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1. Introduction

In this paper, we consider the following nonlinear Kirchhoff-Carrier wave equa-
tion with a viscoelastic term

(1) e N — - [ (o ), )P s () ]

¢ 0
+Aww@%@4mmmmwwwmwﬂwmﬂ@
— (et s (D)2 o ()]?), 0 <z <1, 0<t<T,
associated with Robin-Dirichlet conditions
(1.2) Uz (0,t) — hou(0,t) = u(1,t) =0,
and initial conditions
(1.3) u(x,0) = (), ut(z,0) = t1(x),

where A > 0, hg > 0 are given constants, ug, %1, f, g, p1, o are given func-
tions satisfying conditions, which will be specified later, [|u(t)|> = fol u? (z,t) du,

lua(B)1* = Jy u2 (2,1) da.
When A =0, g=0, f =0, Eq. (1.1) is related to the Kirchhoff equation

Eh [t
(1.4) phuy = | Py + — uz (Y, )dy | tge,
oL J,

presented by Kirchhoff in 1876 (see [9]). This equation is an extension of the classical
D’Alembert wave equation which considers the effects of the changes in the length
of the string during the vibrations. The parameters in (1.4) have the following
meanings: u is the lateral deflection, L is the length of the string, h is the area of
the cross - section, F is the Young modulus of the material, p is the mass density,
and P, is the initial tension.

In [1], Carrier has also established the equation which models vibrations of an
elastic string when changes in tension are not small

EA [t

where u(z,t) is the x - derivative of the deformation, Tp is the tension in the rest
position, E is the Young modulus, A is the cross - section of a string, L is the length
of a string and p is the density of a material.

One of the early classical studies dedicated to Kirchhoff equations was given by
Pohozaev [29]. After the work of Lions, for example see [13], Kirchhoff equations as
well as Kirchhoff-Carrier equations of the form Eq. (1.1) received much attention



Robin-Dirichlet Problem for a Kirchhoff-Carrier Equation

(see [2, 3,4, 6, 7,10, 11, 18, 23, 21, 28, 27, 30, 31] and references therein). A survey
of the results about the mathematical aspects of Kirchhoff model can be found in
Medeiros, Limaco and Menezes [19, 20].

It is also well known that, the study of the asymptotic behavior of nonlinear
equations with a viscoelastic term has attracted lots of interest of researchers (for
example, see [8, 22, 26] and references therein). In [8, 22|, the viscoelastic wave
equation of Kirchhoff type of the form

t

(1.6)  uw—M (||VUH2) Au+ /0 g (t — 8) Au(s)ds + hus = [u|?tu,

has been studied and the results of existence and blow up were proved. In [26],
the author considered a viscoelastic plate equation with p-Laplacian, by introduc-
ing suitable energy and Lyapunov functionals, a general decay estimate for the
energy was established.

The paper consists of four sections. Section 2 is devoted to some preliminaries.
We begin Section 3 by establishing a sequence of approximate solutions of Prob.
(1.1) - (1.3) based on the Faedo-Galerkin’s method. Thanks to a priori estimates, we
first prove that this sequence is bounded in an appropriate space, by using compact
imbedding theorems, we next show that this sequence converges and the existence
of Prob. (1.1) - (1.3) follows. By Gronwall’s Lemma, the uniqueness of a weak
solution is proved. In Section 4, we establish an asymptotic expansion of a weak
solution u = u, of order N + 1 in a small parameter ¢ for the equation

(7)o = Aot — 2 [ (0, ), ) e 02

¢
0
[ a9 5 [ (w50 w8) I (97 s (2,9)] ds
0

= fla b g, ug, [u())* ua (D7) + e fi (@, b, we,ug, [u@))? s lue (0)]1%),
0<z<1, 0<t<T,associated to (1.2), (1.3), with u1, o € CNFL([0,1] x [0, T*] x
RXR%), w1z, t, 21,29, 23) > ps > 0, for all (z,¢, 21, 22, 23) € [0,1] x [0, T%] XRXR?H
fe CNF([0,1] x [0,T*] x R* x R%), f1 € CN([0,1] x [0,T*] x R® x R%). This
result is a relative generalization of [14, 15, 16, 17, 24, 25].

2. Preliminaries

The notation we use in this paper is standard and can be found in Lion’s book [12],
with Q@ = (0,1), Qr = Q x (0,T), T > 0 and ||-|| is the norm in L% For a Banach
space X, [|-|| y denotes the norm of X. We denote L?(0,T; X), 1 < p < oo the Banach
space of real functions u : (0,7) — X measurable, such that [lul| . r,x) < 400,
with

1/
(5 ey iizeae) i 1 <p< oo,

u . =
el o 0,7:x) ess sup|[u(t)]|x, if p=oc.
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With f € Ck([oa ]-] X [OvT*} X Rd X R?&-)a f = f(xataylay2>y3ay4,y5)a ((ﬂ,t) €
[07 1] X [OaT*L (y1,y27y35y47y5) S R3 X R%p we pU-t le = %7 D2f = %; Di+2f =

%, i=1,..,5and D*f = DM..DY"f, a = (a1, ..., a7) €L, o] = a1+ ...+ oy <

k, D(O,A..,O)f _ f

Similarly, with g € C*([0,1] x [0,T%] x Rx R%), pu = p; (z,t, 21, 22, 23) , (w,t) €
[0,1] x [0,T%], (21, 22,23) € R x R%, we put Dy = %, Doy = ‘9—;‘, Djiop = g—;,
j =123, and D’y = D"..Dp, B = (B, oy B5) € 2%, |Bl = Br ..+ B5 <,
D(O ..... 0)/1’ = L.

On H! = H' (Q2), we shall use the following norm

2 2\ 2

(2.1) lollgzs = (ol + o 1?) ™

We set
(2.2) V={veH" (0,1):v(1) =0},
and
(2.3) a (u,v) = (Ug, vy + how (0)v (0), for all u, v €V,

Then, V is a closed subspace of H' and three norms v +— vl , v —
lvz]| and v — ||v]|, = \/a(v,v) are equivalent on V. On the other hand, V is
continuously and densely embedded in L2. Identifying L? with (L?) (the dual of

L?), we have V < L? = (L?)" < V'. We remark that the notation (-,-) is also
used for the pairing between V and V.
We have the following lemmas involving known properties.

Lemma 2.1. The embedding H' — C° (ﬁ) is compact and

(2.4) ||UHC0(§) <V2|vllg for all v e H.
Lemma 2.2. Let hg > 0. Then the embedding V — C° (ﬁ) is compact and

v a) < vz < v, orall vevV,
. {n los(ay < el < o] f

5 ol < llvall < ol < VI+hollvlg  forall veV.

Lemma 2.3. Let hg > 0. Then the symmetric bilinear form a (-,-) defined by (2.3)
is continuous on V X V and coercive on V, i.e.,

(i) Ja(u,v)] < (1+ ho) ||uz| l|vzl], forall wu, veV,

(26) (i) a(v,v) > ||Ux||2; forall velV.
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Lemma 2.4. Let hg > 0. There exists the Hilbert orthonormal base {w;} of the
space L? consisting of eigenfunctions w; corresponding to eigenvalues \; such that

(2.7) (1) O<>\1S)\QS"'S)\]’S)\jJrlS"'fhmjﬁ«koo)\j:“v‘OO,
(ii) a(wj,v) =N (wj,v) forallveV, j=1,2,....

Furthermore, the sequence {w;/+/A\;} is also the Hilbert orthonormal base of V with
respect to the scalar product a(-,-). On the other hand, w; satisfies the following
boundary value problem

(2 8) —A’LU]' = )\jwj, n Q,
‘ wjz(0) — how;(0) = w; (1) =0, w; € VNC™(Q).

The proof of Lemma 2.4 can be found in [32, p.87, Theorem 7.7], with H = L?
and V, a(-,-) as defined by (2.3).

3. The Existence and Uniqueness Theorem

In this section, we consider the local existence for Problem (1.1)—(1.3), with hy,
A €R, hg >0, A > 0. Here, it is said that u is a weak solution of Problem (1.1)-
(1.3) if

(3.1) uwe Vr={veL®0,T;VNH?): v eL>0,T;VNH?),
v € L*(0,T; V)N L>=(0,T; L?)},

and u satisfies the following variational equation
(3.2) (u”(t),v) + Aa(u'(t),v) + a1 [u] (tu (t) ,v)

=1 00+ [ 9=l (i (s) ) ds
for all v € V, and a.e., t € (0,T), together with the initial conditions
(3.3) u(0) = g, u'(0) = @y,

where, for each @ € V7 and i = 1,2, {a;[a](t;-,-) }o<i<r is the family of symmetric
bilinear forms on V' x V defined by

(3.4) ai[u)(t;u, v) = (pilt](t)ua, va) + hops[u](0,t)u(0)v(0),
forall u, v € V, 0 <t < T, with hg > 0 is given constant, and
(35) il (at) = e (.t ), o) Jan(9]) i =12,
Flu] (2, 0) = fla,tu(@,t) ug (2,) 0 (2,8), [u@)] Jua()]%).

Consider T > 0 fixed, we make the following assumptions:
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(Hl) g, U1 € VOH2;
(Hz) g€ H'(0,T%);

(H3) M1 € 02([0v 1] X [OvT*] X R x R%—)v
H1 (x7t7ylay2>y3) Z s > 07 V(%t;yhy%y:ﬁ) S [07 1] X [O’T*} x R x Ra_a

(Hi) p2 € C([0,1] x [0,7*] x R x R2);
(Hs) feC'([0,1] x [0,T*] x R?* x R%).

For each M > 0 given, we set the constants K (f), Kar (1), Kar (1) as
follows

7
(3.6) Ku (f) = flleran = 1flloca,) + Z 1D fllcocan »
i=1
KM (:ul) = ||/Li||CQ(AM) - Z ||Dﬂ:ui||co(AM)a 1= 1723
|B]<2
with
(3.7)
||f||CU(AM) - sup |f(z7tay17"'ay5)"
(zt,y1,...,y5)EAM .
||:ul||CO(AM) = sup |:U“’L (I7tazl7 "'723)‘ y U= 1527

(x,t,21,...,23) EAnr
AM = (matayla"'ay5) : {0 S € S 13 0 S t S T*a |y1|5 |y2|7 ‘y3| S \/§M,
0 <wyi, ys < M?},
Ay = {(z,t,zl,...,z;;) 0<z<1, 0<¢t<T™ || <M, 0< 29, 23< MZ}.

For each T € (0, T*], we denote
(3.8) Vr={veL>®0,T;VNH?):v cL®0,T;VNH?), v € L*0,T;V)},
it is a Banach space with respect to the norm
(3.9) vlly, = max{[[vll e o, rivm2y 5 1V Lo mvamy s 10 120mv) -
For every M > 0, we put

(3.10) W(M,T) = {veVr:|vlly, <M},
Wi(M,T) = {veW(M,T):v" €L>®0,T;L*}.

Next, we will establish the recurrent sequence {u, }. The first term is chosen as
ug = 0, suppose that

(3.11) Unm—1 € W1 (M, T)
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based on the associate problem (3.2), we find u,, € W1 (M,T) (m > 1) satisfying
the linear variational problem

(up (), 2) + A (£),0) + 0™ (1 ()0
(3.12) = [g(

t
um(0) = 1, ul,(0) =@y,

~

where

(m)

a; "’ (tu,v) = a; [um—1] (t;u, v)
= < §’”> (1) ux,v£> + hoﬂgm) (0,t)u (0)v (0), Yu,v € V;
Fn(@,t) = f lum-1] (2,1)
(3.13) = f(x,t,um—1 (2,t), Vm_1 (x,t) ,ul,_; (z,1),
et -1 (DI, [ Vet 1 ()13
™ () = s (1] (1)

= W (Z‘,t, Um—1 (Ji,t) 5 ||um—1(t)||2 5 ||Vum—1(t)||2> ;1= 1’ 2.

Then we have the following theorem.

Theorem 3.1. Let (Hi)—(Hs) hold. Then there exist constants M, T > 0 such
that, for ug = 0, there exists a recurrent sequence {u,} C Wi(M,T) defined by
(3.11)-(3.13).

Proof. The proof consists of three steps.
Step 1. The Faedo-Galerkin approzimation. Consider the basis {w;} for V' given
by Lemma 2.4. Put

k
k
(3.14) uP () =3 el (tw;,
j=1

where the coefficients cgfj) satisfy the system of linear integrodifferential equations

() (0,105 ) + Nalil) (1), w5) + af™ (60 (1), 05)
(3.15) = (Fy, (t),w;) + fotg(t ) a;m) (s;ugf) (s) ,wj> ds, 1<j <k,
ui (0) = Gk, @’ (0) = dur,

in which

k
Top = agk)wj — @ip strongly in V N H?,
(3.16) 2t
g = . 5§k)wj — @y strongly in V N H2.

J=1
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The system (3.15), (3.16) can be written in the form

&)+ 2 el () + z a7 (1) P t)

317 k t m

17 =;fog<t—s>a§”><s> s + Fs (1),
K)oy _ (k) (k) (k)
cm](o)_a] ’ cm]( ) B 1<]<k

where

Note that by (3.11), using standard methods in ordinary differential equations
(see [5]), the system (3.17) has a unique solution W )( t), 1 < j < k on interval

0, 75%] c [0, 7.
Step 2. A priori estimate. First, we put

(3.19) S () = pl) (8) + a5 (1) + ) (1),
where
00 <[40+ (s0.8010) 42 o
(3.20) qﬁ,lf ) :Ha&,’? (t) H +’ 1™ (AU (¢) i(s)] s
P (¢ AHAu(k) )H +2 ! a® (s) zds.

Then, it follows from (3.15), (3.19), (3.20) that
(3.21) SR (1)
t
= SO+ 2 ("N (0), A ) + 2 / (Fu(s), 4 (s)) ds
0

(), 48 (s) + il(s) ) ds

gm s ul®)( s)mﬁ,’?(s)) ds

w2 [la(r

o

/ds/ i (2, ) | Al o, s)rds
I

t

=2 [ () () u) (), Al (s) ) ds

0

£ [ (I (), 80l ds 2 (™), 80 1))

o
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=7 ir / Cg(r—s)a§™ (s:ul(s). i) ds

+2 /0 s /O Tg(Tfs)<J2(m’k) (s), Al (7)) ds

#2 [t (4™ () 200 s

29(0) [ (7 (), 809 ()

—2/: dT/OTg/ (r =) (I (), 2D (7)) ds
12

SK) (0) 4 2 <J1(m’k) (0), Aﬁlk> + ZIp

Jj=1

where

(3.22) I (1) = D (™ (@ a0, i = 1,2

Next, we need the following lemmas.

Lemma 3.2. Put
(3.23) 4™ (tu,0) = (™ (1) e, va ) + hoitl™ (0,8)w(0) v (0) , for all u,v € V.
Then we have
0 Sal™ (50,08 (0)) = 20 (15 (), (1)
R (A ORTAO)N
B24) (@) o™ (u,0)| < yaKar () Jul, Joll,  for all w,v €V,
(iii)

(i) o™ (t0,0) > o loll2, for all v €V,

al™ (10, 0)| < B () Jull, ol » for all w,v €V, 8 € (0,77,

where ypy =1+ M +4M? i =1,2.
Lemma 3.3. We have

(3.25) B [ @l < ddnRa ) Vs @),
) A9 @) < a0k () y/sE @,
_24+V2M ., (G+2M)ym . _
wheredo(M)—i\/lT* ’dl(M)_1+ﬁ+2M+7\/;T* ,i=1,2.
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Proof. The proof of Lemmas 3.2, 3.3 are easy, hence we omit the details. O

We shall estimate the terms I; on the right-hand side of (3.21) as follows.
Estimation of I;. The Cauchy-Schwartz inequality leads to

(326) I, = 2/0t<F (s),a® (s ds<2/ 1Em (5)] H )Hds

< TR+ [ S0 s
Estimation of the terms Iy and Is. We note that, by (3.13)2 we have
(327)  Fua(z,t) = Diflum-1](z,t) + Daf [un—1] (2,t) V-1 (2,t)
+Duf [tm-1] (2, t) Atp—1 (2, 1)
+Ds f [um—1] (z,t) Vi, (2,1),
where we use the notations
Dif [um—1] (2, 1)
= Dif (x,t, 1 (2,8), V1 (@) 1y (2,8), -1 (D] | Vet (8)]),
1=1,2,...,7, s0, by (3.6), (3.11) and (3.27), we obtain
(3.28) [ Fma ()]l (1+3M) Ky (f) < 2ym K (),

IN

1Fm (D = 1Fma (0O +hoFa(0,8) < (473, + o) K3y (/)
By Lemma 3.2, (ii), (iv) and the following inequalities
1
(3.29) 2ab < fa’ + BbQ’ Ya,b € R, V3 > 0,
and
t 2 t
SB (1) > 2)\/ [0 s)|as + 2/ [ s
0 a 0
t 2
> min{l,)\}/ (Hugf)(s) + Huﬁ,’f)(s) ) ds,
0 a a

we shall estimate respectively the following terms I, Is on the right-hand side of
(3.21) as follows

(3.30) I = 2/ta (Fm (s), ) (s) +ii,(7]f)(s)) ds

/ 1B ), ([ cs

ﬁmln{l )\}/ E2m ( | ds
+ﬁmin{1,)\}/0 ‘u;’?(s)

IN

+[[io )

)

1)

+ Hug,lf)(s
a
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T (493 + ho)
ZANTIM Y i Sk (¢ v 0:
ﬁmln{l,)\} M(f)+ﬁm ()a ﬁ> ’
t ~ t 2
I3 = / dgm) (s;uﬁf)(s),ugf)(s)) ds < vy K (ul)/ Hu,(fi)(s) ds
0 0 a
i t
< M/ SO (s) ds.
22 0
Estimation of Iy. On the other hand, by (3.13)3, we have
(331) ™ (2,t) = Doy [um—1] (z.t) + D3 [um 1 (2, 8) g (2,1)

+2Dp1 [ 1] (2, t) (U1 (t)  ur,_y (1))
+2D5p1 [Upm—1] (2, 1) <Vum_1 (t) ,Vul, (1),

where we use the notations

Dipn [tm—1] (@) = Digir (2.t 1 (2,8) -1 ()% [Vt (D))
1 =1,2,...,5, it implies that
(3.32) ™ (2 0)] < (1 M+ M) Rag (1) = Ko ().

Hence, we deduce from (3.19), (3.20) and (3.32), that

t 1 2
(3.33) I, = /ds/ ;z§’”) (m,s)‘AuS,’f)(x,s)‘ ds
0 0

IA

t 2
’YMKM(M)/O HAug,lf)(s)H ds

% t
K () ('ul)/ S (s)ds
0

Estimation of Is. Similarly, by the following formula

(3:34) ) (@.8) = D[] (@,8) + Dagis fuma] (2,0) Vg (1),
and by (3.6), (3.11) and (3.34), we obtain

(3.35) ‘M%) (f,t)‘ < (1+V2M) Ky (1) < 29 K (1) -

Using the inequality (3.35) and the following inequalities

2
SE 1) = al™ (a0, uP 1) + Al aad @)
2 2
> gy ||ul®) t)H +AHAu§7’§)(t)H
>

min{ji., A} (Hu;’;;(t)H? + HAuﬁ,@(t)H?) :

745
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we shall estimate the following term I5 as follows

(3.36) o= 2 [ () o), 5 ) ds
0
<t () /tuusmsm |80 as
<

2y Kar (1) /S(k
“min{p., A}

Estimation of Is. By Lemma 3.3, (ii) and the inequality Sk ) ) > A HAu
we have

(3.37) Iy = /t<j1(m’k)(s),Au57’j)(s)>ds
o[ ol faso
< (R () [ 5 (s) ds.

Estimation of Iy. By Lemma 3.3, (ii), we have

(3.38) Hme’k)(t)HQ — ( TR (0) + / LI () ds )
0

2 . 2
< 2 Jl(m’k)(())H +2T/ HJ{’””” (s)H ds
0

2

2 5 t
< 2fuf o) +2raanRg u) [ S @)as

2
We deduce from the inequalities (3.38) and S t) > A HAqu) (t)H that

B B = —2(AP 0860 0) < 10 0] Vs o

)|+ s )

IA

” |

IA

2 it s Ersoni o f s
+BSIY (1),

for all g > 0.
Estimation of Is. By Lemma 3.3, (ii) and the inequalities

(t)

2
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$E (1) > o™ (tu® (), v )+H M
> |[u® () a+Hu£’i’(t) 22y [uP )| (@) .
we have
(3.40) Iy = /dT/ (r —s) ()(su(k)() Wk (7 ))ds
- T Sm” (s
< QKM(,ug)/ dT/ g(T—S)“M()\/S',(Jf)(T)dS
0 0 *

< \ZT*KM (ug)/oth/OT |g(r—s)\\/s,g§> (S)\/sgﬂ(T)ds

9 N t
< —— K (u2) VT gl 200 e / 5K (s) ds
N M (12) VT |9ll p20,7+) | (

Estimation of Ig, I1g, I11, I12. By Lemma 3.3, (ii) and the inequalities

2 2
S0 2 (5RO 0) + |6l 0], 2w uPo] + ao)),
> 2y [ulf o) [al @
2
s@ 1) = Alaap)l

it is not difficult to estimate the following terms

(341) Iy = 2/; dT/OTg(Ts)<J§’””“) (s),ng)(T)>ds
z/oth/OT 9= )l 757 9| | 8l () s
o) ) [ ir [ latr =91 Vs (s ryas

2 N t
o) R (12) VT Lol 01 / S5® (s) ds;

IN

IN

IN

t
ho = 2 [ glt- (™ (). M) ds
0

9 ~ t
(M) R 12 / 9t — )| /S (5)y/SP (t)ds

L roni? 2o | S d S (), VB > 0;
B0 M<u2>||g||L(O,T>/O B (s)ds + BSE (1), VB >

IN

IN
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I, = —2g(0) /Ot <J2(m’k) (T) 7A11$7]f)(7')> dr
< 2000) [ |5 @ |2 o)
<

\% 19(0)] do(M) K as (112) /0 S (1) dr
Ly = _2/0 dT/O g (1 —s) <J2(myk) (s) ’Aﬂgﬁ)(T» ds

2/0th/(: o (7= )| [ £ (5)] | 2al )| as

< \%do(M)f(M (W)/Oth/OT o (r = )] /59 (5)\/S) (r)ds
2
7

1
Choosing 8 = 5’ it follows from (3.21), (3.26), (3.30), (3.33), (3.36), (3.37),
(3.39)-(3.41), that

IN

<

t
QoM Ky () VT 0y [ S (5) s

t
342 S0 < S+ DYTRG () + D) [ 50 ()as
where
g k) (m.k) . 2411 mk) |2
(343)  Smp = 250 (0)+4(S™ (0), Ady )+ 5 ’Jl : (O)H ,
Mo min{1,A\} ’
DY(T) i Y Knr (1)
M L mln{u*,)\}
ﬁ < |+\/>Hg 22 0T*)+f||g||L2 0,T* )dO( )KM (12)
1 .
+4 (f + Td1(M)KM (Hl)) dy (M) K (1)
VT ~ i
+4 (x/lT* T do(M) K (p2) HQHH(O,T*) K (p2) ||g||L2(0,T*) :

Estimation of Sm k-

m 13}
Notice that the formula Jl( k) (0) = 2 [,ul (m, 0,0 (), ||io]?, ||110$||2) ﬁom}
v

independent of m. By means of the convergences in (3.16), we can deduce the
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existence of a constant M > 0 independent of k£ and m such that

- " i 24| (m 2
(344) Sy = 28 (0)+4<J1( ’k)(O),Au1k>+7HJ1( ”“>(0)H

2
= 2a™ (0; o, dior) + 2 H\/Ngw (0)Adigy,

2 ||awl|” + 2 a2 + 2X || Ad
0 - s
+4 <(‘3 (uﬁm) (+,0) UOkz) ,Aulk>

2 H(.fx (1™ (,0) o) 2

1
—M? for all m,k € N.

<
-2
Hence, from (3.43)s 3, we can choose T € (0,T*], such that
M2
(3.45) <2 D“’TKMf)) TN D) < M2,
and
(3.46) k (1+1 + = ) TDy(M)exp(TDz2(M)) < 1
. = ex 9
T NGy 1 p 2
where

(3.47)  D1(M) 8(1 +2M)2 K3, (f)

6(1 4+ 4M)2M?
OO AMPAE (R )+ Ky ) ol 7))

_ K 3K3, (o) T* |9 720 1
Doy(M) = 14 M :4(’“)+ M v L2017

Finally, it follows from (3.42), (3.44) and (3.45), that

¢
(3.48) SH) (1) < M2e~TP ) 4 D@ () / S5 (s) ds
0
By using Gronwall’s Lemma, we deduce from (3.48) that

(3.49) S (¢) < M2~ TP (Dt (T) < )2,

for all t € [0, 7], for all m and k € N.
Therefore, we have

(3.50) ul® e W(M,T), for all m and k.
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Step 8. Limiting process. From (3.50), we deduce the existence of a subsequence of
{ugf)} still so denoted, such that

uﬁ,’f) — U, in L0, T;V N H?) weak*,
(3.51) gy =, in  L>(0,T;V N H?) weak*,

iifn) — Uy, in L?(0,T;V) weak,

Uy € W(M,T)

Passing to limit in (3.15), we have u,, satisfying (3.12) in L?(0,T).
The proof of Theorem 3.1 is complete. o

We note that W1 (T) = {v € L*°(0,T; V) :v' € L>=(0,T; L*) N L*(0,T;V)} is a
Banach space with respect to the norm (see Lions [12]).

HU||W1(T) = HU”LM(QT;W + ||”/||Loo(o,T;L2) + Hvl“L2(o,T;v) .

We use the result given in Theorem 3.1 to prove the existence and uniqueness of
a weak solution of Prob. (1.1) - (1.3). Hence, we get the main result in this section
as follows.

Theorem 3.4. Let (Hy) — (Hs) hold. Then

(i) Prob. (1.1) - (1.3) has a unique weak solution v € W1 (M, T), where M > 0
and T > 0 are chosen constants as in Theorem 3.1.

Furthermore,

(ii) The recurrent sequence {u.,} defined by (3.11) - (3.13) converges to the solu-
tion uw of Prob. (1.1) - (1.3) strongly in W1(T).

And we have the estimate
(3.52) lum — ullyy, () < Crky's for all m €N,

where the constant kr € [0,1) is defined as in (3.46) and Cr is a constant depending
only on T, hg, f, g, p1, o, g, 41 and kr.
Proof. (a) Existence of the solution.
We shall prove that {u,,} is a Cauchy sequence in W1 (T). Let Wy, = Upmp1 — U,
Then w,, satisfies the variational problem
(3.53)
(win (t), 0) + Aa(wl, (),0) +ai"™ Y (5w (1) 0)
= (Fipt1 (t) = Fi (1) ,0) + fot g(t—s) agm-’_l) (s;wm (s),v)ds
— @§m) (t;um () ,v) + fot g(t—s) ag’") (8;um (8),v)ds, Yv €V,
wm(0) = w,(0) =0,
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where
354  a (ue) = o (tu¢) - a™ (tu,0)
= (W™ O - 1™ ®) a6
ho (™D (0,8) = 1™ (0,1)) w (0) 9(0),
Yu, ¢ € V, with i = 1, 2.

Note that
7('m.) . < (m+1) _ (m)
(3.55) 8™ )| < ™ 1) = ™ ) g Wl 9] Vo 6 €V,
L™ (1 (1), win (1)) = 207 (0m (6), 0 (6)) + 67 (6w (1), 0 (1)

Taking w = w/,(t) in (3.53)1, after integrating in ¢, we get
t
(3.56)  Zm(t) = / A\ (3w (5), W ())ds
0
t
42 [ (B (9) = B (5) ) (5)) ds
0
t T
”/ o / g(r—5)ad"™" (55w (5), ), (7)) ds
0 0
t
—2/ al™ (s3um (s),wl, (s)) ds
0

t T

+2/ dT/ g (7= 8)@S™ (83um (5) ,wh, (1)) ds
0 0

Ji+Jo+ Js+ Jy+ J5,

where

t
(357) Zn(t) = [l (O +al™ ™ (&5, () w0 (1)) + 27 / [, (5)]1% ds
0

t
2 2 2
2w, (O + o IIwm(t)IlaJr”\/0 [ (5)1l ds,

and the integrals on the right - hand side of (3.56) are estimated as follows.
First integral J;. By Lemma 3.2, (ii) and (3.57), we have

(3.58) |J1] < /075 ’dgmﬂ)(s;wm(s),wm(s))‘ ds < Wii\i('[“) /Ot Zm(8)ds.

Second integral Jo. By the following inequality

(3.59) [ Eptr (8) — Fo ()]

21+ 2M) K s (f) [ Vs ()] + ey ()]
201+ 2M) K () lwm—1llw, (1) »

IA A
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we obtain

IN

(360) |1 < 2 / 1Pyt (5) = Fon ()] 10/ (5)]] s

< A+ 2M)Ku(f) llwm—1llw, () /Ot [y, (5)1] ds
< AT+ 2R D oy + [ 21
Third integral Js3. By Lemma 3.2, (iii) and (3.57), we have
@on) a2 [ar [Tlolr—ol]af™ (s (9w () | ds
<28 (o) [ ar [ la (= 9 o (), (e, ds

) . ) 1/2 t 1/2
< 2 Ry () VI o ([ Mzar) ([ zutsias)
i (u2) lgll 20,7+ : [[win (DI . (s)

t t
/ 2 1 -2 * 2
<280 [ [l ()2 dr + g R () T ol ey [ Zin(s)ds

1 - . ¢
< BZ(0)+ 5 K ) T gl 0 / Zin(s)ds, Y8 > 0.

Fourth integral Jy. By (3.55)1 and the following inequality

(3.62) ’

" () = ™ ()]

K2

<(1+ 4M)KM(/M) [Vwp—1(s)]|

o)
< (1 +4M) K (p) l[w0m—1lly, oy » = 1,2,

we obtain that
t
(3.63)  Jy=—2 / ™ (510 (5) , w0, (5)) ds
0
t
<2 [ a0 (6 - )
0

t
S2(1+4M)KM(M1)||wm—1||W1(T>/O [t ()1l [lwrn (), ds

[t (5)ll 1wr ()], ds

o)

t
S2(1+4M)MKM(AL1)me—lllwl(T)/O [w), ()l ds

t

1 .

<280 [l (92 ds + T+ AMPAERE () faomoa v,
0

1 -
< BZm(t) + %T(l +AM)2 MKy (1) w13y, ¢y » VB > 0.
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Fifth term Js. Similarly to (3.63), we have
(3.64)
t T
Js = 2/ dT/ g(r—3) Ecém) (83um (), wy, (7)) ds
0 0

t T
<2 [ ar [Tlatr =9l 9 - 1 )
0 0

t T
<201+ MM Rrs() [y, [ 7 [ g = 9) (7], ds
0 0

’
oy 1 @l o (7], s

t
<201 +4AM)M Knr (p2) [|wm—1llw, (1) ||9HL1(0,T*)/0 [[win (7], dr

t
2 1 -
< 2@\/0 [lwim ()|} ds + Q/Bf/\T(l +4AM)? MP Ky (12) 191171 0,200 1wm—1 113, ¢y

1 _
< BZm(t) + 2/37)\1—’(1 +4M)2M2K§/I(N2) HgHil(O,T*) ||wm71||€V1(T) , VB> 0.

1
Choosing f = 5 it follows from (3.56), (3.58), (3.60), (3.61), (3.63), (3.64) that

t
(3.65) Zyn(t) < TD1(M) [wyn—1 |3y, () + 2D2(M) /O Zom(8)ds,

where D;(M) and Dy(M) are the constants as in (3.47).
Using Gronwall’s Lemma, we deduce from (3.65) that

(3.66) lwmllw, () < kr lwm-1llw, @y, Ym €N,
where kr € (0,1) is defined as in (3.46), which implies that
(3.67) [t — um+p||W1(T) < [Juo — “1HW1(T) (1 —kr)" kg, Ym,peN.

It follows that {w,,} is a Cauchy sequence in W1 (T'). Then there exists u €
W1(T) such that

(3.68) U — u strongly in W1 (T).

Note that u,, € W(M,T), then there exists a subsequence {t,, } of {u,,} such
that

U, — U in  L>(0,T;V N H?) weak*,

Uy, — U in  L>(0,T;V N H?) weak*,
(3.69) Upy, —> U in L2?(0,T;V) weak,

u€ W(M,T).

We note that

(3.70) [ = flulll oo 0,7:22) < 2(0+ 2M) i (f) [[um—1 = ullyy, (1) -
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Hence, we deduce from (3.68) and (3.70) that
(3.71) F,, — f[u] strongly in L>(0,T; L?).
We also note that
(m) )
; t) — pi t _
W 0 =l O

< (L4 4M)K g () [tim—1 = llyp, o1y » a-e- t € (0,T), i =1,2.

(3.72) ‘

On the other hand, for all v € V, we have
(3.73) ‘agm) (t; um (t) ,v) — a1 [u](t;u(t), v)‘
< o™t (), 0) = axu] (&2 (8),0)| + s [t (810 (2) = () 0)
< [ @) = aled @] g T @ ol

+K () [l (8) = u(®)], o],
< K () [ M1+ AM) i1 =l oy + i = lly, (] o1l -

Hence

(3.74) / af"™ (t;un () ,0) (t)dt — / ax [u] (£ u(t), v) ¢(t)dt

< R () [ M +43) 1 = uly, o)

=l iy | 10l 18010,y = 0,0 € V,¥6 € L0, T).

Similarly

(3.75) / ' ( / = ) al™ (st () ,0) ds) o(t)dt

_/OT (/Otg(t—s)ag (1] (s;u(s),v)ds) S(1)dt

< Kot (12) 91 13 0.2y [M(1+4M) Jmy = ully, o)

e =l | 10l 1] 23 0,y = O

Vo € V, Yo € LY(0,T).
Finally, passing to limit in (3.12), (3.13) as m = m; — oo, it implies from
(3.68), (3.69), (3.71), (3.74) and (3.75) that there exists u € W(M,T) satisfying
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the equation

(3.76)

(" (£), w) + Na(u (£), ) + as[u] (1 (), w)
Agﬁ—$@M®w®%wM&HﬁM®m%

for all w € V and the initial conditions

(3.77)

On the other hand, we have from (Hz), (Hs), (Hg), and (3.69)1 2,3, that

(378) Uy =

Thus v € W1 (M,

u(O) = 120, UI(O) = ’111.

Mgt + i1 [U]tz + C% (p1[u]) vy
—/0 g (t —s) palu] (x,8) sy (x, 8) ds

~ [ 9t =) 5 (sl (@,9) s () ds +
0
F e L™(0,T; L?).

T). The existence result follows.

(b) Uniqueness of the solution.

Let uy, ug € Wi(M,T) be two weak solutions of Prob. (1.1) - (1.3).

u = up — ug satisfies

the variational problem

t),w) + a [ul](t u(t), w)
w —l—fo (t —s)as[ui] (s;u(s),w)ds

£
+
>
—~
@\
>
ﬁ\/

<wht%mwMMMﬂw>
(3.79) —ho (p[u1)(0,8) — g [us] (0, ) u2(0, £)w(0)
+ [ g (t = 5) [{(p2lu](s) — paluz](s) ) uze(s), wy)
+ho (p2fu1](0,s) — p2lu2](0,5) ) uz (0,5) w(0)] ds, Yw € V,
u(0) = u/(0) =0,

where

(3.80) ajlu)(t; v, w)

pjlui] (z, 1)

= (py[ul(t)va, we)
+hop;[u;](0,£)v(0)w(0), v, weV,

2 2 .o
= 5 (.t (0, I, i )]) 5 = 1,2

755
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We take w = o/ in (3.79); and integrate in ¢ to get
381)  Z(t) = /O i fa] (51 (), u(s))ds
#2 [ () = flusls), o0 ds
+2/ dr/o (r — 5) asfua] (s:u (s) , /(7)) ds
2 [ (palunl(s) — i fual() Y uzas), ()

+ho (111 m}( 8) = ma[u2] (0, 5) Juz (0,5) (0, 5)] ds
+2 [ dr g 7= 5) [((2lua](s) — pa[ua](s) ) uaz(s), uy (7))

+ho (n2[ur](0, 8) — p2fu2](0, 5) ) uz (0, 5) w'(0,7)] ds,

(3.82) Z(t) = ||u'(t )|| + aq[ug](t; u(t +2/\/ |/ (s || ds.

> (1+M)Kn(f)

B Lo TR

6 -~
+ i [KIQ\/I (12) T 191172 0.2+
(1AM M (K3 (1) + B3 (02)T gl 0.-)) ]

then it follows from (3.81) that

By Gronwall’s Lemma, we deduce Z(t) = 0, i.e., u1 = us. Theorem 3.4 is proved
completely. O

4. Asymptotic Expansion of the Solution with respect to a Small Pa-
rameter

In this section, let (Hy) — (Hs) hold. We also make the following assumptions:
(He) f1€CH([0,1] x [0,T*] x R® x R%).
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We consider the following perturbed problem, where € is a small parameter,

with |e] < 1:

9 d
= Migzy — o o [u) (2, us] + g g (¢ =) 5
=F.fu)(z,t),0<z<1,0<t<T,

uz(0,t) — hou(0,t) = u(1,t) = 0,

(P.){ ul(z,0) =to(x), u(x,0) = 1 (x),

palul.0) = e (.t w0, Ju(0) P ()7 6 = 1.2,
Felu)(z,t) = flul(z,t) + e filul(z, 1),

Flul(@, t) = f@,tu,ug, s w7 [lus()]%)-

[M? [u] (.T, S)“w (.’L‘, S)] ds

By the assumptions (H;)— (Hg) and theorem 3.4, Prob. (P.) has a unique weak
solution u depending on ¢ : u = u.. When ¢ = 0, (P:) is denoted by (Fy). We shall
study the asymptotic expansion of the solution u. of Prob. (P.) with respect to a

small parameter .

We use the following notations. For a multi-index a@ = (g, ..., an) € Zf, and

r=(21,....,2x5) € RN, we put

la] = a1 + ... + an, ol =aql...ayn!,

=zt 2y,

a, ﬁer, alf<=a; <p; Vi=1,..,N.
First, we shall need the following lemma.

Lemma 4.1. Let m, N €N, z = (x1,...,7x5) € RN, and ¢ € R. Then

N MmN
(4.1) (Z xﬁ’) = Z P][Vm] 2]pe®,
i=1

k=m

where the coefficients PJ[Vm} [z]k, m < k < mN depending on © = (z1, ...

defined by the formula

T, 1<kE<N, m=1,
(42) PRl = Mo m<k<mN, m>o,
with Aggm](N) = {oz € Zy i |al =m, ]ZV: iy = k}.
Proof. The proof of this lemma is eas;jlllence we omit the details.

Now, we assume that

(H7) pr, po € CNFL([0,1] x [0, 7] x R x R%),

,IN) are

pa(z,t, 21, 22, 23) > pii > 0, for all (z,t, 21, 22, 23) € [0,1] x [0, 7] x R x R%;

757
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(Hs) feCNT([0,1] x [0,T*] x R3 x R%), f1 € CN([0,1] x [0,T*] x R?* x R%).
We also use the notations
flul(et) = fla, b g, ()] ua (@)]),
i (s Ju@) P e D)) 0= 1,2,

Let ugp be a unique weak solution of problem (Fp) (as in Theorem 3.4) corre-
sponding to € = 0, i.e.,

=
=
&
=
I

0
uy — AMuf — 32 [pe1 [uo] (z, t)upy)
+fog(t—s) % [naluol(z, s)uos (z,8)]ds = fluo], 0 <2 <1,0<t<T,
qu(O,t) — hoUo(O,t) = UO(l,t) = O7

uo(x,0) = tg(x), uh(x,0) = 41 (z),
Ug € Wl(M,T)

(Po)

Considering the sequence of weak solutions u,., 1 < r < N, of the following
problems:

= A, — o), 1y

) t+ Jo 9t = 8) o [aluol (2, $)urs (2,8)]ds = F, 0 <2 < 1,0 <t <T,
(Pr) ) a1y (0, 6) = houn (0. £) = up(1,£) = 0,
up(x,0) = ul.(z,0) =0,

Uy € Wl(M, T),
where F,., 1 <7 < N, are defined by the recurrence formulas
(4.3)
f[ ]7 r =0,
o _ ) mIN TN -1 f]
T T a
+Z:1%<pz M1 Vur i fO pz M2]VUT z( )d5)7 1§T§N7

with WT[N7 f] = WT[N;f;umula'“aur]v pr[/iz} = pr[ﬁbivNqu?ﬂuo—(l)?U@)]u 0 <r<
N, defined by the formulas:
(a) Formula m.[N, f] = [N, f;uo, @, , @] :

f[uO]v T’*O
(44) [N, f]= > Dmf[uo] om, Nya,eM, 0], 1<r<N,

1<|m|<r

m!

in which

(4.5) @,,[m,N,ﬂ,U(l),U(Z)]
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= Y Ak B Ve Py P 100 P 0,
(K1,...rks) €A, (m,N)
and A.(m,N) = {(ki,....ks) € Z% i ki+ ...+ ks =1, my <k < mN,i=
1,..,3; mj <kj <2m;N, j =4,5}, m = (mq,...,ms) € Zi_, |m| = mq + ... + ms,
m! =mql..ms!, D™ f = D" D" D" Dg"* D7* f, and o) = (0%1), . O’S\),) o =
(0§2),.. ag\),) are defined by

2(uo,ur), i=1,

46) oM = 2(uo, u;) +Z:1<Uj,ui—j>, 2<i<N,
_Xi:1<“jvui—j>7 N+1<i<2N,
=
2(Vuo, V), 4 1=1,

01(2) _ 2(Vug, Vu;) +J§1<Vuj,Vui_j>, 2<i<N,

i(Vuj,Vuz i N+1<:<2N;
=

(b) Formula Pr [:ul] = Pr [/le Na UQ, U, U(l)a 0(2)] :

iluo), r=20,
(4.7) prlpi] = L D7 i [ue]®, [N, @, 0D, 0@ 4], 1<r<N,
Y
1<]y[<r
where
(4.8) ®,[N,u,0W, 0 4] = > P [l P2 0 W, P (0@,

(k1,k2,ks)EA(v,N)

with v = (71,72,73) € ZE, 1< |y =m+..+7 <!l =mnll, Dy =
DngzzD’gsuia Ar(’Y»N) = {(k17k27k3) S Zi : |’Y| =7 MM S kl S ’lea Y2 S k2 S
273N, v3 < k3 < 2v3N}. Then, we have the following lemma.

Lemma 4.2. Let 7.[N, f] = 7, [N, f;uo, 4,0, 0@, p[ui] = prlpi, N, uo, @, o™,
c@], 0 <7 < N, be the functions defined by formulas (4.4) and (4.7). Let h =

N
> ure™. Then we have

N
(4.9) FIR) =" m N, flem + e[V RY (.4,
r=0
N ~
(4.10) wlh] = polple” + eV RY e,

r=0
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s (1) .
with HRs\, [M’dHLw(o,T;H) + HRN lf, E]HLOQ(O,T;LZ) < C, where C is a constant
depending only on N, T, f, p1, po, ur, 0 <r < N.

Proof. (i) In the case of N = 1, the proof of (4.9) is easy, hence we omit the details.

N .

We only prove the case of N > 2. Let h = ug + Y u;e* = ug + hy. We rewrite as
i=1

below

(411) 10 = J (.8 B, 1), VAo, 0,0 (@, 0, @1 VR
= f(@,t,u0 + h1, Vg + Vhy, ug + hi, Jug + ha ||, | Vuo + Vha ||?)
= f(z,t,uo + hy, Vug + Vhy, uy + By, [uo| + &4, | Vuol” + &),
where & = [[ug + h||* = [|uol|*, & = [|Vuo + VA |* = [ Vuo .
By using Taylor’s expansion of the function f[ug + h1] around the point [ug] =
(x,t, up, Vug, uy, ||u0||2 , ||Vu0||2) up to order N + 1, we obtain
(4.12)  fluo + ha] =fluo] + Ds fluolh1 + Dafluo]Vha
+ Ds fluo]hy + D fluol€s + D7 f[uolés
1 m m m m
Y D ul (V)™ () e

2<|m|<N
m=(ma,...,ms) €L

+ RE\}) [fa hla§4a§5]a

where

(413) RE\I{) [f, hl7£47§5]

N 1 ' m /\Mms3 ¢Ma ¢Mms
Z TJF, (/0 (1—9)NDmf(0)d9> R (Vhy)™ (By)m=gael
|m|=N+1 ’
mEZi

= |‘€|Nv-"_1 Rs\:/l')[f7h17£4a§5]7
D™f(0) = D™f(x,t,ug+ 0hy, Vug + OVhy, ulh + OB}, |uol|® + &4, || Vue||® + 685).
By the formula (4.1), it follows that

N m1 mi N
(4.14) R = (Zus) =Y Pyalet,
1=1 k:ml
N ma mo N
(Vh)™ = (ZVU¢€’> = > P Viet,
=1 k}:mz

N ms mgN
(Ry)™s = (Zu) =Y Pyt
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where @ = (uy,...,un), Vi = (Vuy, ..., Vuy), @’ = (u, ..., uly).
On the other hand,

(4.15) € = [luo + ha||” — [luol® = 2(uo, ha) + [|ha? Za“ |

with 0‘1(1), 1 <4 < 2N are defined by (4.6);.
By the formula (4.1), it follows from (4.15) that

2N M4 2muN
i=1 k=my
where ¢(1) = (agl), . JS\),)
Similarly, we have

ms 2m5N
(4.17) 0= (ZO- 2) 1) — Z P2[ﬂ]\”;5][0.(2)]k5k
k=ms

where ¢(2) = (a?), . og\),) are defined by (4.6)s.
Therefore, it follows from (4.14), (4.16), (4.17) that

N
(4.18) R (Vhe)™ (h)magpaer = > &.[m, N, 1,0, 0@
r=|m|
+ e RP [, N1, 0D, 0],
where
(4.19) ®,[m, N,u,01,c?]
= > Py, P V), P i Poe o, P 0@,

(k1,....ks) €A (m,N)
with A,.(m, N) as in (4.5) and
(Im|+ma+ms)N

e[ ¥ ™ R [m, N, a, 0, 6] = > & mNa,oW, 0@
r=N-+1
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Hence, we deduce from (4.12), (4.18) that

N
1 ~
= fluo] + > — D" flug) Y ®p[m, N,u,0M, 0"
1<m<n r={m|
m=(ma,...,ms) €L,

+ 1l R[S €]
N 1 )
= f[uo]—i-z Z %Dmf[uo]q)r[m,N,ﬂ,a(l),a(z)] e”

r=1 \1<|m|<r

+ 1N R [, €]

N
= Y omIN flem + eV R e,
r=0
where
_1 1 . —(2 _
(4.21) RV[f.e] = > —D Fluol R [m, N, i, 0, ()]
2<|m|<N
m=(mi,..., m5)€ZS+
+R§\})[f7 h17£4a€5]7
with 7.[N, f], 0 < r < N are defined by (4.4), and HRS&,)['}“,E]H < C,

L>(0,T;L2)
where C'is a constant depending only on N, T, f, u,, r =0,1,..., N.
Hence, the formula (4.9) is proved.

(ii) In the case of p;[h] = u; (x, t, h(z,t), ||R(t)], HVh(t)HQ) . Applying the formulas
(44) - (46) and (49) with f = f(JC,t, 21522, 2,’3)7 D]f = 0, ] = 4, 5, D3f = D3,LLi =

Opi O O
M?D6f2D4ui: M7D7f:D5Mi:iand7r’r[Naf]:pr[ui]a0§T§N7
0z 0z Oz3
we obtain formulas (4.6) - (4.8) and the formula (4.10) is proved.
This completes the proof of the lemma 4.2. O

Remark 4.1. Lemma 4.2 is a generalization of a formula contained in [15] (formula
(4.38), p. 262) and it is useful to obtain the following Lemma 4.3. These Lemmas
are the key to obtain the asymptotic expansion of the weak solution u = u, of order
N + 1 in a small parameter €.
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Let u = u. € W1(M,T) be a unique weak solution of the problem (P.). Then
N

v=u— Y ue" =u—h=u—wug— h; satisfies the problem

VA — o Bl + 7 9 (1~ ) o [l + Bloe ()] ds
= J(;[Hh] = fIh] +e(filv + h] = fi[h])

b o+ 1] =l ]

(4.22) 3
fo ax [(n2[v + h] = p2[h]) by (2, 5)] ds
+E.(x, ),0<x<1,0<t<T,

v5(0,t) — hov(0,t) = v(1,t) =0,

v(z,0) =v'(2,0) =0,

where
(193)  Bulw,t) =fH] ~ fluol + efulh] + o~ [ [8] — pafo]) ]

t ) N
= [ 9t~ 5 lnalh] = psluol) b (o, 5)) s = Y- e
0 r=1

Lemma 4.3. Under the assumptions (Hi), (Ha), (H7) and (Hs), there ezists a
constant C, such that

A (o IN+1
(4.24) ||E€||L°°(O,T;L2) < Cilel o,

where C, is a constant depending only on N, T, f, fi, p1, p2, ur, 0 <7 < N.

Proof. In the case of N = 1, the proof of Lemma 4.3 is easy. The details are
omitted. We only consider N > 2.
By using formulas (4.9), (4.10) for the functions fi[h], u1[h] and ps[h], we obtain

N-1
(4.25) Alk = [N =1, file” + e[V RY [, ),
r=0
N
pilh) = " peluile” + eV R (i), i =1,2.
r=0

By (4.25)1, we rewrite ¢ fi[h] as follows

(4.26) efilh Zm (N =1, Ale" + e lel¥ RV [, ).
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First, we deduce from (4.9) and (4.26), that

N

@.27)  flh - fluo) +efilh] = S (m N, ] F i [N~ 1, fi]) e
r=1
+ el RIS frel,

where RE\P [f, f1,¢e] = Rg\})[f, e] + ﬁR%ll[ﬁﬁ] is bounded in L>(0,T;L?) by a
constant depending only on N, T, f, f1, u,, 0 <r < N.
On the other hand, we deduce from (4.10) and (4.25)5 that

(@28) L1 lh] ~ o) bl = o [(Zpr le” + 1R, ])h]

r=1

N r

= T (V) e R e,

r=11i=1

where

~ 1o}
(429)  RY(mel = -

ROt + b S S gl Vi ]

81: r=N+111=1
Similarly
) YKo
N+1 (2
(4.30) 5 [(u2lh] = prefuo) hal = 37 3 == (pilpa] Vur—i) ™ + [N R [y, €],
r=11i=1
where

(431) Ry luz.el = 5

R<1)[M2a ] ‘ |N+1 Z sz H2 Vur i€ ‘| .

r=N-+11i=1

Combining (4.3), (4.4), (4.7), (4.23), (4.27), (4.28) and (4.30), we then obtain

(4.32) Ee(w,t) = ||V (RE? [f, froe] + R [, ] — / gt 5) B m,s}ds) :

By the functions u, € W1(M,T), 0 < r < N, we obtain from (4.27), (4.29),
(4.31) and (4.32) that

N+1
(4.33) [§25 ||Loo 0102 = Cu el i

where C, is a constant depending only on N, T, f, fi, p1, pa2, tr, 0 <7 < N.
This completes thee proof of lemma 4.3. O
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N
Now, we estimate v =u — > u,e’.
r=0
By multiplying the two sides of (4.22) by v’, we verify without difficulty that

(4.34) S(t) = 2/0 (E.(s),v'(s))ds —|—/O ar[v + hl(s,v(s),v(s))ds

-2 [l 1,160/ (6) = a8 ), ') s

+2 /Ot dr /O g (7 — 8) aso + h)(s, v(s), o' (v))ds

#2 [l A= S0+ (Bl + 1 = Al ()

=3 ar / g7 = ) [aslo + Bl (s, h(s), (7)) — aslhl(s. h(s), /(7)) ds
-ys,

where

(4.35)  S(t) =[O +arfo + h](t,v(E), v(t) +2A/0 I (s)lI ds

V

t
2 2
> (@) +u*\|v(t)l|i+2/\/0 [v"(5)ll ds.

Put M, = (N + 2)M, it is not difficult to prove that the following inequalities
hold

= t s),v'(s))ds 52 g2V +2 t s)ds:
(436) S = 2/0<E€‘ ),v/(s))ds < TC2e| +/Os< )ds;
S = / o+ H](s,0(5), v(s))ds < yar, Ko, (1) / lo(s)[12 ds

1 - t
< o R (1) / S(s)ds:
* 0

S3 = *2/0 [ax[v + (s, h(s), ' (s)) — ar[h] (s, h(s),v'(s))] ds

IN

21 4 AMM. Eonr, (1) / o)l 1)1, ds

3
s

és(t) +

IN

t
(4 AMLPMERS () [ S(s)ds:
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Sy = 2/0 dT/OTg<7'_3) a2[U+h](S,U(S)7’l/(7))dS

< 2Ky, (uz)/o dT/OT lg (7 = )l lv(s)llq 10" (7)]] ds
3

1
< =S(t
s 590+ 3n

t
TR, (1) 192201 / S(s)ds;

S = 2 / (Flv+ ] = FIH] + & (Fulo+ h] = fi[A]) o/ (s))ds

< 8(1+ \/}) (14 20.) (Kar, (f) + Kar, (£2)) / S(s)ds:

% = 2/0 o /OT 9 (7 = s)[az[v + h](s, h(s), v'(7)) — az[h](s, h(s), v'(7))] ds

IN

2 / dr / l9.(r = )| el + () — pal)(3) ooy 1B, 10 ()]l, ds

< 2(1+4M.)M. K, (/~Lz)/0 dT/OT lg (r = s)[ o)l 10" ()]l ds

1 3
~S(t
5 (H/\u*

t
< T(1+ M MERE, (1) 19l 2o / S(s)ds.

Combining (4.34) and (4.36), we then obtain
¢
(4.37) S(t) < 2TC2 2N+ 4 2Dp (M) / S(s)ds,
0

where

1 .
Dr(M) =1+ ;'YM*KM* (p1) +8 <1 +

! ) (14 20.) (v, () + Ko, (f2))

*

o [+ AM2MERS,, ()
(L (L + 4D M2 ) T gl o,y K, (12)]
By Gronwall’s lemma, we obtain from (4.37) that
S(t) < 2TC? [N 2 exp <2TZN)T(M)> .

Hence

1 1\ 5 ~ N+1
v <14+ —+ — | CNV2T exp(T D (M)) |e ,
Iohwscry < (14 =+ 55 ) VI exp(T Do (30 I
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or

(4.38) < CplelVt.

N
Ue — E Uype”
r=0

Thus, we have the following theorem 4.4.

Theorem 4.4. Let (Hy), (H2), (H7) and (Hs) hold. Then there exist constants
M > 0 and T > 0 such that, for every e, with |e| < 1, Prob. (P.) has a unique weak
solution u. € W1(M,T) satisfying an asymptotic estimation up to order N + 1 as
in (4.38), where the functions u,, r = 0,1,..., N are weak solutions of Prob. (P),
(P.), r=0,1,...,N, respectively.

Wi (T)

Remark 4.2. Typical examples about asymptotic expansion of solutions in a small
parameter can be found in many papers, such as [14, 15, 16]. In the case of many
small parameters, there is only partial results, for example, we refer to [17, 24, 25]
for the asymptotic expansion of solutions in two or three small parameters.

Acknowledgements. The authors wish to express their sincere thanks to the ref-
erees for the valuable comments and important remarks.

References

[1] G. F. Carrier, On the nonlinear vibration problem of the elastic string, Quart. Appl.
Math., 3(1945), 157-165.

[2] M. M. Cavalcanti, V. N. Domingos Cavalcanti and J. A. Soriano, Global ezistence
and uniform decay rates for the Kirchhoff-Carrier equation with nonlinear dissipation,
Adv. Differential Equations, 6(6)(2001), 701-730.

[3] M. M. Cavalcanti, V. N. Domingos Cavalcanti and J. A. Soriano, Ezponential decay for
the solution of semilinear viscoelastic wave equations with localized damping, Electron.
J. Differential Equations, (2002), No. 44, 1-14.

[4] M. M. Cavalcanti, V. N. Domingos Cavalcanti and J. A. Soriano, Global ezistence
and asymptotic stability for the nonlinear and generalized damped extensible plate
equation, Commun. Contemp. Math., 6(5)(2004), 705-731.

[5] E. A. Coddington and N. Levinson, Theory of ordinary differential equations,
McGraw-Hill, 1955.

[6] Y. Ebihara, L. A. Medeiros and M. M. Miranda, Local solutions for a monlinear
degenerate hyperbolic equation, Nonlinear Anal., 10(1986), 27-40.

[7] M. Hosoya and Y. Yamada, On some nonlinear wave equations I: Local existence and
regularity of solutions, J. Fac. Sci. Univ. Tokyo. Sect. IA Math., 38(1991), 225-238.

[8] L. Jie and L. Fei, Blow-up of solution for an integrodifferential equation with arbitrary
positive initial energy, Bound. Value Probl., (2015), 2015:96, 10 pp.

767



768

(9]
(10]

(11]

(14]

(15]

(16]

L. T. P. Ngoc, D. T. N. Quynh, N. A. Triet and N. T. Long

G. R. Kirchhoff, Vorlesungen tiber mathematische physik: Mechanik, Teuber, Leipzig,
1876.

N. A. Larkin, Global regular solutions for the monhomogeneous Carrier equation,
Math. Probl. Eng., 8(2002), 15-31.

I. Lasieckal and J, Ong, Global solvability and uniform decays of solutions to quasilin-
ear equation with nonlinear boundary dissipation, Comm. Partial Differential Equa-
tions, 24(11-12)(1999), 2069-2107.

J. L. Lions, Quelques méthodes de résolution des problems auz limites non-linéares,
Dunod; Gauthier-Villars, Paris, 1969.

J. L. Lions, On some questions in boundary value problems of mathematical physics,
Contemporary developments in continuum mechanics and partialdifferential equa-
tions, 284-346, North-Holland Math. Stud. 30, North-Holland, Amsterdam-New
York, 1978.

N. T. Long, Asymptotic expansion of the solution for nonlinear wave equation with
the mized homogeneous conditions, Nonlinear Anal., 45(2001), 261-272.

N. T. Long, On the nonlinear wave equation wy — B(t, |ul?, ||uz|®)uze = f(z, t,
U, Uz, ut, |[ul|®, ||us||?) associated with the mized homogeneous conditions, J. Math.
Anal. Appl., 306(1)(2005), 243-268.

N. T. Long, A. P. N. Ding and T. N. Diem, Linear recursive schemes and asymp-
totic expansion associated with the Kirchhoff-Carrier operator, J. Math. Anal. Appl.,
267(1)(2002), 116-134.

N. T. Long and L. X. Truong, Existence and asymptotic expansion for a viscoelastic
problem with a mized nonhomogeneous condition, Nonlinear Anal., 67(3)(2007), 842
864.

L. A. Medeiros, On some nonlinear perturbation of Kirchhoff-Carrier operator, Mat.
Apl. Comput., 13(1994), 225-233.

L. A. Medeiros, J. Limaco and S. B. Menezes, Vibrations of elastic strings: Mathe-
matical aspects, Part one, J. Comput. Anal. Appl., 4(2)(2002), 91-127.

L. A. Medeiros, J. Limaco and S. B. Menezes, Vibrations of elastic strings: Mathe-
matical aspects, Part two, J. Comput. Anal. Appl., 4(3)(2002), 211-263.

G. P. Mengzala, On global classical solutions of a nonlinear wave equation, Applicable
Anal., 10(1980), 179-195.

S. A. Messaoudi, Blow up and global existence in a nonlinear viscoelsatic wave equa-
tion, Math. Nachr., 260(2003), 58-66.

M. Milla Miranda and L. P. San Gil Jutuca, Ezxistence and boundary stabilization
of solutions for the Kirchhoff equation, Comm. Partial Differential Equations, 24(9-
10)(1999), 1759-1800.

L. T. P. Ngoc, L. N. K. Hang and N. T. Long, On a nonlinear wave equation associated
with the boundary conditions involving convolution, Nonlinear Anal., 70(11)(2009),
3943-3965.

L. T. P. Ngoc, N. A. Triet and N. T. Long, On a nonlinear wave equation involving the
term f% (u(aj,t,u, ||uz||2)uz) : Linear approzimation and asymptotic expansion of
solution in many small parameters, Nonlinear Anal. Real World Appl., 11(4)(2010),

2479--2501.



[26]
[27]

[28]

[29]
[30]

[31]

32]

Robin-Dirichlet Problem for a Kirchhoff-Carrier Equation

S. H. Park, Stability for a viscoelastic plate equation with p-Laplacian, Bull. Korean
Math. Soc. 52(3)(2015), 907-914.

J. Y. Park and J. J. Bae, On coupled wave equation of Kirchhoff type with nonlinear
boundary damping and memory term, Appl. Math. Comput., 129(2002), 87-105.

J. Y. Park, J. J. Bae and 1. H. Jung, Uniform decay of solution for wave equation of
Kirchhoff type with nonlinear boundary damping and memory term, Nonlinear Anal.,
50(2002), 871-884.

S. I. Pohozaev, On a class of quasilinear hyperbolic equation, Math. USSR. Sb.,
25(1975), 145-158.

T. N. Rabello, M. C. C. Vieira, C. L. Frota and L. A. Medeiros, Small vertical
vibrations of strings with moving ends, Rev. Mat. Complut., 16(2003), 179-206.

M. L. Santos, J. Ferreira, D. C. Pereira and C. A. Raposo, Global ezistence and
stability for wave equation of Kirchhoff type with memory condition at the boundary,
Nonlinear Anal., 54(2003), 959-976.

R. E. Showater, Hilbert space methods for partial differential equations, Electronic
Monographs J. Differential Equations, San Marcos, TX, 1994.

769



