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ABSTRACT. Let A and B be real (or complex) algebras. We investigate the stability
of a sequence F' = {fo, f1, -+, fn, -} of mappings from A into B satisfying the higher
functional equation:

falz+y+zw) = ful@) + fa) + D Lfi(2)f5(w) + cij fi(w) f5(2)]

itj=n
i<j
for each n =0,1,--- and all z,y, z,w € A, where
o 1 if i # 7,
Y10 if i =j.

1. Introduction and Preliminaries

The study of stability problems originated from a famous talk given by S.M.
Ulam [18] in 1940: Under what condition does there exists a homomorphism near an
approzimate homomorphism ¢ In the next year 1941, D. H. Hyers [8] was answered
affirmatively the question of Ulam for Banach spaces, which states that if § > 0
and f: X =Y is a map with X a normed space, Y a Banach space such that

lf(@+y) = flx) = fIl <0
for all x,y € X, then there exists a unique additive mapping T : X — Y such that
1f(x) =T(@)|| <4

for all x € X. A generalized version of the theorem of Hyers for approximately
additive mappings was first given by T. Aoki [1] in 1950. In 1978, Th.M. Rassias
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[15] independently introduced the unbounded Cauchy difference and was the first
to prove the stability of the linear mapping between Banach spaces: if there exist a
0 >0 and 0 <p<1 such that

1f(z+y) — (=) = fFW)Il < 0[] + llyl]*)
for all x,y € X, then there exists a unique additive map T : X — Y such that

1F@) ~T(@)| < 5o

[l][”

for all x € X.

In 1991, Z. Gajda [6] answered the question for the case p > 1, which was raised
by Rassias. Gajda [6] also gave an example that the Rassias’ stability result is not
valid for p = 1.

In 1992, a generalization of the Rassias theorem was obtained by P. Gavruta
[7]:

Suppose (G,4+) is an abelian group, Y is a Banach space and the so-called ad-
missible control function ¢ : G x G — [0,00) satisfies

Z o( 2’“:13 2Fy) < o0,

forallz,ye §G. If f: G —Y is a mapping such that

1f(z+y) = f(z) = W)l < elz,y)
for all x,y € G, then there exists a unique additive mapping T : § — Y such that

1f(2) = T(2)|| < ()

for all xz € G.

Throughout this note, let N be the set of natural numbers and we assume
that A and B are algebras over the real or complex field F(R or C). An additive
mapping h : A — B is said to be a ring homomorphism if the functional equation
h(zy) = h(z)h(y) holds for all z,y € A. An additive mapping d : A — A is
said to be a ring left derivation (resp. ring derivation) if the functional equation
d(zy) = zd(y) + yd(z) (resp. d(zy) = zd(y) + d(x)y) holds for all z,y € A. In
addition, d is called a linear left derivation (resp. linear derivation) if the functional
equation d(Ax) = Ad(z) is valid for all A € F and for all 2 € A.

M. Bresar and J. Vukman [5, Proposition 1.6] showed that every ring left deriva-
tion on a semiprime ring is a ring derivation which maps the ring into its center.

Definition 1.1. A sequence H = {hg,h1, -, hyp, -} of additive mappings from
A into B is called a higher ring left derivation (resp. higher ring derivation) from
A into B if the functional equation

(1.1)
o) = 3 [y () + cighi(w)h (2)] (p haa) = 3 b )

i+j=n 3 n
i<j i+j=
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holds for each n =0,1,--- and for all z,y € A, where

e if i j,
“=70 if = j.

Let A = B. The sequence H = {hy, ha, -+ , hy,- -} of additive mappings on A
satisfying the relation (1.1), particulary, is called a strong higher ring left derivation
(resp. strong higher ring derivation) on A if hy acts as an identity mapping on A
in (1.1). If each h, in H satisfies the functional equation h,(Az) = Ah,(x) for all
A € F and all z € A, then we say that H is a higher linear left derivation (resp.
higher linear derivation).

Remark 1.2. K.-H. Park [14] proved that every strong higher ring left derivation
H = {h1,ha, - ,hpn, -} on a semiprime ring is a strong higher ring derivation
such that each h,, in H maps the ring into its center. In Definition 1.1, the higher
ring left derivation H from A into B (resp. the strong higher ring left derivation on
A) is a ring homomorphism if n = 0 (resp. a ring left derivation if n = 1).

Consider a sequence F' = {fo, f1, -+, fn, -+ } of mappings from A into B such
that the functional equation

(12)  fal@+y+zw) = fal@) + faly) + Y [fi(2) Fi(w) + i fi(w) £5(2)]

itj=n
i<y

holds for each n =10,1,--- and all x,y, z,w € A, where

e if i ],
%=\ 0 if i = j.

For convenience’ sake, we will say that the relation (1.2) is a higher functional
equation. In particular, if f,,(0) = 0 for each n = 0,1,---, then we see that F is a
higher ring left derivation from A into B.

Remark 1.3. Let F = {f1, fo, -, fn, -+ } be a sequence of mappings on A and
fo an identity mapping on A. Then F satisfies the functional equation (1.2) if and
only if F'is a strong higher ring left derivation on A. In fact, F' is a strong higher
ring left derivation on A since it follows from induction that for each f, in F, we
get £,(0) = 0.

Example 1.4. Given any ring left derivation d on an algebra A with unit and an
invertible element ¢ € A, let ¢ : A — A be the mapping defined by §(z) = ed(x) for
all x € A. Then §(zy) = I(x)dé(y) + I(y)d(z) for all x,y € A, where the relation
Y(x) = cxc!,x € A, defines an inner automorphism of A. Let fo = 9, f, = § if
n = m for some m € N, and f,, = 0 if n > 1 and n # m. Then we see that the
sequence F' = {fo, f1,- -+, fn, -} of mappings on A satisfies the equation (1.2).

In 1949, D.G. Bourgin [4] proved the following stability result, which is some-
times called the superstability of ring homomorphisms: suppose that A and B are
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Banach algebras with unit. If f : A — B is a surjective mapping such that

1f(z+y) = flz) = fW)l <e,
1f(zy) = f(@) fy)] <6

for somee > 0,6 >0 and all z,y € A, then f is a ring homomorphism.

R. Badora [2] gave a generalization of the Bourgin’s result. Badora [3] also
obtained the following results for the stability in the sense of Hyers and Ulam and
for the superstability of ring derivations: let A; be a subalgebra of a Banach algebra
A. Assume that f: Ay — A is a mapping such that

[f(z+y) = flz) = fyll <e,
I f(zy) —xf(y) — f(x)yl <6

for somee >0, >0 and all x,y € A;. Then there exists a unique ring derivation
d: Ay — A such that

1f(z) —d(z)] < e
for all x € Ay. Moreover,

z{f(y) —d(y)} =0

for all x,y € Ay. In addition, if A1 and A have the unit element, then f is a ring
derivation.

On the other hand, T. Miura et al. [13] proved the stability in the sense of Hyers,
Ulam and Rassias and the superstability of ring derivations on Banach algebras.

In [11] and [12], we dealt with the stability of higher ring derivations and higher
ring left derivations, respectively.

Here it is natural to ask that there exists an approximate sequence of mappings
which is not an exactly sequence of mappings satisfying the functional equation
(1.2). We observe the following example.

Example 1.5. Let A be a compact Hausdorff space and let C'(A) be the commuta-
tive Banach algebra of complex-valued continuous functions on A under pointwise
operations and the supremum norm || - ||s. Assume that ¢ : C(A) = C(A) is a
nonzero algebra homomorphism. We define g : C(A) — C(A) by

_ [ 9(z)(a)log|¥(z)(a)] if 9(z)(a) # 0,
9(2)(a) = { 0 e if 9(2)(a) = 0

for all z € C(A) and a € A. Tt is easy to see that g(zw) = ¥(2)g(w) + g(2)¥(w) for
all z,w € C(A). Let fo =9, fp=gif n=m for some m € N, and f, =0ifn>1
and n # m. Then we see that the sequence F' = {fo, f1, -+, fn -} satisfies the
relation

fa(zw) = 7 [fil2) £ (w) + cij fi(w) £(2)]

itj=n
i<j
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for each n =0,1,--- , and all z,w € C(A), where
{1 iy
%= 0 if i = .
We claim that

[fn(z +y + 2w) = fu(2) = fa(y) = fr(zw)]oo < 2([[2]o0 + [¥lloo + 2w]lo0)

for all ,y,z,w € C(A).
Observe that for all z,y, z,w € F\ {0} with x + y + zw # 0,

|(x+y+ 2w) log |z +y + zw| — xlog |z — ylog |y| — zwlog [zw|| < 2(|z| + |y| + |zw])

Indeed, fix z,y, z,w € F\ {0}, 2 + y + zw # 0 arbitrarily. Since log(1+z) <z
for all x > 0, we get

‘(m+y+zw)log|x+y+zw| — zlog |x| — ylog |y| —zwlog\sz

xr+y+ 2w xr+y+zw
i e M

+ zw T+ zw T+
< |z|log (1+|y|) + |y|log <1+||) + |zw] log <1+ | y|>
|| lyl 2w

|z + y|
|zw|

|z 4+ y + zw|

1
% 2w

< ||

log

|z + zw|
]

= ly+ 2wl + |z + 2w| + |z + y|

< 2(|z] + [yl + |zwl).

|Ierzwl

<z
||

+ |zw|

+ [yl

This yields, for each n =10,1,---,
[fn(z+y+2w) = fr(z) = fa(y) = fa(zw)lloe < 2([|2llsc + [[¥lloc + [lzwlls0)

for all z,y, z,w € C(A).
Now, it follows that

e bt 2u) = o) = £ul) = X S0) + el (]
a4yt 20) = Fule) = Fa®) — Falz0)lloe
< 2(2lloo + lyloo + ll2lloc)

for each n = 0,1,--- and all z,y,z,w € C(A). Thus we may regard F' as an
approximate sequence of mappings on C(A) with respect to the equation (1.2).
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2. Main results

Our objective is to investigate the stability of the higher functional equation
(1.2) in the sense of the generalized version of Hyers-Ulam-Rassias due to [7]. Fur-
thermore, we will show the superstability of the equation (1.2).

Theorem 2.1. Let A be an algebra and B a Banach algebra. For each n =
0,1,2,---, let o : A X A XA XA —[0,00) be a function such that

1 & kg, 2ky, 2k 2 w
(21> ¢n($7ya2>w) = 5 kz_o SOn( Qky ) <0

for all x,y,z,w € A. Suppose that F = {fo, f1, -, fn, -+ } s a sequence of map-
pings from A into B such that each n=0,1,---,

(2.2)
[yt z0)= @)= 0= 3 0+ i) )| < o)

holds for all x,y,z,w € A. Then there exists a unique higher ring left derivation
H = {ho,h1, -+ ,hpn, -} from A into B such that for each n =0,1,---,

(2.3) [fn(2) = hn(2)]] < ¢n(z,2,0,0) +cn

holds for all x € A, where

Cp = Z [£i(0)£;(0) + Cijfi(o)fj(o)]H
for eachn=20,1,---.
Moreover,
CH Y @G k) + Y elfi) - b)) =0

for each n=20,1,--- and all x,y € A.
Proof. Putting z = w = 0 in (2.2), we have

e +) = £ule) = £2(0) = Y HO)£50) + 5 50)50)| < 0.0

iti=n
i<j
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which yields
[fa(z+y) = ful@) = fu@)]l

< |fua 9= )= £u0) = X 1O£0) + 0501
+|| 22 050 +cijfi<0>fj<0)}H

< Cpn(xaya 0, 0) + cn,

ie.,

(2.5) [z +y) = ful@) = faW)Il < n(2,9,0,0) + cn

for each n =0,1,--- and all z,y € A.
Using Hyers’ direct method on inequality (2.5), it follows from induction on [
that

(2.6) H;mlm) - fula) -

-1
1 ©n(2F2,2F2,0,0) + ¢,
22

for each n =0,1,--- and all z € A and that

for each | > m and all z € A. Hence the convergence of (2.1) tells us that the
sequence {g7 f,(2'z)} is Cauchy for each n =0,1,--- and all z € A. Let

-1
1 on(2k2,2%2,0,0) + ¢,
<5

2k

%fn@lx) — 2%]‘”(27"96)

k=m

.1
(2.7) hn(xz) = lim ?fn(le)

for each n = 0,1,--- and all z € A. Taking | — oo in (2.6), we obtain (2.3).
In view of the same process as Hyers’ method [8], we see that each mapping h,,
n=20,1,---, is additive and unique.

Next, we need to show that the sequence H = {ho, h1, - , hn, - } satisfies the
identity
ha(zy) = D [hi(@)hy(y) + cihi(y)hy ()]
iti=n
i<

for each n =0,1,--- and all z,w € A. Setting x =y = 0 in (2.2), we get

Fa(zw) = 2£0(0) = > [fil2) f5(w) + cij fi(w) f5(2)]

itj=n
i<j

‘ S gOn(O’ 07 Z? w)
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which implies that

(2.8)

Fa(zw) = > [fil2) f5(w) + cij fi(w) £5(2)]

i+j=n
i<J

for each n =0,1,--- and all z,w € A. Let a function A,, : A x A — B be defined
by

(2.9) An(zw) = falzw) = > [fil2)f;(w) + i fi(w) f(2)]

itji=n
i<j

‘ < £0(0,0,2,w) + 2] £, (0)]

for each n =0,1,--- and all z,w € A. Using (2.1) and (2.8), we have
1
(2.10) lim —A,(22,w) =0
=00 21

for each n=10,1,--- and all z,w € A. Now, from (2.7), (2.9) and (2.10), we deduce
that

ha(ew) = Jim (2 (zw) = lim o fu((2'2)w)

l—o0

lim 1{ S (A2 f5 () + i iw) £5212)] + An(2'z, w>}

e 2| 2,
=Jim ) ;l[fi(QlZ)fj(w)+Cz‘jfi(w)fj(2lz)]+lgn& %An(fsz)
- ; {_llggo %fi(?z)fj(y) +eiy im ;lfi(W)fj(QlZ)}
— iﬂ [hi(2) f; (W) + ci5 fi(w)h;(2)]

That is, we obtain that

(2.11) hon(2w) = Z [hi(2) f;(w) + cij fi(w)h;(2)]

i<j

for each n = 0,1,--- and all z,w € A. Let [ € N be fixed. Applying the relation
(2.11) and the additivity of each h,, n =0,1,---, we get

Y hi(2)f52'w) + e fi(2w)hy(2)] = ha(2(2'0)) = ha((2'2)w)

= Z [hi(2'2) f;(w) + cij fi(w)h;(2'2)] = 2 Z [hi(2) 5 (y) + cij fi(w)hi(2)]

i<j i<j
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Hence we get

(2.12)
3 50+ e (2 = 3 [z 20) + g iy

for each n =0,1,--- and all z,w € A. Taking [ — oo in (2.12), we see that

(2.13) Z [hi(2) fi(w) + cij fi(w)h;(2)] = Z [hi(2)hj(w) + cijhi(w)h;(2)]

i+j=n i+j=n
i<y i<y

for each n = 0,1,--- and all z,w € A which means (2.4). Combining (2.11) with
(2.13), it follows that H = {hg,h1,- -+, hn, -} satisfies the relation

ha(ey) = Y [hi(2)hy(w) + eizhi(w)hy (2)].

itj=n

i<
for each n = 0,1,--- and all z,w € A, i.e., H is a higher ring left derivation from
A into B. This completes the proof of the theorem. o

Remark 2.2. Let A be an algebra and ¢, : A x A x A x A — [0,00) a function
such that

1 o0
(2, y, 2, w) = 3 ZQkapn(Q_kx,2_ky,2_kz,w) < 00

for all z,y, z,w € A. If we replace (2.10) in Theorem 2.1 by

lim 2'A, (272, w) = 0,
l—o0

then (2.4) in Theorem 2.1 does not generally hold in case of ¥, (z,y,z,w) < 0.
For, we see that

lim 2'A, (27 2, w) =0

l—o0
is not valid since lim,, . 2/*1|| £, (0)|| # 0.

Corollary 2.3. Let A be a normed algebra and B a Banach algebra. Let 0, €
(0,00) for each n = 0,1,--- and p,q real numbers such that p # 1. Suppose that
F = {fo,f1," s fn, -+ } 18 a sequence of mappings from A into B such that for
eachn=0,1,---,

fn(m +y+ Zw) - fn(x) - fn(y) - Z [fz(z)fj(w) + C’L]fl(w)f](z)}

itj=n
i<j

< On(ll2l” + llyll” + =017 lwl)
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holds for all x,y,z,w € A. Then there exists a unique higher ring left derivation
H ={ho,h1, -+ ,hy, -} from A into B such that for each n =0,1,---,

zlIP + cn ifp <1,
() — h ()| < 2p _
(@) <>||{ AN

holds all x € A, where

Cp =

> [£:(0)£5(0) + ¢i; £1(0) £3(0)] H

itj=n
i<j

for eachn=20,1,---.

Proof. Let @n(x,y,2,w) = On([z|” + lly[|” + ||2[|* [[w]|?) for each n = 0,1,--- and
all z,y,z,w € A. Suppose that p < 1. Since we have

1 — kx, 2 7,0,0) H2kx||p—|— (|25 z||P
n(z,2,0,0) =3 g E
1 20
— pE (p—k _ P — n P

k=0

it follows from (2.3) in Theorem 2.1 that

20n
[ (@) = hnll < Pn(2,2,0,0) + ¢, = 9 _o9p + Cn.
for each n =0,1,--- and all x € A.
Assume that p > 1. Since we have
0, _ _
Y (z,2,0,0) Zz%n (27%2,27%2,0,0) = ?”22’“(||2 kx||P + 127 Fx|P)
k 0 k=0
o (1 1 200,
= Bullelr 32 20k = 0, P =
k=0
it follows from (2.3) in Theorem 2.1 that
270, »
1) — hall < Wl 2,0,0) 4 €0 = o [P 4 o
for each n =0,1,--- and all x € A. O

By setting ¢, (x,y,z,w) = &, for each n = 0,1,--- and all z,y,z,w € A,
Theorem 2.1 also gives us the following corollary.
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Corollary 2.4. Let A be an algebra and B a Banach algebra. Suppose that F =
{fo, f1,*+ s fn, -} is a sequence of mappings from A into B such that for each

n=20,1,---, there exists €, > 0 such that
1) ot v+ 20 = o) = ) = 2 LI 0) + e w21 | < 2

holds for all x,y,z,w € A. Then there exists a unique higher ring left derivation
H = {ho,h1, -+ hpn,---} from A into B such that for each n = 0,1,--- and all
x €A,

[ fr(z) = hn ()] < € + Cn,

where

Cp =

3 U050+ 55010

for eachn =0,1,---.

As a consequence of Corollary 2.4, we get the following Bourgin-type supersta-
bility [4] of the higher functional equation (1.2).

Theorem 2.5. Let A and B be Banach algebras with unit. Suppose that F =
{fo, f1, s fn, -} is a sequence of mappings from A into B satisfying the inequal-

ity (2.14), where fo is onto. Then F is a higher ring left derivation from A into
B.

Proof. As in (2.5) and (2.8), the relation (2.14) yields that

[ fr(@+y) = falz) = fay)ll <en+cn

for each n =0,1,--- and all z,y € A, where

Cp =

3 HO50)+ 050

for each n =0,1,---, and that

Fa(zw) = > [fil2) 5 (w) + cij fi(w) £5(2)]

i+j=n
i<y

‘ < en 20 £2(0)]

for each n =0,1,--- and all z,w € A. By induction, we lead the conclusion. From

the Bourgin’s theorem [4], we see that fj is a ring homomorphism from A onto B

1
and so (2.7) gives that ho(z) = llim ?fo(le) = fo(z) for all z € A, i.e., fo = ho.
—00

If n = 1, then it follows from the relation (2.4) that fi1(z) = hi(z) holds for all
z € A since hg is onto. Let us assume that f,,(2) = h,,(2) is valid for all z € A
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and all m < n. Then (2.4) implies that ho(z){fn(w) — hp(w)} =0 for all z,w € A.
Since hg is onto, we have f,(w) = hy(w) for all w € A. Hence we conclude that
fn(2) = hn(2) holds for all n = 0,1,--- and all z € A. Now, Corollary 2.4 tells us
that F' is a higher ring left derivation from A into B. The proof of the theorem is
complete. O

We continue the next result.

Theorem 2.6. Let A be a semiprime Banach algebra and fo an identity mapping
on A. Suppose that F = {f1, fa,- -+, fn, -} is a sequence of mappings on A
satisfying the inequality (2.14). Then F is a strong higher ring left derivation on
A. Furthermore, F is a strong higher ring derivation on A such that each f, in F
maps A into its center.

Proof. For all z € A, we have, by (2.7),

and so hg is an identity mapping on A.
From the similar way as in the proof of Theorem 2.5 using the induction and
the relation (2.4), we get
2{ fn(w) = hp(w)} =0
for all n € N and all z,w € A. This implies that

{ fa(w) = hy(w)}2{ fu(w) = hy(w)} =0

for all » € N and all z,w € A. Since A is semiprime, it follows that f,(w) = hy(w)
for all n € N and all w € A. Therefore, F is a strong higher ring left derivation
on A. Tt follows from [14] that F is a strong higher ring derivation on A such that
each f, in F' maps A into its center. This completes the proof. O

The Singer-Wermer theorem [16], which is a fundamental result in a Banach
algebra theory, states that every continuous linear derivation (or linear left deriva-
tion) on a commutative Banach algebra maps into the Jacobson radical. They also
conjectured that the assumption of continuity is unnecessary. M.P. Thomas [17]
proved the conjecture. According to the Thomas’ result, it is easy to see that every
linear derivation (or linear left derivation) on a commutative semisimple Banach
algebra is identically zero which is the result of B.E. Johnson [9].

The following is similar to B.E. Johnson’ result [9] in the sense of Hyers-Ulam
8]

Theorem 2.7. Let A be a semisimple Banach algebra and fo an identity map-
ping on A. Suppose that F = {f1, fo -, fun--} is a sequence of mappings on A
satisfying the following:

For each n € N, there exists £, > 0 such that
(2.15)

\ Falaw + By + 20) — aful@) = Bfaly) — S [i(2)F5(w) + i filw) (=)

itj=n
i<j

<
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holds for all x,y,z,w € A and all a, € U = {z € C: |z| = 1}. Then we have
F = {0}pen on A.

Proof. Put « = 8 =1 € Uin (2.15). Then it follows from Theorem 2.6 that F'
is a strong higher ring left derivation on A. So, each f,, n € N, is additive on A.
Setting y = x, z = w = 0 in (2.15) and then following the same process as in (2.5),
we obtain that

[fn((+ B)z) — (a+ B)fu(@)] <en+cn

for each n € N and all x € A, where

S 100 £50) + i3 £:(0)5(0) H

itj=n
i<j

Cp =

for each n € N. Thus we see that
1
gllfn(Ql(a + B)z) = (a+ B) fn(2'x)|| = 0

as | — oo which implies that for each n € N,
fullo 8)2) = I 2 fu(2 0+ B)z) = (a4 B) Jim o fu(2'e) = (a+ §)fa(a)

for all z € A and all o, 8 € U.

Clearly, f,(0x) =0 = 0f,(z) for each n € N and all x € A. Now, let A € C
(A #0), and let N € N greater than |\|. By appying a geometric argument, we see
that there exist A1, Ay € U such that 2% = A + A2. By the additivity of each f,,
n €N, we get f,(32) = 1 fu(z) for each n € N and all z € A.

Therefore, we have

Fal02) = fo (;V 2;[;5) :an<;.2.;\]x> - gfn((h +Ao)a)
= g()\l + A2) fu(x) = g -2 %fn(x) = Mj(z)

for each n € N and all z € A, so that f, is C-linear for each n € N. This means
that that F' is a strong higher linear left derivation on A.

Since f; is a linear left derivation on A, we have f; = 0 on A by [10, Corollary
3.7]. Assume that n > 2 and f,,, = 0 for all m < n. Since we have

fa(zy) = 2fuy) +yfal@) + D [fi@) fi) + e fiw) (@),

iti=n
i<j, i#0,n

it follows from the hypothesis that
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for all «,y € A. This implies that f,, is a linear left derivation on A. Therefore, [10,
Corollary 3.7] again gives f, = 0 on A. By the induction, we have F = {0} ey on
A which completes the proof. O
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