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REGULARITY OF THE SCHRODINGER EQUATION FOR A
CAUCHY-EULER TYPE OPERATOR

HONG RAE CHO*, HAN-WOOL LEE, AND EUNSUNG CHO

ABSTRACT. We consider the initial value problem of the Schrodinger equation for an
interesting Cauchy-Euler type operator % on C"™ that is an analogue of the harmonic
oscillator in R™. We get an appropriate L' — L>° dispersive estimate for the solution
of the initial value problem.

1. Introduction and statement of the main result

Associated to any self-adjoint differential operator L on R"™, one can formally define
an oscillatory semigroup e~**¥, using the spectral theory for L. Assume that L has the
spectral representation

Lf= /E MPy(f), e LR,

where P, is a projection valued measure supported on the spectrum E of L. Then the
operator e~ “*% can be defined by

e—“sz/ e "NdP\(f), feL*R").
E

Consider the differential operator ¢0; — L and the associated initial value problem for
the Schrodinger equation for L:

(10 —L)u =0 on R"™xR
u(-,0) =f on R™

Assuming f € L?(R™), the solution u can be represented by
u(x,t) = e Ef(x).

We thus call e~ %%, the Schrodinger oscillatory semigroup for L.
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Let H be the most basic Schrodinger operator in R™, n > 1, the Hermite operator
(or the harmonic oscillator):

(1) H=—A+ |’
Then the Schrodinger equation for H can be written by

This is an important model in quantum mechanics (see for example [4]).
In [5], Nandakumarana and Ratnakumar considered the regularity of the following
initial value problem for the Schrodinger equation for H:
(i0 —H)u =0 on R"xR
u(-,0) =f on R™

For f € L?(R™) the solution to the initial value problem is given by

u(z,t) = e f(2).

They proved the following regularity estimate

s
[0 oy e < Gl 18
—Tr
where 1 < ¢ < 00,2 < p < A, where A = oo forn = 1and A = 22 forn > 2.

Let C™ be the complex n-space and dV be the ordinary volume measure on C™. If
z=(21,""*,2n) and w = (wy,--- ,w,) are points in C", we write

m=3 s Fl=E

Forany 0 < p < co welet L, ( (C") denote the space of Lebesgue measurable functions
f on C™ such that the function f(z)e~2/#” is in LP(C",dV). When 0 < p < oo, it is
clear that
P 2
L2(C™) = P ((C”, e~ bl dV(z)) .

I = |(22)" [ [

For p = oo the norm in L (C™) is defined by
1l = esssup {|f(2)e #": 2 e}

Let FP(C™) denote the space of entire functions in L7, (C™). If 0 < p < g, then
FP C F9, and the inclusion is proper and continuous (see [7]). Note that F? is a
closed subspace of the Hilbert space L2G (see [7]) with inner product

ooy =— [ Fa@eH av(z).

(CIL

We define )
2| dV(z)] ’
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The Hermite operator H on R™ has the representation

1 n
H = 3 Z(aja;- + a}aj)
j=1
in termes of the creation operators a; = —% + x; and the annihilation operator a;f =
%ﬂ_ +x;, j =1,2,...,n. There is an interesting operator &% on C", given by
1 n
A= > (A4 + A3 A,
j=1
where
0
Aj:27, A*:Zj 1§]§n
Ozj J ’

Both A; and A;’f, as defined above, are densely defined linear operators on F” (un-
bounded though). We have

“~ 9
X =2 E — .
. 2 o7, +n
Jj=1 :
Thus Z is a Cauchy-Euler type operator.

Remark 1. Let
k
z
f(z) = % : :
o V2 (k+1)VE!
Then f € F2, but Zf ¢ F2.
The remark above tells us that Dom(%) C F?. Thus Z is an unbounded operator
on F2.
The Segal-Bargmann transform 5 is defined by

1 1 2 1
BI(e) = = [ flayer = He i av (),

where dV () is the volume measure on R™. It is well-known that the Segal-Bargmann
transform is a unitary isomorphism between L?(IR™) and F%(C") ([1], [7]). Moreover,
we know that

BH =%B on L*R").

Motivated by these relations, we consider the initial value problem:

{(i@t%)u =0 on C"x(0,00)

@ u(-,0) =f on C™

We get an appropriate L' — L dispersive estimate for the solution of the initial
value problem as following.
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Theorem 1.1. For f € F'(C"), the solution u(z,t) = e "% f(2) of the initial value
problem (2) satisfies the following regularity estimate

sup u(-,t)|[pa < || f[|pe,
0<t<oco
wherel§p§2,2§q§ooand%+%:1,

2. Proof of Theorem 1.1
We define

o (e

z z

eq(2) = = .
N P
Then {e, : @ € Nj} is an orthonormal basis for F'2. We know that % is a positive, self-

adjoint operator on Dom(%) with the discrete spectrum o(%Z) = {2|a|+n : a € N}
[2]. For f € F? let

f(z) = Z Cata(?)

aeNy

be the orthonormal decomposition of f. Associated with the operator Z is a semigroup
{B4}i>0 defined by the expansion

Bif(z) = Y e "Claltic e, ().
aeNg

It is easy to see that By, f(z) converges in F'? for every fixed t > 0 whenever f € F2.
Moreover, By f(z) — f(z) in F? as t — 0% by the dominated convergence theorem
since [e*lel+™)t _ 1| < 2. Thus u(z,t) = B, f(z) is the solution of the initial value
problem:

u(+,0) =f on C".

We know that { B, };>¢ is a strongly continuous semigroup. Moreover, —i.% is the
infinitesimal generator of { B, };>¢ [2]. That is,

Bif—f _
=

{(i@t—%)u =0 on C"x (0,00)

—iRf.

lim
t—0t

Thus, we have (see [3])
Bt = e_it%.

It is well-known ([1], [7]) that for f € F? we have the reproducing formula such
that

1) = | F@)E(zwe = dv(w),

where K (z,w) is the reproducing kernel defined by
K(z,w) = Z ea(z)eq(w).
@



THE SCHRODINGER EQUATION FOR A CAUCHY-EULER TYPE OPERATOR 5

By the spectral theory,

u(z,t) = e_it%f(z)
= 1% Zea ea )e —lwl? dV (w)

=e " <Zea( )) Fw)eaw)e ™ av (w)

[

:Zeﬂ't(mawn)e (2) flw)e ( Je —|w|? dV (w)

Cn

fw) D7 e R ey (2)eq(w)e " dV (w)
Cn

[e3%

Fw) Ky (z,w)e " qv (w).
(Cn

Interchanging the order of summation and integration is justified by the dominated
convergence theorem since

Sleals \/ Wlleatwlle ™ aviw) < 3 i

[e3%

and the power series on the right side of the inequality above is convergent for every
z e Cm.

Note that
Ki(z,w) = Z el e (2)eq (w)
«
(e Pyr1e]
__—int —2it|a| Z_ W
=¢ Z € al
«@
=e M exp(e 2 - w).
Hence

|Ky(z,w)] = exp[Re(e™ %%z - w)] < el®

We first prove that the B; = e~ **” maps L' to L> and L? to L?, respectively, and
combine them with Riez-Thorin interpolation to drive the desired result.
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Now we can calculate that

lu(- t)||pee = sup |U(Z,t)|e_%|z|2

zeCn
QWUWWMWWW%%Wﬂ
zeCn n
<sw[/|ﬂMe1W%ﬂ”V%Wwﬂ
z€Cn n

IN

2

[ e Heray @) =11,

Cn
where we used the following relation in third inequailty:

1 1 1
—lwl? = 12 + |z 0] < —wf = 5|22 + [l < ol

On the other hand, for f € F2, we have a holomorphic expansion of f(z) =

> caea(z). Then
u(z,t) = e " f(2)

— efint Z 672it\a|caea(z).
«@

So we have

G )7 = u( 1), ul-1)
_ <eint Z 672“‘04'6(16(1, e~ int z 62it|6|65€g>

o 3
= Z catge 218D (e, e4)

a,B
=3 Jeal? = 1%
[0

Hence by Riesz-Thorin interpolation theorem [6], for p € [1, 2] we have

[uCs Ollra < [ fllF,

where (p, ¢) is a conjugate pair.
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