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BOUNDARY VALUE PROBLEM FOR ONE-DIMENSIONAL
ELLIPTIC JUMPING PROBLEM WITH CROSSING
n—EIGENVALUES

TACKSUN JUNG AnD Q-HEUNG CHOI*

ABSTRACT. This paper is dealt with one-dimensional elliptic jumping prob-
lem with nonlinearities crossing n eigenvalues. We get one theorem which
shows multiplicity results for solutions of one-dimensional elliptic bound-
ary value problem with jumping nonlinearities. This theorem is that there
exist at least two solutions when nonlinearities crossing odd eigenvalues, at
least three solutions when nonlinearities crossing even eigenvalues, exactly
one solutions and no solution depending on the source term. We obtain
these results by the eigenvalues and the corresponding normalized eigen-
functions of the elliptic eigenvalue problem and Leray-Schauder degree
theory.

1. Introduction

Let Q= (c,d) C R,c<d, m € N, m < co. Let L*™(Q, R) be 2m—Lebesgue
space and W12 (Q, R) be the Lebesgue Sobolev space. We know that the
eigenvalue problem

(W) =X in Q=(cd),

u=0 on
has infinitely many positive positive eigenvalues A;, j =1,2,---,0 < Ay < A2 <
-+ < A < -+ and the corresponding normalized eigenfunctions ¢;, j = 1,2, -

and the first eigenfunction ¢; is positive. We note that the elliptic eigenvalue
problem
_(\ul‘Zm—Qul)/ — A|u|2m—2u in O
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u=20 on 2
has infinitely many eigenvalues A; = AT', 0 < Ay = A" < Ay = A <
- < A = A" < --- and the corresponding normalized eigenfunctions ¢;,
j=1,2 -+, where the first eigenfunction ¢; is positive.

In this paper we consider multiplicity of solutions u € W12™(Q, R) for the
following one-dimensional elliptic Dirichlet boundary value problem with jump-
ing nonlinearities;

—(| )72 = bl 2t — aluP™ e 4 st in Q, (1.1)
u=20 on 0,
where s € R, ut = max{u,0} and v~ = — min{u, 0}.

p—Laplacian boundary value problems with p—growth conditions arise in ap-
plications of nonlinear elasticity theory, electro rheological fluids, non-Newtonian
fluid theory in a porous medium (cf. [7], [12]). Our problems are characterized
as a jumping problem. Jumping problem was first suggested in the suspension
bridge equation as a model of the nonlinear oscillations in differential equation

Uge + K1 Upzae + K2u+ = W(l‘) + ef(x,t), (12)
u(0,t) =u(L,t) =0, Ugz(0,8) = Ugr (L, t) = 0.

This equation represents a bending beam supported by cables under a load f.
The constant b represents the restoring force if the cables stretch. The nonlinear-
ity u™ models the fact that cables resist expansion but do not resist compression.
Choi and Jung (cf. [2], [4], [5]) and McKenna and Walter (cf.[10]) investigate the
existence and multiplicity of solutions for the single nonlinear suspension bridge
equation with Dirichlet boundary condition. In [3], the authors investigate the
multiplicity of solutions of a semilinear equation

Au+but —au™ = f(z) in Q,
u=0 on €,
where (Q is a bounded domain in R™, n > 1, with smooth boundary 92 and A
is a a second order linear partial differential operator when the forcing term is
a multiple s¢1, s € R, of the positive eigenfunction and the nonlinearity crosses

eigenvalues.
In general, when 1 < p < 00, the eigenvalue problem

—(|u/ P72 = vjulP 20 in Q, (1.3)
u=20 on Of.

has a nondecreasing sequence of nonnegative eigenvalues v; obtained by the
Ljusternik-Schnirelman principle tending to co as j — oo, where the first eigen-
value v is simple and only eigenfunctions associated with 7 do not change
sign, the set of eigenvalues is closed, the first eigenvalue v; is isolated. Thus
there are two sequences of eigenfunctions (3;); and (u;); corresponding to the
eigenvalues v; such that the first eigenfunction 8; > 0 in the sequence (5;); and
the first eigenfunction p; < 0 in the sequence (y;);, which was proved in [8].
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Let us set the operator — Lo, by
—Lopu = —(|u/[*™ 24",
Then (1.1) is equivalent to the equation
w = (=Lam) " (blul™ut — alul* 20 + 57,
Our main theorem is as follows:

Theorem 1.1. Letm € N, m <00, a <b, —oo <a < A", -+ | AT < b < AT,
and s € R. Then

(i) if m < 0o and s > 0, then (1.1) has no solution

(i1) if m < oo and s =0, then (1.1) has a unique trivial solution u = 0.

(iii) if m < oo, there exists s1 < 0 such that for any s with s; < s <0, (1.1)
has at least two solutions if n is odd, and three solutions if n is even.

For the proof of Theorem 1.1 we estimate a priori bound and calculate the

Leray-Schauder degree of u— (— Loy, )~ (b|u|>™~2u™ — alu|>™2u~ + 562" 1) in

the neighborhood of positive solution, in the neighborhood of negative solutions
and in the whole solution bounded subspace, respectively. The outline of the
proof of Theorem 1.1 is as follows: In Section 2, we introduce some preliminaries.
In Section 3, we prove Theorem 1.1 by using direct computations and Leray-
Schauder degree theory.

2. Preliminaries

Let LP (€, R) be the Lebesgue space defined by
LP(, R) = {u| u: Q — R is measurable, / lulPdz < oo}
Q
which is endowed with the norm
. u(z
Jullr = ntgr > of [ 152 <1y,
Q
and WP (Q, R) be the Lebesgue Sobolev space defined by
WhEP(Q, R) = {u € LP(, R)| v’ € LP(Q, R)}
which is endowed with the norm
1 1
sy = W @Pdal? +1 [ fua)pds?.
Let 1 <p <ooand h € L"(Q), r > 1. Then the problem
—(Ju/[P72') = h(z)  in Q, (2.1)
u=0 o9

has a unique solution u € C'*(2) which is of the form

u(z) = /Qgp_l(cf—/Q h(T)dT)dy,

(2.2)
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where g,(t) = [t[P~2¢ for t # 0, g,(0) = 0 and its inverse g, ' is g, ' (t) = 5t
if t >0 and g, '(t) = —|t|ﬁ if t < 0 and ¢y is the unique constant such that
u =0 on JQ. By [[9], Lemma 2.1 or [10], Lemma 4.2], the solution operator
S satisfies that S : LP(Q2) — C(Q) is continuous and by [[13], Corollary 2.3],
the embedding S : LP(Q) — C(Q) is continuous and compact. We also have
Poincarle-type inequality.

Lemma 2.1. Let 1 < p < oo. Then
(i) the embedding
WhP(Q, R) — C(Q, R)
18 continuous and compact.
Moreover the embedding
W'P(Q, R) — LP(Q, R)

s continuous and compact and
(ii) there is a constant C > 0 independent of u such that
lullLeo,ry < Cllullwre@,r)-
Proof. (i) By [Chapter 4.1.2 of [1]] and [Chapter 5 and Chapter 6 of [6]], when
Q = (a,b) C R!, the embedding
Wh?(Q, R) — C(Q, R)

is continuous and compact. Since C(2, R) C LP(Q, R), it follows that the
embedding

W'P(Q, R) — LP(Q, R)
is continuous and compact.

(ii) By (1.3), we have

[l

[ wpan + ([ ol
o u@)Pdal? + [ [ Ju(o)lPdal?
= (v%+1)[/9|u(x)|i’dx}%

1
= (wr + Dlullra,r)-

Thus there exists a constant C' > 0 such that [|ul|1»0, r) < Cllullwrr@r)- O

p —
W1L.p(,R)

%

3. Proof of Theorem 1.1

Proof of (i) of Theorem 1.1 (For the case s > 0)
We assume that m € N, m < 00, a < b, —00 < a < AT, -, A < b < AT,
and s > 0. Then (1.1) can be rewritten as
Y NI = oA g
3.1
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Taking inner product both side of (3.1) with ¢, we have

<_(|u |2m 2 /)/ )\m‘u|2m 2’(1, ¢1> <(b /\m)|u|2m 2 + (a /\m)|u|2m 2u +S¢2m 1’¢1>'
(3.2)

The left hand side of (3.1) is equal to 0. On the other hand, the right hand

side of (3.1) is positive because b — A\7* > 0, —(a — A\7*) > 0 and s¢7™ * > 0 for

s> 0. Thus if s > 0, then there is no solution for (1.1).

Proof of (ii) of Theorem 1.1 (For the case s = 0)
If s =0, then (3.2) is reduced to the equation

(= P2 ) = AT a2, g1 ) = ((0=AT) a2 ut = (a= A7) Ju* 2u, 1),
ie.,

/Q [ (J P7=2Y — AP P 2u) i Jdi = 0

= [ =A™= a2

(3.3)

Since b — AT* > 0 and —(a — AT") > 0, the only possibility to hold (3.3) is that
u=0.

Lemma 3.1. (A priori bound) Assume that m € N, m < oo, —00 < a <

yAnt < b < ATy, s € R. Then there exist s1 <0, s3 > 0 and a constant
C > 0 dependmg only on a, b and s such that for any any s with s1 < s < sg,
any solution u of (1.1) satisfies ||ullw1.2mqy < C.

Proof. Suppose that the lemma is false. Then there exists a sequence (uy)np,

(@n)n, (bn)n and (t,)n such that —oo < a, < AT, .-+, A7 < by < A4,
51 <ty < 89, |lun|lwr2m @) = pn — 00 and
— ([l |2 2ul) = by |un P20t — anun ™2y, i in Q (3.4)

or equivalently
U = (= Lam) " (b |un " 20t — anlun|*™2u, + .61 in Q.

— Un
Let us set w,, = TenToizm o)

quence, up to a subsequence (wn)n such that (wy,), — w weakly for some w in
Wi2m(Q). Dividing (3.4) by [[u |52 am (), We have

. Then (wy, )y is bounded, so there exists a subse-

—(‘u;|2m_2u%)’ B |un|2m—2u7—|l- 4 |un|2m—2u; N tn %’m—l o
— - Yn — n — I
||un||€vml,2}n(g) ||un||%/vml,2}n(9) ||un|‘?/vml,2}n(g) ||Un||W1 2m ()

(3.5)

ie.,

_ 2m—2 + 2m—2 tn %m71 .
wyn = (—Lam) " (bp|wn] — ap|wy,| w,, +T) in Q.
[ 5573 2m
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Since by Lemma 2.1, the embedding W12 (Q) < L2™((Q) is compact, and when
m < o0, (—Lam)~! is compact operator, (w,), — w strongly in W12™m(Q).
Moreover (an), and (b,)y satisfying —oo < a, < A, .-+, A" < by < A%y
converge strongly to some a and b with —oo < a < A",--- , A" < b < A, ;.
Moreover (t,), with s; < ¢, < sy also converge strongly to some s with s; <
s < s9. Limiting (3.5) as n — oo, we have

_(|wl|2m—2wl)/ _ b‘w|27n—2w+ _ a|w|2m_2w_. (36)

By (ii) of Theorem 1.1, (3.6) has only trivial solution, which is absurd because
|w||w1.2m ) = 1. Thus the lemma is proved. O

We shall consider the Leray-Schauder degree on a large ball

Lemma 3.2. Assume that m € N, m < 0o, —00 < a < A",--- , A" < b <
Anti1. Then there exist a constant R > 0 depending on a, b, s, and s; <0 and
s9 > 0 such that for any s with s;1 < s < sg, the Leray-Schauder degree

s (= (Do) " (Bluf™ 20t — alul*™2u~ + s62"~1), Bx(0),0) = 0,
where — Lopu = —(|u/|*™ 2.
Proof. Let us consider the homotopy
F(x,u) = u — (—Lam) L (bJulP™2u™ — alul*™ " 2u™ + s¢3™ ). (3.7

By (i) of Theorem 1.1, for any s > 0, (1.1) has no solution. Thus there exist
sg > 0 and a large R > 0 such that (3.7) has no zero in Br(0) for any s > sa,
and by the a priori bound in Lemma 3.1, there exists s; < 0 such that for any
s with s1 < s < 39, all solutions of

U — (—Lgm)_l(b\u|2m_2u+ — a|u|2m_2u_ + sﬁm_l) =0

satisfy ||ullw1.2m) < R and (3.7) has no zero on 0Bp for any s; < s < so.
Since

drs(u— (—Law)  (bJul*2ut — alul*™?u™ + s55¢7™ "), Br(0),0) = 0,
by homotopy arguments, for any s; < s < s9, we have
drs(u — (—=Law) " (blu*"2u™ — alu[*2u™ + s¢7™ '), Br(0),0)
= dps(u—(—Lapm)  (bJu)*™2ut —alu|>2u" +5¢3™ M- A(s2—5) 2™ 1), Br(0),0)
= dps(u = (=Lom) ™ (Blu*"*u® — alul*u” + 5267 1), Br(0),0) = 0
for any 0 < A < 1. Thus the lemma is proved. O

Lemma 3.3. Let K be a compact set in L*™(Q). Let £ > 0 a.e. Then there
exists a modulus of continuity o : R — R depending only on K and & such that

(7] — %)+||L2m(sz) < a(n) for all T € K.
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Proof. For any 7 € K, Let 7, = (|7]| — %)* Since 0 < 7, < |7| and 7, () — 0
as 7 — 0 a.e., it follows that ||7,|[z2m ) — 0 for all 7 € K. We claim that for
given € > 0, there exists § > 0 such that if 7 € K, then |7, z2mq) < 2¢ for
all n € [0,6]. Choose {7y, i =1,--- ,N} as an € net for K. Choose § so that
I(7:)sll2m(qy < € for i = 1,--- | N. Then for any 7 € K, there exists 7, a,
|l 2m (@) < € that 7 = 7 +a. Since (u+v)" < ut 40T, we have ||75]| L2m () <
(7i)s + |a| and therefore |7, L2m () < |75l p2m @) + [l L2m (@) < 2€ O
Lemma 3.4. Assume that m € N, m < 00, —oo < a < AT",--- , A" < b <
An1- Then there exist a small constant € and s1 < 0 such that for any s with
s1 < s <0, the Leray-Schauder degree

drs(u— (=Lom) " (Olul*" 0™ — alul*""2u™ + 561", By (u0),0) = (—1)",

where uy = ( )2m T¢1 > 0 is a positive solution of (1.1).

/\m b
Proof. Let us set M = (— Loy, — bgam)~*. Then (1.1) can be rewritten as
(—=Lp — bgam)(u) = blul*2ut — alul*2u~ — blu*™2u + s¢p7™ !
or equivalently
w = M(blul2u™ — alul " 2u” — blu*™%u + s¢p7™ ). (3.8)

The operator M is compact on L?>™(f2), and the set K = M(B), where B
is the closed unit ball in L?™(). Then K is a compact set. Let us set
v = min{b Ants Aty — b}, We can observe that if m < oo, then ||M||g2m () <

ing to K and &€ = M¢a™ ! = ( 171))2""71 ¢1 and choose € > 0 so that

) L2m(q)- Let a be the modulus continuity of Lemma 3.3 correspond-

AT
ST
1 1 1 "Y m—
a(e2m—l ((b_a)2m—l +»y2m—1) < . (39)
A(b— a)T = (b — a) 7T 4y
We have
ol 2t — afuf2™ 20" — bl 2u oy < (b— a)|[[uf2 20 -
(3.10)
It follows from that
1
— m—2, — m— b—a)m—1 -
[ M (bu)®™ 2wt — alul*2u™ — blul*™2u) || 2m () < %Hu | z2m ()
(3.11)

For u = ()\,lW 5| )2m Ty + (|s|ev)2m1—1 with v € B,
1

_ S 1 1 1 _
[u™llzzm @) =I((m=p) ™77 @1 + (Isle) =T v =1) 7 [ r2m(q)
1

1 1
<l ((Islev)zm=1)" || L2m () < (Isle)z=T
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since(Am b)2m Ty > 0. Then T'(u) = M (b|u|*™2ut —alu|*™?u~ —blu|>*™2u+

s¢2m= 1) can be rewritten as

T(u) = (g 7761 + (sl 77 (b= @) 77 + 97T =T, we K.
m_

If u is a solution of (3.8), then w = T'w and by Lemma 3.3,

Hu_ ||L2"L(Q) = H(()\m — b) Zm—1 ¢1+((‘8‘6) Zm—1 ((b_a) Tm—T -y Zm—1 )’LU Tm—1 )*HL%”(Q)

1
’YZNL 1(| | )27n71

< ((Jsle) 7= (b—a) 7T 47T (€77 ((b—a) T 4y 77 <

(b — a) T
(3.12)
Combining (3.11) with (3.12), we have
1M (blu™ ~2u™ = alul* 720 = blul*"™ )| L2m (o)
1
(b—a)m- 1 1
< 71Hu [r2m(0) < (\ €)== < 7 lsle.
et

Thus we have shown that any solution u € (y7—;) =T by + |s|eB of (3.8) belong
1

to (ﬁ)”ﬂl—ldn + 1ls|eB. This estimate holds if we replace blu|*" 2u™ —

a|u|2m 2 — b|u|2m 2’LL by /\(b‘u|2m 2 + _ a|u‘2m—2u— _ b|u‘2m—2u) with 0 <
ALZ1L.T hus the equation
u:(_L2m)_1(S¢%m 1+b|u|2nl 2u+)\(b|u|2m 2 ut a|u|2m 2 — b|u|2m 2u))

has no solution on the boundary of the ball B6|S|((/\m 7 ) Tm=1 7T ¢1) for 0 < XA < 1.
By the homotopy invariance degree,

dLS(U_(_L2m) ( ¢2m 1+b|u\2m 2u+)\(b|u|2m 2 + a|u|2m 2 b|u|2m QU),
s
=T by ()
Ain — b)z 1¢17 )
is defined for 0 < A < 1 and is independent of A\. For A = 0,
drs(u— (—=Lam) ' (s67™ 1 4 blul*™?u, Bes| (57— )2’“ T$1),0) = (—=1)".

Be|s\(

s
A —
since u = ( A,,L —g) T =T ¢1 is the unique solution of the equation and since there

are n eigenvalues A0 AT of — Loy, to the left of b and thus the operator
I —b(—La,,) ! has n negative eigenvalues, while all the rest are positive. When
A =1, we have

drs((u—(=Lam) " (s67™ 4blu*2uT +1(blu[*™ " 2u™ —alu|*™ 2u™ —b|u[*"u),

Bejs (( b)m%)ao)

AT —
— _ _ S 1
_ dLS(S¢2m 1 +b|u|2m 2u+ _ a|u‘2m Zu 7BE\SI(()\m — b)szl ¢1)70).
1
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Thus by the homotopy invariance of degree, we have

drs(s¢i™ ™" + blul*™ u™ — alul* 2w, By ((

m)m%)vo)
= (= (=)™ (67 U0 B (") ™160),0) = (1)

Thus the lemma is proved. O

Lemma 3.5. Assume that m € N, m < 0o, —0o < a < A{",--- A" <b < ATy
and s1 < 0. Then there exist a constant € > 0 depending on a, b, s such that
for any s with s;1 < s <0, the Leray-Schauder degree

drs(u— (—=Layw) " (blu>2u™ — alul*2u™ + 5¢7™ "), Beg/(u1),0) = 1,
where up = f(ﬁ)zmlfl ¢1 < 0 is a negative solution of (1.1).

Proof. We can prove this lemma by the almost identical proof to that of Lemma
3.4. O

Proof of (iii) of Theorem 1.1
By Lemma 3.4 and Lemma 3.5, there is a solution ()\m b)2m T > 0 in
B|S|€(()\I,;97b)2‘f'3771¢1) and a solution —( )\m)m Tp1 < 0in Bgje(— (mﬁm T¢hy).
We may assume that |s|e < ()\ b)?m T and |sle < (5 /\,,L)%nfl. Then these
two balls B|5|E(()\m )2m T¢y) and
B|s|e(_(a%/\71n)2m T¢y) are disjoint. Then there is a large ball Br centred at

origin and containing B|5‘6((/\m b)2m T¢1) and By, |E( (afxn)?mlfl ¢1). Since

dLS(u—(—Lgm)_l(bMQm 2yt — a|u|2m 20~ +s¢>2m 1) Br(0),0) =0,

dus(u=(=Lam) ™ Gul*"2u —alu" 20”563 1), Bioo((5—5) 71 61), 0) = ()"

and

dus(u=(=Lam) ™ (1™ 20 —aluP™ 20”503 ™1), Bl = () 77161),0) = 1

we have

dus (= (= Lam) " O™ 2" —alu" 04508 ), BrONBiae (5 —5) 77 61)
OBl () 61, 0)

_JoO if n is odd,
—2 if n is even.

Thus if n is odd, then we can not assure that there exists a third solution in

BrONBiiel (5 —5) 771 01) U Blaje(— (=5 ™7 61)
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and if n is even, then we can assure that there exists a third solution in
1

BR(O)\(BISIE(()\;fb)mel(bl)

U B‘S|E(—(a7‘—“}\in)2mlfl ¢1)). Thus (iii) of Theorem 1.1. is proved.
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