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GLOBAL EXISTENCE OF STRONG SOLUTION FOR SOME
CONTROLLED ODE-PDE SYSTEMS

SANG-UK Ryu

ABSTRACT. This paper is concerned with the global existence of strong
solution for the controlled ode-pde systems. Also, we consider the contin-
uous dependence of solution on the control.

1. Introduction

The modelling of forest age structure dynamics is one of the most important
problems of mathematical ecology. The following model is introduced as base
mathematical model of mono-species forest with two age classes ([1], [2], [7])-

oy 0%y .

5t = 4g2 ~ Py —Fy+gp  in Ix(0,T],

% = fy—hp—u(t)p in Ix(0,T], (L.1)
dy _ Oy _

5, (0t)=5-(L,) =0 on (0,7],

y(x,0) = yo(x), p(x,0)=po(z) in I

Here, I = (0, L) is a bounded interval in R. y = y(z,t) denotes tree density of
young age class in I at time ¢ and p = p(z,t) is tree density of old age class in
I at time t. d > 0 is a diffusion rate. g > 0 is fertility of the species. h > 0 and
f > 0 denote death and aging rates. v(p) denotes a mortality rate function of
the young trees with v(p) = a(p — b)* + ¢ (a,b,c > 0). u(t) denotes the control
term.

In [3] and [5], the authors studied the global existence of strong solution and
the optimal control problem for prey-predator reaction diffusion model. In [4],
the existence of strong solution and the control problem for FitzHugh-Nagumo
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system were studied. In [6], the author considered the local existence of strong
solution and the existence of optimal control for (1.1). In this paper, we show
the global existence of strong solution and the continuous dependence of solution
on the control.

The paper is organized as follows. Section 2 is a preliminary section. In
Section 3, we obtain the global existence of strong solution. Also, we show the
continuous dependence of solution on the control.

Notation. LP(I;H), 1 < p < oo, denotes the LP space of measurable func-
tions in I with values in a Hilbert space H. C(I; H) denotes the space of continu-
ous functions in I with values in H. W12(I;H) = {y; D’y € L*(I;H),j = 0,1},
where D is the derivative in the sense of distributions. For simplicity, we shall
use a universal constant C' to denote various constants which are determined in
each occurrence in a specific way by a,b,c,d, f,g,h, m, [ and I.

2. Preliminaries

In this section, we recall the existence and uniqueness of a local strong solu-
tion for (1.1) as in [6].

We rewrite (1.1) as an abstract problem (2.1) in the Hilbert spaces H =
L3(I) x L3(I). To this end, let us define the operator A : D(A) C H — H as

follows:
_(dZ 0\ (v _ (v
AY = ( s 0) (p), Y = (P) € D(A).

Here, D(A) = {Y = (1) € HX(I) x L™(I), 2(0) = (L) = o}. Then A is a
self adjoint dissipative operator in H.
Thus, (1.1) is formulated to the following abstract form

%JrAY:F(t,Y(t)% 0<t<T, (2.1)
Y (0) =Y,

in the space H. Here, F(¢,Y(t)) : [0,T] x H — H is the mapping

(fty, )\ (—(p)y— fy+agp
Py @) = (g(t,y,p)) a ( fy—hp—u(t)p )

and Yy is defined by Yy = (%°). K = {(yo) € D(A);yo > 0 and pg > O} and

PO PO
Uga = {u € H'(0,T); ||lull g1 0,0y < m, 0<u(t) <I}

Now, we have the followig result for the local strong solution to (1.1)(for the
proof, see [6]).
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Theorem 2.1. For Yy € K and u € Uyq, (1.1) has a unique strong solution
Y = (iﬁ) € Wb2(0,S;H) such that

0<yecL>®(0,8) xI)NL>0,S; H'(I)) n L*(0,S; H*(I)),
0<peL>®((0,8) x I)NL>(0,5; L*(I)).

Here, the time S € (0,T] is determined by ||yol| o1y and ||poll Lo (1)-

3. Global existence of strong solution

Theorem 3.1. For any 0 < yo € H?(I) and 0 < py € HY(I) and u € Uy,
(1.1) has a unique global strong solution Y = (z) € WH2(0,T; 1) such that
0 <yeL>®((0,T) x I) N L®(0,T; H'(I)) N L*(0,T; H*(I)),
0<peL>®((0,T)x I)NL>0,T; L*(I)).

Moreover, the estimates

|5
ot

and

. oo <C (31
L2O0T5L2 (1) + lllL20,7;m2 1)) + Wl + 1Yl Lo 0,1y <) < (3.1)

|5
ot

hold, where C' is also determined by ||yol| L1y and | pollrs=(r)-

+llpllze o, ryxny + loll2y < C (3.2)

L2(0,T5L2(1))

Proof. Let y, p be any local strong solution of (1.1) on an interval [0, 5] as in
Theorem 2.1. We shall obtain the desired result by three steps.

Step 1. Multifly the first equation of (1.1) by y and integrate the product in
I. Then, we have

1d [*, L L gy 2
=4 d 24z +d ‘—‘d
zdtoyz+f/0ysc+/oamx
L L
:g/ pydw—/ Y(p)ydx. (3.3)
0 0

Multifly the second equation of (1.1) by p and integrate the product in I. Then,

we have
1d (F L L L
1% dex—Fh/ prdr = f/ ypdx—/ u(t)p®da (3.4)
0 0 0 0

L
<7 / yod.
0
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Thus, we obtain from (3.3) and (3.4) that

1d [*

L L
0y |2
—_ - 2 2 2 2 9y
2di (y +p)dx+(f+h)/0 (y +p)da;+d/0 ‘(%v‘ dz

L L
< (f+g)/0 pydw*/o v(p)y*dz. (3.5)

Here, we notice that

(f +9)py = (p)y* = - [a(p 02— (f+9)(p—bly+ %}

(f+g)262)+(f+g)2(1+f)

- (cy2 —(f+9)by +

4c 4 a c
(f+g9)? (1 ¥
< -+ — ).
- 4 (a + c )
Therefore, we have
d (L L
G [ @+ Paesaam [ op s pas<c (3.6)
0 0

If we solve (3.6), we have

Ly 2y + 12O 172r)
< 0[672(f+h)t(\|yo||2L2(1) +llpollizcn) + 1}, 0<t<S. (3.7)

If we use (3.5), we obtain
t
[ s < (ol + Imlzn) + Co 0<e<8 (38)

Step 2. We will estimate the norm ||p|[(p). Since po, y(x,t) and u(t) are
non-negative, we have

t
p(t) =e~ Jo(htu(mdr o / o LTy (2, 5)ds (3.9)
0

t
<e Mpy + f/ e M=)y (, 5)ds.
0
Now, we obtain several estimates in order to obtain ||p||Loo(r)- Firstly, we have

—ht%‘
Ox

le™ pollzrsay =lle ™ pollzacr + e (3.10)

L2(I)

<e "l poll 1.1y
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Since

t t % i %
‘/ e—h(t—s)y(‘%s)ds‘ S(/ e—2h(t—s)ds) (/ y2(x,s)ds)
0 0 0

r(/t y*(x, S)ds)%v

t 2
—h(t—s) d ’ d
L2(1 / ‘/ e y(x, s)ds| dx

< [ [ st = ooy 61D

we obtain

H/ —h(t- s) xsds

Similarily, we have

S| eIy, s)ds| H ‘ 3.12
Hax/o € y(w, s)ds L2(I) 2h Ox |lL2((0,8;L2(1)) (3.12)
Therefore, we obtain from (3.11) and (3.12) that
H/ y(z, s dsH Ll (3.13)
p— 2 SH1 . .
\/ﬂ YllL2((0,8;H (1))
From (3,9), (3.10) and (3.13) we have
ol < ool + <E=lvl120 500
Since po € HY(I) and H(I) C L>=(I), we obtain from (3.8) that
ol () < C. (3.14)

Step 3. We will estimate the norm ||y g (7). Multifly the first equation of
(1.1) by —% and integrate the product in I. Then, we have

1d Yy L 92y 2
24t/ \a \d +d/0 |52 4

La2y Lay L ay
_f/oy@dx—g/o 8dac+/’y()adx

Therefore, it follows that

Y 0%y Loy 2 Lo 5 5
th/ ’a’d—’_g/o 5$2‘dx+f/0 ’%’dfﬁo/o (P +7(p)%y?)da.

Since

L
/0 (0* +7(0)*y?)de < Cllpl Lo 1y + PlL 1y + DUlylZ2 oy + lollZ (1)),
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it follows from (3.7) and (3.14) that

2
N Y e e A

If we solve the differential inequality
L L
Oy |2 Oy |2
]i’( dx+2f/ ]i’] dr<C, 0<t<S§.
oz o |0z
we have

< O |lyol3 gy +1), 0<t<S. (3.15)

|51,
From (3.7) and (3.15). we obtain

L2(I)

yllze= 1y < Cllyllary < C-

Step 2 and Step 3 show that y and p are uniformly bounded on (0,.5) x I with
respect to S. Hence, y and p can be extended as a strong solution beyond the
S. By the standard argument on the extension of the strong solutions, we can
then prove the global exisrence of the strong solution. The estimates (3.1) and
(3.2) can obtain as in [6]. O

Moreover, we obtain the continuous dependence of solution on the control.

Theorem 3.2. For any ui,us € Uyq, we have
y1(t) — ya(t )||2L2(I) + lpr () = p2(0) 1721
/ 1 (5) = v2() s gryds < Cllus(t) = wa(®)psorye 0 <ET,

where (yl,pl) and (yg,pg) are the solutions of (1.1) with respect to u; and us,
respectively.

Proof. Let (y1, p1) and (y2, p2) be the solutions of (1.1) with respect to u; and
ug, respectively. Then § = y1 — yo2, p = p1 — p2 and 4 = uj — uy satisfiy the
equations

Jy 0%y

prie daf Y(p1)J + [2ab — alp1 + p2)|y2p — fy+gp  in I x(0,T],
% .. .. o .

5 = Ji—ho—w®p—allps  in Ix(0.7), (3.16)
oy oy

o —=(0,t) = pe —(L,t) =0 on (0,7,
g(x,0) =0, p(z,0)=0 in I.
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Multifly the first equation of (3.16) by ¢ and integrate the product in I. Then,

we have
1d [*_, L L og 2
Sy ¥ e+ d ‘—‘d
2t/ g .Z‘+f/0 g dx + s x
L

L L
—g [ pide— [ s(pide+ [ (2ab- alpr + p)luapids.
0 0 0

Since p1, p2,y2 € L=((0,T) x I), it follows that
d [E
dt Jo

where § = min{f,d}.

Multifly the second equation of (3.16) by p and integrate the product in I.
Then, we have

L
Fda + 2|l <C [ @+ P (3.17)
0

1gL

L L L L
- prdx + h/ prdr = f/ gpdx 7/ up (t)pdx 7/ U(t)pepdx
2dt Jo 0 0 0 0

hoohy [, PR 5 2
<(5+5) [ Paec([ @+ P+ 0lnlg).
Therefore, it follows that
d L~2 L ~2 ~2 ~2 2
= p dxgc(/ (7 +P)dr + @Ol pallegn). (319)
0 0

Then, we obtain from (3.17) and (3.18) that

d g 2 2 r 2 2 2 2
— ~+~d§0/~+~d+~t .
| @rRar<c( | @+ i) @ Olleli)

By using Gronwall’s Lemma and (3.2),

L
/o (7 + 7*)dz < Cllp2||F< 0.2y 18172017 (3.19)

< CHa(t)leql(o,Ty
If we use (3.17) and (3.19), we obtain

t
/0 155) 2y ds < Cla@2 0y, 0<t<T.

References

[1] M. Ya. Antonovsky, E.A. Aponina, Yu. A. Kuznetsov, Spatial-temporal structure of
mized-age forest boundary: The simplest mathematical model. WP-89-54. Laxenburg,
Austria: International Institute for Applied Systems Analysis 1989.

[2] M. Ya. Antonovsky, E. A Aponina, Yu. A. Kuznetsov, On the stability analysis of the
standing forest boundary, WP-91-010. Laxenburg, Austria: International Institute for
Applied Systems Analysis 1991.



98

S.-U. RYU

[3] N. C. Apreutesei, An optimal control prolem for a pest, predator, and plant system,
Nonlinear Analysis: real world applications 13(2012), 1391-1400.

[4] A.J.V.Brandad, E. Ferndndez-Cara, P.M.D. Magalhaes, M.A. Rojas-Medar, Theoretical
analysis and control results for the FitzHugh-Nagumo equation, Electron. J. Differential
Equations, 2008(164), 1-20.

[5] L. Zhang and B. Liu, Optimal control prolem for an ecosystem with two competing preys
and one predator , J. Math. Anal. Appl. 424(2015), 201-220.

[6] S.-U. Ryu, Optimal control for the forest kinematic model, East Asian Math. J.
31(2015), 311-319.

(7] A. Yagi, Abstract parabolic evolution equations and their applications, Springer-Verlag,
Berlin (2010).

SAaNG-Uk Ryu
DEPARTMENT OF MATHEMATICS, JEJU NATIONAL UNIVERSITY, JEJU 690-756, KOREA
E-mail address: ryusu81@jejunu.ac.kr



