆ Ω. Moreover, suppose that F ′(x∗)†F ′(·)
satisfies the center-Lipschitz condition at x∗ with constant K0 on Ω0 (with
x0 = x∗) and the restricted Lipschitz condition with Lipschitz constant K on
U0 (with x0 = x∗). Furthermore, suppose that 0 < % < {R, 1

K0
}. Then, the

following items hold for each x ∈ U(x∗, r):
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(1) F ′(x0) is of full rank and ‖F ′(x0)†F ′(x∗)‖ ≤ 1
1−K0%

;

(2) F ′(x0)†F ′(·) satisfies the Lipschitz condition with Lipschitz constant K̂
given in (54) on U(x0, R− %);

(3) δ ≤ K%2

2(1−K0%)
+ %, where δ := ‖F ′(x0)†F (x0)‖.

Theorem 8. Suppose that there exists x∗ ∈ Ω solving equation F (x) = 0,
so that F ′(x∗) is of full rank and U(x∗, R) ⊆ D. Moreover, suppose that
F ′(x∗)†F ′(·) satisfies the center-Lipschitz condition at x0 with constant K0 on
D0 and the restricted Lipschitz condition with Lipschitz constant K on U0.
Define

(57) % := min

{
(1− ω)R

1− ω + 4(1 + ω)2
,

1

K

(
1− 1√

1 + 2H

)}
.

Then, sequence {xk} generated by method (35) for x0 ∈ U(x∗, %) and {εk}
satisfying (45) is well defined, remains in U(x∗, %) for each k = 0, 1, 2, . . . and
converges to a solution x̂∗ of equation F (x) = 0.

We also have the following corollary of Theorem 8 for the GN method.

Corollary 9. Suppose that there exists x∗ ∈ Ω solving equation F (x) = 0 such
that F ′(x∗) is of full rank and U(x∗, R) ⊆ D. Suppose that F ′(x∗)†F ′(·) sat-
isfies the center-Lipschitz condition with constant K0 on D0 and the restricted
Lipschitz condition with Lipschitz constant K on U0. Define

(58) %̄ := min

{
R

5
,

2−
√

2

2K

}
.

Then, sequence {xk} generated for x0 ∈ U(x∗, %̄) by GN method, is well defined,
remains in U(x∗, %̄) for each k = 0, 1, 2, . . . and converges to a solution x̂∗ of
equation F (x) = 0.

Remark 4. (a) The radii of convergence in [6] are given respectively by,

(59) %1 := min

{
(1− ω)R

1− ω + 4(1 + ω)2
,

1

L

(
1− 1√

1 + 2H

)}
and

(60) %̄1 := min

{
R

5
,

2−
√

2

2L

}
.

Then, we have that

(61) %1 ≤ %

and

(62) %̄1 ≤ %̄.
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That is we obtain an at least as large radius of convergence leading to a
wider choice of initial points. Moreover, as already shown in Section 2 the
error bounds on the distances ‖xn+1 − xn‖, ‖xn − x̂∗‖ are tighter leading to
fewer iterations to achieve a desired error tolerance. It is worth noticing that
the preceding advantages are obtained under the same computational effort as
in [6], since in practice the computation of L requires the computation of K0

and K as special cases.
(b) The results obtained here can be improved even further, if we consider

instead of the ball U0 the ball U1 defined by

U1 := Ω ∩ U
(
x1,

1

K0
− ‖F ′(x0) † F (x0)‖

)
.

Notice that U1 ⊆ U0 ⊆ U0 ⊆ Ω, so the Lipschitz constant K can be replaced by
a constant K̂ at least at small. Then, K̂ can replace K in all preceding results.
The iterates {xk} lie in U1 according to the proofs (see also the numerical
examples).

4. Convergence analysis for algorithm TGNU (II)

We present the semi-local as well as the local convergence analysis of Al-
gorithm TGNU (see method (35)) for solving problem (1.1) under condition
(46) along the same lines of Section 4 but some of the parameters are defined
differently. We also use sequences {¯̂sk}, {ŝk} instead of {¯̂rk}, {r̂k}, respectively
(or {tk}, {t̂k}, respectively in [6]).

The proofs are obtained as in Section 3 with the above modifications. There-
fore, these proofs are omitted.

As in Section 3, it is convenient to introduce some parameters

(63) α :=
K(1 + ωδ)

2[1 +Kδ2ω(1 + δω)]
+

ω

1 + ω(δ − 1)
, β := 1 +

ω

1 + ω(δ − 1)

and

(64) µ := 1 + βδ(1 + ωδ).

If

(65) δ ≤ 1√
(K + 2ω)2 + 2Kω +K + 2ω

,

then (5) holds.

Theorem 10. Suppose that there exists x0 ∈ Ω such that F ′(x0) is of full
rank and U(x0, R) ⊆ Ω. Moreover, suppose that F ′(x0)†F ′(·) satisfies the
center-Lipschitz condition at x0 with Lipschitz constant K0 on Ω0, the restricted
Lipschitz condition with constant K on U0, (65) holds and ŝ∗ ≤ R and {εk}
satisfies (46). Then, sequence {xk} generated by method (35) is well defined,
remains in U(x0, ŝ

∗) for each k = 0, 1, . . . and converges quadratically to a
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solution x∗ of equation F (x) = 0 in Ū(x0, r̄
∗). Moreover, the following error

bound holds:

(66) ‖xk − x∗‖ ≤
γ2k−1∑2k−1
i=0 γi

r̄∗,

where r̄∗, γ are given in Section 2 for α, β, µ given in (61) and (62).

Remark 5. (a) Let H(ω) := H be defined by (11) for each ω ∈ (0, 1) and let Ĥ
be defined by

(67) Ĥ(ω,K) =
K√

(K + 2ω)2 + 2Kω +K + 2ω

for each K ∈ [0,+∞) and ω ∈ (0, 1). Then, (12) and (65) are equivalent to

(68) Kδ ≤ Ĥ(ω,K)

and

(69) Kδ ≤ Ĥ(ω),

respectively.
(b) If εk ≡ 0, method (3.3) is reduced to the GN method. Choose ωk ≡ 0.

Then, we have

(70) H =
1

2
, r̄∗ =

1−
√

1− 2Kδ

K
, and γ =

1−
√

1− 2Kδ

1 +
√

1− 2Kδ
.

We obtain from Theorem 10 the following improvement of the Kantorovich-like
theorem for the GN method.

Corollary 11. Suppose that there exists x0 ∈ Ω such that F ′(x0) is of full rank
and U(x0, R) ⊆ Ω. Moreover, suppose that F ′(x0)†F ′(·) satisfies the center-
Lipschitz condition with Lipschitz constant K0 on Ω0, the restricted Lipschitz
condition with constant K on U0. Furthermore, suppose that

(71) 0 < Kδ ≤ 1

2
and s̄∗ ≤ R0.

Then, sequence {xk} generated by method (35) is well defined, remains in
U(x0, s̄

∗) for each k = 0, 1, . . . and converges quadratically to a solution x∗
of equation F (x) = 0 in Ū(x0, s̄

∗). Moreover, estimate (66) holds, where s̄∗

and γ are given in (70).

Next, we present the local convergence analysis of method (35) under con-
dition (46).

Theorem 12. Suppose there exists x∗ ∈ Ω solving equation F (x) = 0 such that
F ′(x∗) is of full rank and U(x∗, R) ⊆ Ω. Moreover, suppose that F ′(x∗)†F ′(·)
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satisfies the center-Lipschitz condition with Lipschitz constant K0 on Ω0, and
the restricted Lipschitz condition with constant K on U0. Define

(72) % := min

{
2

11
R,

1

3(
√

(K + ω)2 +Kω +K + ω)

}
.

Then, sequence {xk} generated for x0 ∈ U(x∗, %) by method (35) with sequence
{εk} satisfying (46) is well defined, remains in U(x∗, %) for each k = 0, 1, . . .
and converges quadratically to a solution x̂∗ of equation F (x) = 0.

Remark 6. (a) The results of this section improve the corresponding results
Lemma 3.3, Theorem 3.3, Remark 3.4, Corollary 3.3 and Theorem 3.4 in [6]
along the same lines of the arguments and comparison made in Remarks of
Section 2, Section 3 and this section.

(b) The rest of the results in Section 4 in [6] are also immediately improved
along the same lines. However, we leave the details to the motivated reader.

5. Numerical examples

We present numerical examples to show that the earlier results do not apply
or if they apply, our results also apply and can do better. For simplicity we
choose m = n in the next two examples. The first example is given for the
semi-local case.

Example 1. Let m = n = 1, Ω0 = Ω = U(0, 1), ω = 0, λk = 0, x0 = 1, R = 1.
Define function F on Ω0 by

(73) F (x) = x3 − h for some h ∈ (0,
1

2
).

Then, we have δ = 1
3 (1−h), K0 = 3−h, L = 2(2−h), α1 = L

2 = 2−h, β1 = 1
and µ = δ. Then, old condition (8) is not satisfied, since

(74) 4α1µ > β2
1 for each h ∈ (0,

1

2
).

Notice also that condition (8) in this special case is the famous for its simplicity
and clarity Kantorovich sufficient convergence criterion for the convergence of
Newton’s method [6,15–17] (see also (71) with K = L). Therefore, there is no

guarantee under the old results that Newton’s method converges to x∗ = 3
√
h

starting at x0 = 1.
Using our results, we have

Case: U0 = Ω0 ∩ U
(
x0,

1
K0

)
= U

(
x0,

1
K0

)
.

Then, F ′(x0)−1F ′(·) is restricted Lipschitz with K = 2
(

4−h
3−h

)
. We also have

that α = K
2 , β = 1 and µ = δ.

Then, condition (5) becomes

(75)
4

3

(4− h)(1− h)

3− h
≤ 1



EXTENDING THE APPLICABILITY OF INEXACT GAUSS–NEWTON METHOD 325

which is satisfied for h ∈ I0 := [.46198316 . . . , 1
2 ). The same range for h is

obtained, if we use (71).

Case: U1 = Ω0 ∩ U
(
x1,

1
K0
− δ
)

.

We need the computation

‖F ′(x0)−1(F ′(x)− F ′(y))‖ ≤ (‖x− x1‖+ ‖y − x1‖+ 2‖x1‖)‖x− y‖

≤ 2

[(
1

K0
− δ
)

+
2 + h

3

]
‖x− y‖,

so

K̂ =
−2(2h2 − 5h− 6)

3− h
.

Using these values, (5) is satisfied for all h ∈ I :=
[
.44137239, 1

2

]
which extends

the interval found in preceding case. Notice also that δK0 < 1 for all h ∈ I.
Therefore, if h ∈ I0 or h ∈ I our results guarantee the convergence of Newton’s
method to x∗ starting at x0 = 1.

Finally, as already noted in Section 2, if both (5) and (8) hold, then our
results provide tighter error bounds on the distances ‖xn+1 − xn‖, ‖xn − x∗‖
and a more precise information on the location of the solution x∗. Notice also
that K0 < L and K̂ < L for all h ∈ [0, 1

2 ) and

K0 < K̂ if h > 2−
√

3,

K0 > K̂ if h < 2−
√

3

and

K0 = K̂ if h = 2−
√

3.

The second example concerns the local case.

Example 2. Let m = n = 3 and Ω = U(x∗, 1), so R = 1 and Ω0 = Ω. Choose
λk = 0, so ω = 0. Define mapping F on Ω for w = (x, y, z)T by

(76) F (w) =

(
ex − 1,

e− 1

2
y2 + y, z

)T
.

Then, we have for x∗ = (0, 0, 0)T that the Fréchet-derivative is given by

(77) F ′(w) =

 ex 0 0
0 (e− 1)y + 1 0
0 0 1

 .
We obtain L = e, K0 = e − 1, and U0 = Ω0 ∩ U

(
x∗, 1

K0

)
= U

(
x∗, 1

K0

)
,

K = e
1

K0 . By using (57)–(60), we get that

% = %̄ = .16366659

and

%1 = %̄1 = .10172259,
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so %1 = %̄1 < % = %̄. Hence, our convergence radii are larger than the ones in
[6]. It is worth noticing that larger radius of convergence implies a wider choice
of initial points and fewer iterations to achieve a desired error tolerance. These
improvements are important in computational mathematics.

6. Conclusion

In this paper, semi-local as well as local convergence results of Gauss-Newton
method by using a restricted convergence domain have been obtained for solv-
ing problem (1), extending the applicability of the method under the same
computational cost as in [6]. This idea has been used to obtain a tighter local
convergence analysis and an at least as precise complexity for Newton iteration
as in earlier studies [2]–[5]. The idea can be used on other iterative methods
[2]–[22].
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[8] Å. Björck, Numerical Methods for Least Squares Problems, Society for Industrial and

Applied Mathematics (SIAM), Philadelphia, PA, 1996.
[9] P. N. Brown, A local convergence theory for combined inexact-Newton/finite-difference

projection methods, SIAM J. Numer. Anal. 24 (1987), no. 2, 407–434.
[10] R. S. Dembo, S. C. Eisenstat, and T. Steihaug, Inexact Newton methods, SIAM J.

Numer. Anal. 19 (1982), no. 2, 400–408.

[11] J. E. Dennis, Jr. and R. B. Schnabel, Numerical methods for unconstrained optimiza-
tion and nonlinear equations, corrected reprint of the 1983 original, Classics in Applied

Mathematics, 16, Society for Industrial and Applied Mathematics (SIAM), Philadelphia,

PA, 1996.
[12] J. A. Ezquerro Fernández and M. Hernández Verón, Newton’s method: an updated ap-

proach of Kantorovich’s theory, Frontiers in Mathematics, Birkhäuser/Springer, Cham,
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