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RIESZ TRIPLE ALMOST LACUNARY Y® SEQUENCE SPACES
DEFINED BY A ORLICZ FUNCTION-I

N. SUBRAMANIAN, A. ESI* AND M. AIYUB

ABSTRACT. In this paper we introduce a new concept for Riesz almost
lacunary x3 sequence spaces strong P— convergent to zero with respect to
an Orlicz function and examine some properties of the resulting sequence
spaces. We introduce and study statistical convergence of Riesz almost
lacunary x2 sequence spaces and some inclusion theorems are discussed.
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1. Introduction

Throughout w, y and A denote the classes of all, gai and analytic scalar
valued single sequences, respectively. We write w? for the set of all complex
triple sequences (Znk), where m,n, k € N, the set of positive integers. Then,
w? is a linear space under the coordinate wise addition and scalar multiplication.

We can represent triple sequences by matrix. In case of double sequences we
write in the form of a square. In the case of a triple sequence it will be in the
form of a box in three dimensional case.

Some initial work on double series is found in Apostol [1] and double sequence
spaces is found in Hardy [7], Deepmala et al [9], Subramanian et al. [10-15] and
many others. Later on some initial work on triple sequence spaces are found in
Esi [2]-[5] Esi and Catalbas [3], Esi and Savas [4], Savas and Esi [6], Sahiner
et al. [8] and many others.

Let (zmnk) be a triple sequence of real or complex numbers. Then the se-
ries Zfr?,n,k:l Tmnk 18 called a triple series. The triple series Z::,n,kzl Tomnk 1S
convergent if and only if the triple sequence (S,,,x) is convergent, where

Sonnk = ZTJ’;L Tijg(m,n,k=1,2,3,...) .
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38 N. Subramanian, A. Esi and M. Aiyub

A triple sequence © = (Zynk) is said to be analytic if

1
SUPm,n, k |xmnk| mintk < o0.
The vector space of all triple analytic sequences are usually denoted by A3.
A sequence & = (Tnk) is called triple entire sequence if
1
|Trmnk| ™" % — 0 as m,n, k — co.

The vector space of all triple entire sequences are usually denoted by I'. Let
the set of sequences with this property be denoted by A3 and I'® is a metric
space with the metric

d(l’, y) = Supm,n,k {|xmnk — Ymnk m+1L+k tm,n, k : ]-7 27 33 } 9 (1)
for allz = {@yni} and ¥y = {Ymnr} in 2. Let ¢ = { finite sequences} .

Consider a triple sequence = (Zmnk). The (m,n, k)" section zl™™F of
the sequence is defined by zlmmkl =y mank dijq for all m,n, k € N,

i.5,q=0%ijq
0 0 .0 0 |
0O 0 .0 O
6mnk -
0 O 1 0
0 O 0 O

with 1 in the (m,n, k)" position and zero otherwise.

A sequence x = (Znk) is called triple gai sequence if ((m + n 4+ k)! |Zmnk )"L+'1"+k

— 0 as m, n, k — co. The triple gai sequences will be denoted by x3.

2. Definitions and Preliminaries

A triple sequence & = (Znk) has limit 0 (denoted by P — limaz = 0)

(i) ((m+n+ k) @k ™™™ = 0 as m,n, k — co. We shall write more
briefly as P — convergent to 0.

Definition 2.1. An Orlicz function is a function M : [0, 00) — [0, c0) which is
continuous, non-decreasing and convex with M (0) = 0, M () > 0, for x > 0
and M (x) — oo as © — oo. If convexity of Orlicz function M is replaced
by M (x+y) < M (z) + M (y), then this function is called modulus function.
Different classes of sequence defined by Orlicz function have been introduced and
investigated by Prakash et al [16-21], Nakano [22], Lindenstrauss and Tzafriri
[23], Altin et al [24], Et et al [25], Esi et al [26-27], Tripathy and Mahanta
[28-29], Tripathy and Dutta [30-31], Tripathy and Goswami [32-35] and many
others.
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Definition 2.2. A triple sequence & = (&) of real numbers is called almost
P— convergent to a limit 0 if
P—

. +p—1 =s+q—1 ~t+u—1 1/m4n+k
P’ql,ggoo Suprvs»tzopf%u Dmar X e ((m+n+ k) zmn) frenth
0.

that is, the average value of (k) taken over any rectangle
{(m,n,k):r<m<r+p—1,s<n<s+qg—1,t<k<t+u—1} tends to 0
as both p, ¢ and v tend to oo, and this P— convergence is uniform in r, s and t.

Let us denote set of sequences with this property as F(}] .

Definition 2.3. Let (g.st), (Grst) , (ﬁ) be sequences of positive numbers and

Q11 g2 - qs O..
Q1 q22 .- Gq2s O..
Qr=| =qut+q2+...+qs#0,
dr1  4r2 Qrs 0...
0 0O .0 0 O

'gu T2 s 0...
do1 Qa2 -+ G2s O...

Q= =qu+Qit . +0, #0,
qu 67’2 qrs 0

Eu 212 Qs 0
d21 422 das 0

5t =" =7q11+G12+---+7G,, # 0. Then the transfor-
ﬁrl 57‘2 61‘5 0

mation which is given by
( _ = 1 k.

Troe = == S Sy g (4 1+ ) @)™ s called

the Riesz mean of triple sequence © = (Tpnk) . If P — lim,.s:Trst (x) = 0,0 € R,

then the sequence x = (Zy,nk) is said to be Riesz convergent to 0. If x = (k)

is Riesz convergent to 0, then we write Pr — limz = 0.

Definition 2.4. The triple sequence 8; ¢ ; = {(m;, n¢, k;)} is called triple lacu-
nary if there exist three increasing sequences of integers such that
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mo =0,h; =m; —m,_1 — o0 as i — oo and
ng =0,hy =ny —ny_1 — 00 as £ — oo.
koz(),hj:kj—kj_léooasj—)oo.

Let m; e, j = mynek;, higej = hihehj, and 6; 0 ; be determined by
Loy ={(m,nk) :mi—1 <m <myandne_1 <n <ngandkj_ <k <k;},q =

- —_k
mTZil’qe = n?ﬁ17qj = kjil' _
Let 8; ¢ ; = {(mi, ne, k;)} be a triple lacunary sequence and ¢,,,g,,G;, be sequences

of positive real numbers such that Qu., = >, (0,m.] Pmi» @ne = 2ne (0,0, Pres @n;
= Zke(o,m pr,; and H; = ZmG(O,mi] Pm,, H = Zle(o,ng] Png, H = Zke(o,kj] Dk -

Clea‘rlyv Hl = Qmi - Q’Inqy,l 7ﬁf = Qne - Q’ruflvﬁj = ij - ijfl . If the Riesz
transformation of triple sequences is RH-regular, and H; = @, —Qm, , — 00 as

i—o00,H = Zne(om]pnz —ooasl — oo, H = Zke(o,kj]pkj — 00 as j — 00,
then 0;,€)j = {(ms,ne, kj)} = {(Qm,;anQkk)} is a triple lactirlary sequence. If
the assumptions Q, — 0o asr — 00, @, — 00 as s — oo and @, — o0 as t — 00
may be not enough to obtain the conditions H; — oo as i — 00, Hy — o0 as
{ — oo and Hj — 00 as j — oo respectively.

Throughout the paper, we assume that Q, = q11+qi2+...+¢rs — 00 (r — 00),
Qs = Q11 +qi2+- - +Gps = 00 (5 = 00),Qy = Qi1 +qyo+- - - +Gpg — 00 (t = 00),
such that H; = Qp,;, —Qm, , 200 asi —=00,Hy =Qpn, —Qpn, , > 00asl — o0
and H; = Qk; — Qr;_, — 00 as j — oo.

Let Qmi,ng,kj - Qmi@ng@kijMj - Hiﬁlﬁja

I;Zj = {(m,n, k) : Qm; , <m< Qmia@nZ,1 <n < Qy, and @kj_l <k< akj} )
Qm,i kv Qn 5 ij _ 7 17

Vi= g Ve= gt and V= gt and Vigg = ViV,

If we take g, = 1,7, = 1 and g, = 1 for all m,n and k then H;y;, Q;e;, Vie; and

I

.

0 reduce to hiej, qiej, Vie; and Iig;.
Let f be an Orlicz function and p = (punk) be any factorable triple sequence
of strictly positive real numbers, we define the following sequence spaces:

I:X?])Qv 9%j7 q, .f7 p]

. 1
- {P N i,@g’lgoo Hi)gj Z Z

€105 L€ELp;

X Z q?”anak [f ((m+n+Fk)! |xm+i,n+€,k+jmenk] - 0}

J€Le;5

, uniformly in 4, ¢ and j.

I:A:];%; eiéja q, f7 p]
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_{x—(xmnk):P supies— 2. D

ity €105 L€y
< 3 G s ] < o0
J€TLie;

, uniformly in 4, ¢ and j.
Let f be an Orlicz function, p = Pk be any factorable double sequence of
positive real numbers and ¢,,,q,, and E,L be sequences of positive numbers and

QT =q11 + ©Qrs, QS 2611 o 'QT.ia'nd @t = 611 o 'Efrs?
If we choose ¢, = 1,4, =1 and g, = 1 for all m,n and k, then we obtain the
following sequence spaces.

X%, a. f,p]

S

. IR
={r- im, 035 2 2

r@th m=1n=1
t
%3 G [ (4 1+ ) i) ] = 0}
k=1
J-

, uniformly in 4, ¢ and

[ R7Qaf7 ]

= {P — SUPrst—— =

3H”

XS e U (4 1 K [emsims g P] < oo}

Q’I”Q Qt m=1

, uniformly in ¢, ¢ and j.

Definition 2.5. Let f be an Orlicz function and p = (punk) be any factorable
triple sequence of positive real numbers, we define the following sequence space:
0i0.; = {(mi,ne, kj)} be a triple lacunary sequence

X?} [AC(;MJ. ) p]

:{p_zZ-mM,Jh” DS

mel; £,5 nel; o \d
k Pmnk
X 3 [t W) )T = 0}
ke€l; ¢ ;

, uniformly in 4, ¢ and j.
We shall denote x’} [ACy, , ,,p] as x* [ACy, , ;. p| when ppni = 1 for all m,n
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and k. If x is in x3 [ACy,,,,p], we shall say that z is almost lacunary x>
strongly p—convergent with respect to the Orlicz function f. Also note if f (z) =
Ty Pmnk = 1 for all m,n and k then X;’c [AC’giy[’j,p] =3 [AC’giM} which are
defined as follows:

X’ [AC’gi,M]

>

mel; e, n€l; o ;
« Z [f ((m+n+k)! |zm+i,n+£,k+j|)1/m+n+k} - 0}
k€L ¢,

, uniformly in 4, ¢ and j.
Again note if py,n, = 1 for all m,n and k then X?} [ACgiyévj,p] = X?} [AC'@LLJ.] .
we define

X} [ACs, , 1]

m-n Pmnk
< S0 [t s ] <o)
kEI,;,Lj

, uniformly in ¢, ¢ and j.

Definition 2.6. Let f be an Orlicz function p = (pymni) be any factorable triple
sequence of strictly positive real numbers, we define the following sequence space:

X} [p)

) 1 T S
t
1/m4n-+k Pmnk
< 3 [+ Bt ] 0}
k=1

, uniformly in ¢, ¢ and j.
If we take f () = &, pmnk = 1 for all m,n and k then x} [p] = x*.

Definition 2.7. Let 0, ; be a triple lacunary sequence; the triple number se-

—

quence x is Sp; ¢,; — p— convergent to 0 then

P —lim
00,5 N0 5

x H(m,n, k) € Lyt f((m+n+ k) Tmiinrerts — 0|)1/m+n+k}’ =0

Mazig,;j
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In this case we write % —lim (f(m+n+E) | Tmtinteht — 0\)1/m+"+k =
0.

3. Main results

Theorem 3.1. If f is any Orlicz function and a bounded factorable positive

triple number sequence (Pmnk), then Xf [ACQ s a linear space.

i,€,5°7 ]
Proof. The proof is easy. Theorefore omit the proof. O
Theorem 3.2. For any modulus function f, we have x> [ACQMY].] C X? [ACgLM]

Proof. Let x € x* [ACy, , ;] so that for each i,/ and j

° [AC"MJ']

{hm 1
04,5 hzgj

>

mel; o, nEL; ¢ ;
X Z [((m +n+k)! |xm+i,n+z,k+j|)1/m+n+k} = 0}‘
kel o,

Since f is continuous at zero, for € > 0 and choose § with 0 < § < 1 such that
f(t) < e for every t with 0 < ¢ < §. We obtain the following,

() + >

hie hie meTre,
101
x 3 R e L
n€l; ¢ ; and |Tmiinte,k+5—0>0 il

1 _
+ Ko Y (2) hiej x* [ACs, , ] -

ilj
Hence 4, ¢ and j go to infinity, so we are granted = € Xi} [AC’gi)LJ . O
Theorem 3.3. Let 0,4; = {m;,ne,k;} be a triple lacunary sequence with

liminfiq; > 1, liminfg@ > 1 and liminf;q; > 1 then for any Orlicz func-
tion f, Xi;’c( ) C Xf (AC@M e )

Proof. Suppose liminf;q; > 1, liminfeq; > 1 and liminf;q; > 1 then there

exists § > 0 such that q; > 1 —|— 0, g¢ > 1406 and g; > 1+ 6. This implies
:l‘ > %, Z—ﬁ > 1+6 and ’ 2 1+5 Then for x € Xf (P), we can write for each

rsandu

Z Z Z f[ m+n+k)!|xm+i,n+f,k+j|)1/m+n+ki|pmnk

mel; g]’VLGI,LngJEILgJ

2 sz[ m+n+k)!|xm+i7n+é7k+j|)1/m+n+kj|pmnk

w]m 1n=1k=1

B =
Mj
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1 3 Pmnk
_ hips f |:((m +n + ]{)' |xm+i,n+£’k+j|)1/m+n+k:|
it m=1 n=1 k=1
i ne—1 kj_
: > >3 | 1/mA4n+k]Pmrk
" g Flm+n4+ ) Tmsintersi])
2

Z Z Z f [ m+n-+ k)! |xm+i,n+z,k+j|)1/m+”+k] Pmnk

Mjk kj+1n=ng_1+1 m=1

mgnek 1 mi o T
_ mungk;
hitj (minék]‘ mzzl;
k; )
mnk
X Z [((m+n+k)!|mm+i,n+€,k+j|)1/m+n+k} >
k=1

mMgi—1 Neg—1

Mp—1Ne—1k;—1
B J (mz 1ne—1kj —1 Z Z

Riej 2 2

- m-n Pmnk
x Z f {((m+n+k)!|xm+i,n+m+j|)1/ + +k} )

my

kj—1 < 1
h’ifj kj—l Z

m=m;_1+1

ne—1 kj
X Z Z f {((m +n+k)! \xmﬂm%kﬂuumﬁﬂ} Prmnk )
n=1 k=1
-1 ( 1 Z Wzl
hiej

Ny_
1= mg_1+1 n=1

k;
m—+n Pmnk
x Zf [((m+n+k)! ot e ™ ﬂ )

7mk 1<mk 12 Z

it =ln=ng_1+1

mE—1

Pmnk
x Z f [((m+n+k)!|xm+i7n+£,k+j|)1/m+n+k} >

Since x € X‘;’c (P) the last three terms tend to zero uniformly in m,n, k. Thus,
for each r, s and u
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minek; i
Biej = higj ; (mmek Z Z

=1n=1

m4n Pmnk
X Zf [ (m+n+k)! |$m+i,n+€,k+j|)1/ * Hﬂ >

mi—1 Neg—1

B miflnéflkjfl < Z Z
hiej Myi— 1M — 176] 1

m=1 n=1

= m-rn Pmnk
<X 7 [+t Bl )] ) o).
k=1

Since hi; = mynek; — my_i1ng_1k;—1 we are granted for each ¢,/ and j the
following
minekj 1+5 mi—1ng_1kj—1 1
ey =5 and Ric; <5

The terms
(7 T Sy YL, f [<<m+n+ B)! [ in

. V] Pk
(m Zm ! an . Zk,‘ |:((m +n+ k)' \xm+¢,n+l,k+j|) /m " :| )
are both gai sequences for all 4, ¢ and j. Thus B;; is a gai sequence for each i, £

and j. HencexEXf (ACy,,,,P). d

Pmnk
|)1/m+n+k:| ) and

Theorem 3.4. Let§; , ; = {m,n, k} be a triple lacunary sequence with limsupy,qy
< o0 and limsup;q; < oo then for any Orlicz function f, Xf (AC(; ) C

Xf( ).

Proof. Since limsup;q; < oo and limsup;q; < oo there exists H > 0 such that
¢ < H, g < H and ¢; < H for all ¢,¢ and j. Let z € X?} (ACQMJ,P). Also
there exist ig > 0,4y > 0 and jy > 0 such that for every a > ig b > ¢y and ¢ > jj
and %,/ and j.

1,0,57

Pmnk
S Y Y m et B )] 0

habe m€Elab,e n€lab,c k€lap,c

asm,n, k — oo. Let G :max{A;’byc 1<a<ig, 1<b<fy and 1<c Sjo}
and p, ¢ and ¢ be such that m;_; <p <m;, ny_1 <g<ngandmj_; <t <my.
Thus we obtain the following:

qa t
Pmnk
Z Z {((m +n+k)! ‘xm+i,n+e,k+j|)1/m+”+k

n=1 k=1

p

\ |
—
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m; ng Kj

, Z Z Z |:((m +n+ k)' |xm+i7n+l,k+j ‘)1/m+n+kj|pm"k
4

T omi_ing_1kjq z

=1ln=1k=1
1 7
S ) D) B
miflnlflkjfl o=l b1
J / p k
1/ m+n+k|fmm
2> 31 ED SIS DI DI (RN ER TS|
c=1 \m€lap,cn€lap,ckE€lap,c
io Lo Jo
= § E E habc
b
Mi—1Tv— 1kjlalblcl e
1 /
+ E : ha,bycAa,b,c
Me—1Ne—1kj—1 . , , ,
(i0<a<i) U(Lo<b<0) U(jo<c<y)
ioc fo Jo
S L E E § habc
mllneljlalblcl
1 /
+ E : h%bacAa,b,c
mi_1Me—1kj_1 . ,
(i0<a<i) U(Lo<b<8) U(jo<e<Ly)
’ . .
G MM, konUEOJO 1 ’
S + - § : hayb,CAa,b,c
mi_1Me—1kj—1 Mi—1Mp—1J5—1

(i0<a<i) U(Lo<b<0) U(jo<c<y)

/ . .
G mignagk;, tolojo

mi71n£71kj71

!’ 1
+ (wpazio Ub>to U c>jo Aa,b,c) P E——— > hab,e
Mi-1me=1Ri-1 G Ut <60 Ulo<e<i)

< G migna,k;, toloJo N € Z

mi—lné—lkj—l mi—lné—lkj—l

ha,b,c
(i0<a<i) J(Lo<b<l) U(jo<c<s)

Glm» Ny, 7;040 '0
S 20 0~jo J +€H3.

mi_1ng_1kj_1

Since m;, mn¢ and k; both approache to infinity as both p, ¢ and t approache to
infinity, it follows that

pa
Pmnk
222 [((m k)l |mm+i7n+l,k+j‘)1/m+n+k} -0

pqt m=1n=1k=1

, uniformly in i, fand j. Hence z € X} (P). O
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Theorem 3.5. Let 0;,; be a triple lacunary sequence. Then

—

(i) @mne) = X* (S,
(ii)(ACQi,Z,j) is a proper subset of (S/\)

()
—_—

(iii) If x € A3 and (Tmnk) Lt X3 (S ) then (Tmnk) LS 3 (AC’gmj)

LR

(i0) X* (Sor, ) NA® =¥ [ACy, , ] NA®,

Proof. For all r,s and u

‘{(m,n, k) c Ii)gyj : ((m +n+ k‘)‘ |xm+i,n+£,k+j — O‘)l/m+n+k} = 0‘

SO

meliejne€lie;

x > (M 41+ ) T st ey — O™ HFE

k€lie,j and |Tm i nte,k451=0

= Z Z Z ((m +n)! [ Tmsinre s — 0|)1/m+”+’C

mel; ¢ ;n€l; ¢ 5 KEL; 45

, for all r,s and u

2. 2

0,5 Rigj
5 15‘7 meli‘gyj TLGIL[J‘

X Z ((m4n+ k) emiinterss — o))/mtntk — g
k€L 0 5

This implies, for all 7, ¢ and j

P — lim
i,0,5

=0.

hie

(ii) Let = (xymnk) be defined as follows:

47

‘{(m,n, k’) S Ii’g)j : ((m +n+ k‘)' |$m+i7n+€7k+j — 0|)1/m+n+k = 0}‘
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[/

1 2 . [ (m+n+li)l+k 0
4/mij'/. m+n
]. 2 3 ..W 0

[mm+n+k
(Tmnk) = 123 T (mntR) 0 ... ;

Here x is an triple sequence and for all ¢, ¢ and j

P — limi’z’j —
k.t.j

{(m,n, k) € gyt ((m+n+ k) [@mpingenss — O = OH

m+n 1/m+n+k
1 (m+n—|—k)' [4 hi,é,j] otk
(m+n+k)!

=P - limi,z,j n

,,5
=0.

—

Therefore (Zpmnk) Lt x° (S’ ) . Also

4,7

. 1 1/m+n+k
P_lzmi,fvj% Z Z Z ((m+n+k)!|xm+i,n+é7k+j|)/ A

mel; ¢ ;n€L; 05 K€L o j

(m+n+k)!

<(m +n+k)! [4 hiej m+n+k [4 i m4n+k [4 hi7£,j]m+n+k)1/m+n+k . 1)
1
5"

P
Therefore (Tnk) 7 X° (Acei,K,j) :

(iii) If z € A® and (Z,nk) LY X3 (SQMJ) then (Znk) LY X3 (ACgi,[yj) )

Suppose x € A? then for all r, s and u, ((m + n + k) |Timtinte ki — 0|)1/m+"+k

< M for all m,n, k. Also for given € > 0 and i, ¢ and j large for all r, s and u we
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obtain the following:

1
hiej Z Z Z ((m+n+k‘)!|xm+i,n+&k+j_0‘)1/m+n+k

,LE‘] mEIiygyj nel,;,g,j ke[i,@,j

i X ¥

h_ .
itj mely e n€l; 4,

” Z ((m+n+ k) Tmtintekt) _0|)1/m+n+k

k€ly,e,5 and |Tpmtinte,k+5]>0
1
DI
it meli‘g,j ’I’LEIiJ{J‘

x Z ((m+n+k) Tmiyintekt) _0|)1/m+n+k

keli ¢ jand|Tmiintekt;1<0

S T {(m, n, k) S Ii,Z,j : ((m +n+ k)' |xm+i7n+g_’k+j — 0|)1/m+n+k} = 0’ + €.
ilj

Therefore z € A3 and (2,,nk) LS 3 (S/QM\J) this implies (Znnk) LY X3 (AC’QMJ) .
(iv)x® (5\) NA3 =3 [ACy,, ,] N A®. Follows from (i),(ii) and (iii). O

Theorem 3.6. If f be any Orlicz function then X?’c I:Acei,i,,j:l ¢ X3 (52\7)

Proof. Let z € X:} [AC’gi’M] , for all 4, ¢ and j.
Therefore we have

hL Z Z Z f [((m—kn—kk)' ‘xm+i,n+l,k+j _O|)1/m+n+k}

il mel; o ;n€l; 0 KEL; o, ;

1
2@22

meEl; e ;n€l; g ;

X Z f [((m+n+k)!|xm+i7n+e,k+j _0|)1/m+n+k}

k€li¢,j and |Tmr nts,ktu|=0

1 m-rn
> Hf (0) {(m,n, k) c Ii7g)j : ((m +n 4+ k)' |xm+i,n+l,k+j — O|)1/ + +k} = 0‘ .
ilj
Hence = ¢ 3 (ﬁ) . O
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