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[Abstract]

A dynamic system is called positive if any trajectory of the system starting from non-negative initial states remains forever
non-negative for non-negative controls. In this paper, we consider the new stability condition for the positive time-varying linear
discrete interval systems with time-varying delay and unstructured uncertainty. The delay time is considered as time-varying
within certain interval having minimum and maximum values and the system is subjected to nonlinear unstructured uncertainty
which only gives information on uncertainty magnitude. The proposed stability condition is an improvement of the previous
results which can be applied only to time-invariant systems or had no consideration of uncertainty, and they can be expressed
in the form of a very simple inequality. The stability conditions are derived using the Lyapunov stability theory and have many
advantages over previous results using the upper solution bound of the Lyapunov equation. Through numerical example, the

proposed stability conditions are proven to be effective and can include the existing results.

Key word : Stability condition, Positive time-varying discrete interval system, Time-varying delay, Unstructured uncertainty,

Nonlinear.
https://doi.org/10.12673/jant.2019.23.6.577 Received 20 November 2019; Revised 23 November 2019
T O e e e
MRS Non-CommercialLicense(http://creativecommons orresponding Author; Hyung-seok Han
o) s e MreSicn ORI Tok 462:31-750-5561
original work is properly cited. E-mail: hshan@gachon.ac.kr

Copyright (©) 2019 The Korea Navigation Institute 577 www.koni.or.kr pISSN: 1226-9026  elSSN: 2288-842X



J. Adv. Navig. Technol. 23(6): 577-583, Dec. 2019

LM B
ool A|2sEle go] ohd 27)EleIA Alatate] go] ol
Q2] vhate] A ol ohyl AEwS A2 35| §A15
= 5 Al2go A HUHIL3]. olel @ Alxwe] tiste]
ol AT Qs Hol = ol AbAIRE} A% A17Halel

9] 0}24274 o] AoFE ,
ol F529 Ful= xd=H A [10]90
B e el dhaled

=2 44«1 QEM 1101]1 [10

A vy EEAE S éﬂ% AlEH A 22 Elof| T3}
o] 283t A= AN ST 2 =

MAste] vk B4

tate], 17 AP %]l z) v dﬁé, 3lY EAS 2 B
4] 7o) A7bE EEH QN A 2wl o] Fg-of T ok Z
AL FETE o= [9]1¢] Aol nlasled, v]tzslE B8t
S F71e Ao, 11013 [11]0)] thate] AP 7-7F Al 2=F]
° 2 X871k Al2aEl o] RS g3l Aol

H

Sl Mol Awe AL A
Bt Rl i PR

Al gt

J|IES| ovd =A
=R A ARSStE VISR Z, = ool obd Ag Hh
Ry Mz Fol ol gro = qY 9 AE RN
R =Ry XI= 3E xe ’\"—‘]E%} Y=+%(spectral norm),
(It x "x =g o] o) I3]0 Ay oM, x>0
e E x7) o] A2 (positive deﬁnlte), A=la )= WE &
A b, 2789 B Al=o,)],4 < B FE o 4H F
A= LJrEM]U% Apay ()= 84 X9 FHof _Tr_%x], p(X) &
mazl\, (X),5, 223 EZ 9 (spectral radius), 7, nxn i}%
o] 9] H(identity matrix)S 2P| S}, HE] ceRr T BHE
FH a7t Fo] w2 Aol =, A Wstrictly positive)
e} golat ¢ >0 0% AL

2 (DI 2 olqt A ~BlE g gt

=)
7x]'t nxm

https://doi.org/10.12673/jant.2019.23.6.577

z(k+1) = A(k)x (k) + Blk)z (k—d(k)) )]

714, A(k), B(k)

ER', k=0,1,....

R " z(k)ER, VkEZ, 03, BE z(—k)
oy 01t B,

A(k)E[A, AT c R
0<,47< A(k) < 470 <q; < a;(k) <af)) Vhij ()
Bk)E[B™, Bl Cc Rp™"
0<,B" <
d(k)Ed

BE) < BH0<b, <b,(k) <b) Vkij
djcz, 0=<d, <dk) <

m?

717 23k 1[9): (1),)E SR ol 7k oAl 2
S A A~E Y 4t o] ALoMA s, =

p(AT) <1 3)

S, thge] 2318 WEsh

AT+ 1+dy,—d, IB*]) “

x ( 1+d,,—d, ) <1
47 M 1B+
ZS Rl ko=
219] 7|EA T o] AR =E tigk o= 71 Uit

Q1 AN 28] chstol A o 43} e,

z(k+1)=A()z(k)+B(+ )z(k—d(+)) Q)

A71M, AC«), B(«),d( «) 8] ARl wh& 5ol whet ohe
3 Fefe] AlRle vebd 5= 9lom ofol] gk tise] A
ZHEESSACHS 1], 58], F el AR [10}[11]e1413=
©& ks vIAE wR3A f(a(k).k), £ (@ (k—d).k)
mPo}O% & ST [10]el 4= Al Al =gl
5 7dske] 7Hﬂ R

RA 2 Eol] thsto] A]

= mlm
9‘_1
jL
>
L

(E ¢
5t

[*3
>

WAL PEa WAY BB TRl SR
& ohEsit
(b 1) = Az (k) + Bo(k—d) + fw (K).k) + £, ( (k— d).k)

I/ (z (k). )l < nllz (B, £, (2 (k—d) k) < Alz(k=d)ll  (6)

71E 23t 2010]: 4 (6 Wk olazwle] A (7)



ATA B'B
LA+ 1Bl +n+~) ( + +nl, +~1L) <1, (7)
Al 2]
Aebd st
71E A 1A E A®)E RS & A28l tiste] ¢k

2718 A 10}@‘3}

z(k+1) = Az (k) + Bx (k—d(k)) + f(z (k) k)

/(2 (k) k)l < nllz (k) ®
0<d,<dk) <d,, Vk

m

71E 21 3[M1]: A 8)F vHshs olitAAaRle] Fof
A e>0.dy,—d, =00l tisted, thg-e] 4 (9)& w=ah ¢k
Atk

D=1+d,,—d,

(41 + VDIl Bl +n)( HAH +\/—

B
+n(vVD 1 —_— < I
n 13 n

©

B =R A= oo a) 728 2 dE A A s Ale-si)
B2 1(12) 9991 9] WE] 2.y} Fe] 35 ¢ of thated
2 (10)] Ak,

2Ty < e lale+ey’y (10)

w(k+1) = A(k)z (k) + Bk)z (k— d(k)) + f(z (k). k)
Il Ca (), BNl <l () (11)

A7, Ak), Bk)ER ",z (k)ER}, V kEZ, )3, BE z(—k)
ER!, k=0,1,....,d,,°]c}
Zopr e 5 2 (12)7) o] A ejgitt.

Vi (k) =" (k)z(k) + 7§;(L‘)IT(Z')RI(Z') (12)
+ ﬂgl kjj 2T Re (i) =V, + V,+ V,
jE—dyt 2=kt j—1

0#71*1 W re Gl AHPHRZ R>0.

243] 1 )\1(11)4 /\]/RFJIO )\1(12)0]] XLJQ g]o} =
‘ UTQ}s>o,dM d,, =0 o tate] 2] (13)e] BAAS W=
.

oty lH

D=1+d,,—d,

V(z(k+1)) = Vi (k) = AV, + AV, + AV, (13)
< 2T (k) (AT(R)A(k) — 1, + (1+dyy—d, ) R)z (k)
e’ (k—d(k)(B"(k)B(k) — R)x(k—d(k))
+2:r "(k—d(k)B"(K)A(k)x (k) + 2" (x (k), k) A (k) (k)
+2f"(x (k). k) Blk)x ( (k) + £ (2 (k) k) f(a (k) )

<2TB)((1+e ' +—L ya+ g - I+ DR

B
B

HA*H
+ (0 il AT+l BT, ) (k)
+a7(k—d(k)((1+e+ B *H )B"'BY) — Rz (k—d(k))

T Vz(k+1) = Viz(k) = AV, + AV, + AT,

2, (k) = z(k—d(k))
AV, =z" (k+ Dz (k+1)—2” (k)z (k)
=27 (k)(AT(k)Ak) — )z ( )

+ 22 (k) B (k) A(k)x (k) +2f" (2 (k), k) B(k)a, (k) (14)
+2f (2 (k) k) A(k)z (k) + 2] (k) B (k ;

+ (@ (k). k) f(a (k) k)

N
U:J
=
&
=
B
—
o~
N

&[]0l M 2k 2ol 4 (16),(17)& RH3I.

k-1 k=1

o (i) Ra (i) —
i=k+1—d(k+1) i=k+1—
k=1 k—d,

<( )Y 2T@R:()+
i=k+1—d(k) i ,
k—1 —d,

—d,+1

AV, = E (z? (k) Rz (k) —

J== e

=(—d,+1—(—d,;+2)+1)z7 (k) Re (k)

— (a7 (k dy+2—1)Re(k—d,+2—1)—... 17)
2T (k—d,+1-1)Re(k—d, +1—1))

k-,
2T(i)Rx ()

i=kt1—dy

2T (k+j—1)Rx(k+j—1))

= (dyy—d, )a" (k) Ro (k) —

aHeg, REAE 1 2 duE oiEgde 4
ATR)AK) <llATI1PL, BY(R)BK) <IBTIPL,f7f < Pl (BIF <

www.koni.or.kr



J. Adv. Navig. Technol.

7

gahe 4 (18)7} (19)% P, ) s
eIEsh 4 (18 (19) (- VD-1>0,8"B <IBL . P;‘BP;‘ ~1BIz, <0)
2e; ()BT AR) (k) (18) «.= VDIB*I1, 1871, <~ ﬁ?%*%
< %xT(k)A (k) A(k) 2 (k) + ex ] (k) BT(k) B(k) z,, (k)
2 o) )B(’“)““’d(’“) 910] WIS o] &3kt o} 7L QHEAL o
HB Hf f ”B+H d(k)B+ B+ (k) o —,—}]1'4—

B 1 FOlH e >0,d,-d, =00 thatel, A @nel B

snIIB*Hx (k) (k) + 27 (k)BY B 2,(k)

HB*H < o] g3k}
= O 1t .
27 ( (k) )A(k):c(k)
< Mf fH— (k) A A% 2 (k) :
A’ (1+et+ HA’L” VAT AT+ (o +ll AT+l B,
- ¥ n_.r + g+ —R=
D=1+d,,—d,

Viz(k+1))— (:c(k)) AV+AV+AV @1
)—

<a’ (k)(AT(R)AK) = 1,)a (k)
)

207 (W) BT(K) A (k) <>+2fT( (k). ) Bz, (k) + 247 (k) k) A (k) () THEr] 36218 531 2 (1) 9] A1 251 /P sy,
+Td( )B)Blk), (k) + £ (x (k). ) f (e (), )
o (k) Re (k) — ;( 2, (k) + (dy,—d,)a " (k) Re (k) D=1+d,—d, 22)
=z ( )(A T(k) (k)= (1+du_dn )R)x (k) AJr[AJr B+[B
+al (k)(B (k) B(k) - R) (> (A7 1+ VDB ) (S St VDS E ) (23)
+207 (k) B () A(K)a (k) + 277 (@ (k). k) Bk, (k) + 27 (2 (k). k) A (k) (k) B
£ ) ) e ). ) HnVD1P T <
<aT(k)(AT(k)A(k)— I + DR)x (k)
+a] (k)(B"(k) B(k) — R)z, (k)
1
+?IT(I§)A k) A(k)z (k) +ex T (k) BT(k) B(k) z, (k) =90 2 )3 o] AY S Aelste] tiYgahd 4 (24)
ol B2 (k)a (k) + ||1;7+|| T(k)B* B, (k) o] A %t‘ﬂ—]:]:
HieT (k)2 n . Aty
T "4 Vi (1)~ Vo ) 4)
+ta (k)x (k) , <2T)((1+et + ”]+ )A+"A+7[n
<21+ +—L)A" ' AT—1 + DR LA~
A , +DR+(n2+n\|A*||+nHB*H)1n)x(k)
+0 AN+l BEINL, o (k) +af (k) (1 + e+ H;*H)F B =R, (k) 4T (k)(14+e+ ||B+|| VBB~ R)x, (k)
(19) =zl (k) ((1+e+ B +H)B+ ‘B~ R)a, (k)
WAL D=1+d,—d, o tate] A 20)e] BN S AL @& AR
uF=3) _ ¢ oy S S +7 4+
TS . . (1+d,,—d,) 1+ +”B+H)B B +(1+ +|\A*H)A At—1,
—VDIB', 18, <~ VDL T BT e ol T Al <0
AN o FR Valk+1)— Vz(k) <0 ©] L & 4 3lek. o2
Hol7] §lste,
=
B . . B"'B* BB [
VDUBTIL + BT, + VD == Ty i, a5l
(- ZE ~1B*I) <0 2 3lo], 4] (23)9] F54 0] JPFE Ho| == g,

1371l

https://doi.org/10.12673/jant.2019.23.6.577 580



47 n +7
(1+dy—d, )1+ )B" B*
M O 1+d,—d, B 1B
1+d,,—d, IB"] ‘
+a M +m 77+ )A+TA++(772+7;|\A+H+17||B+||)In
14 (7]
<I

(25)
D=1+d,,—d, = 3} 2(25)& 4] (26)7} 3Fo] AT

a T
AT 4" Bt B*
++v/D
H +H IB*]]

B 'B*
— VDB I, — VD E ”B+” ST +lBI, <1,

A+ VDBl +m)(

+nl,)

(26)

o714, $19] mhx et 47)e] 2 B A IS o]-8-35hd 4
(27)] A& WSS

+T
W—U\/—HBWIH—U\/_ 0z +H +77HB+H1
BBt BB
=n(D=———VD=————VDIB'|I, +IB"III,)
1B 18"
T T
_ (DB+B+_\/—B+B+ \/—B+B+ B*B*)
B 157l 157l 1B 1Bl
\B*H (VDB —=B")"(VDB"—B")
+ Tt
(B2 B8

157
@7

b, 2] Q7% ol-g3te] 4] (28)% WEER,

= Z =
A% wE,

2(26)2] -

At BBt
(LA I+ VDIBT I +9)( R +VD T

,B" B
+n(VD—1)? <1,

nl) (28)

9] o] F-54S sk 4249 Vi (k+1) - Vix(k) <0

Olﬂé%ﬂﬂﬂﬂﬁ;ﬂU+Hw;wﬂff*—3<wﬂ%éﬂ

FU1

= J S}Ud (11),] /\]/\Eﬂo o}xqo]_]:“L
(147 1+ VDB I +n)* +9(v D= 1218 <1 29)

A+TA+

9 A (239 Al e <la*iz, =
BB . e
W<HB+H[H & o]&3sld St

SiX] gkom = ThdsiA AL 7l
ol ol Ty 24)2] HlFx E‘rﬂ =ldE ﬁ#é}ﬂ 55k
AT9]9} Al EHA|Z=RS] P 2=71[10], [11]%— A A
ojt}. 71 A3H9] 2l(4)<} Bl by, 3
olgh ks Vel &o] 7o S
[10]2} ¥laLalr] 918t 919] B & A&

e
-
BN
ot
e,
ihid

J

1
o>"
2

rE mlo

o ﬂr%%mrﬁﬁﬂé’ qE
TS I Al A AR el sk, 4 (30)9] 54
& WEsp 4 (1)) A s,
. . A+TA+ B+TB+
(la*l+1B ||+77)(7”A+H +7HB*H +nl,) <1, (30)

AXZYOI R ¢ =d , D=1°]H, 2] (23)°]

2le] Aah= /\1%&1 Aol et Axel FaEd [10] o A
9’]’ ET= a E}‘ 3.2114— [10]4 73_1,]—-—— /\]Etﬂ /\]/\Eﬂ
gk slo] o Hi Aoke wEA e o] A= Al AJ 2]
oh

o that Aol B2 [10]9] A3HE EFHF Aolrk. BHAUYS
elah) ke AlelAE Aol it QP ES 9 Qlitol
28 9 FelE Foha U] mEgelsh gk

wERE M AW AAAZFS 23 148 Baha o] o
thstel, 4 31e] F-e2s Wk A (11)9] Al

= 75
sele ekl

A+ T+d,,—d 157 <1 31)

slo] gelie] 2Ae o] Al o)k Al 8lolA el
Q=0 faEE BT e A aw thale] oA 208
wh$- 7Sk G5 A 02 A4 Atolek. o] Ak 7)Ee]
of7] ZHiolq AFHo] ANE Y ZNEE EAH o 4
a5 Qi Afolm, Zzte] AREL shbe) S4ow Ha
& &9 Q) o]tk

thg Aol A= ARk QP EAL 7)) dlAle] 4 g5tol
Qe A3E A e

www.koni.or.kr



J. Adv. Navig. Technol.

V. M2 =Zo| x| ofjx =&

[91°14] A2 ARE FA A S o] &3} [9]o] 4= A
W A2 B3 A XA 7o) take] b A SAS kit
[9]014] THE vhe} o] WA, Fe] Al A (11)2] AlEHE:
o2 o] g

A

00.10 0020
A" =10100|, 47=]02 0 0.1 32)
000 0010
0010 0020
B =|0100|, B"={020 0
000 0.2 0 0.1
Astel Aol

AlEE AARZES aEE}]
d,, =dypdy—d, =05 T, 3l A Alzhel] disted A2l
B} A S A8 d,—d, —0 o2 Tge) 2ow
wAE

m

7

At gt B+TB+
H= (l4A*+ VDIB* I +7)( e +vD T +nl,)

B 'B*
2
"V <4

= (l4*1I+ VDIB* | +n)* +n(vVD-1)1B I <1

VD=10]B& t}-go] 208 78 4 9tk

+1 + 7t
A A BBy < 33

= (IAMI+1B 1+ n)( + +nl, 8
A~ 157l ’ ’

RL=lAMN+IB+n <1

eyl 2719 g & 7

0.9288 0 0.1572
H=

0 08369 0 },/\max(f])—o‘9863<l
0.1572 0  0.5565

h1= A7 +IIB*I+7 =0.9957

A KA 7ol et d,,—d, =1, VD= 2] 750l g
oFg 2S WEEhs B8] A7191 4 & ek v
Fag=

n=0.35

0.9205 0 0.1879
H=| 0 07653 0 [\, (H)=09852<1
0.1879 0 0.4393

=(lA"I+ V218 1+ 7)?* +9(vV2—1)AB* 1 = 0.9911 < 1

https://doi.org/10.12673/jant.2019.23.6.577

>
ook [

A
sl

215 sk 28] A7IR] g = ek v

¢

o
—

e

1n=0.25

0 07146 O
0.2130 0 0.3514

A (H)=0.9922 < 1

max(

0.9215 0 0.2130
H=

= (4" 11+ VBB I +7)* +n(v3—1)21B*] = 0.9986 < 1

919] ool A} ko] AIbEL A o] el 7)) Aol
M= e 5 gl nAE BEye) g o) Thsein
chera Al A9l Alztel tlate] QPR l4e] Zhs s,

v.d B

2 =rollA e o] A oAb Elo A Al 2E i-F ) 2]
A AIZE BT Aol a1, o] &} 3hA| v]/d o] vl Tzl £
o] & Algle] QPdFxE A2 0] ARttt Alke
Z2dE Al A1) WE 9ot B8HalAge 7|7 F5a
o Zsle|o] Qir), wahA, AQFE PR 7| v
=l dhard AYES FAl e 4 9l - a9
ol Z2710lH, o|& XA 5 F5F] &A= Q)
References

[1] L. Farina and S. Rinaldi, Positive Linear Systems,; Theory
and Applications, New York, NY: J. Wiley, 2000.

[2] T. Kaczorek, Positive 1D and 2D Systems, London, UK:
Springer-Verlag, 2002.

[3] D. Krokavec and A. Filasov, “Stabilization of discrete-time
LTI positive systems,” Archives of Control Sciences, Vol.
27, No. 4, pp. 575-594, 2017.

[4] T. Kaczorek, “Stability of interval positive continuous-time
linear systems,” Bulletin of The Polish Academy of Sciences
Technical Sciences, Vol. 66. No. 1, pp. 31-35, Jan. 2018.

[5] M. Bustowicz, “Robust stability of positive discrete-time
linear systems with multiple delays with linear unity rank
uncertainty structure or non-negative perturbation matrices,”
Bulletin of The Polish Academy of Sciences Technical
Sciences, Vol. 55. No. 1, pp. 1-5, Jan. 2007.

[6] M. Bustowicz, “Simple conditions for robust stability of
positive discrete-time linear systems with delays,” Control
and Cybernetics, Vol. 39, No. 4, pp. 1159-1171, Apr. 2010.

[7] C. Zhang and Y. Sun, “Stability analysis of linear positive
systems with time delays on time scales,” Advances in



Difference Equations, Open access, Vol. 2012:56, 2012.

[8] M. Bustowicz and T. Kaczorek, “Robust stability of positive
discrete-time interval systems with time-delays,” Bulletin of
The Polish Academy of Sciences Technical Sciences, Vol.
52, No. 2, pp. 99-102, Feb. 2004.

[91 H. S. Han, “New Stability Conditions for Positive
Time-Varying Discrete Interval System with Interval
Time-Varying Delay Time,” of Advanced
Navigation Technology, Vol. 18, No. 5, pp. 501-507, Oct.
2014.

[10] C. H. Lee, T. L. Hsien, and C. Y. Chen, “Robust stability of

discrete uncertain time-delay systems by using a solution

Journal

St

& M (Hyung-Seok Han)

19864 28 : MSCIST HO{A ST 0} (SHA})
1993 82 1 M2ristn MO{A ZS} (SHkA})
19934 92 ~ 19974 8Y: =X & stm Mo AH=Zstn}
1997 9% ~ @A : JIMCistm MAlZstn m
M EHALEOE: REMO], AAMHO], MM S8 AlAH

583

bound of the Lyapunov equation,” Innovative Computing
Information and Control Express Letters, Vol. 8, No. 5, pp.
1547-1552, May 2011.

[11] H. S. Han, “Stability Condition of Discrete System with
Time-varying Delay and Unstructured Uncertainty,” Journal
of Advanced Navigation Technology, Vol. 22, No. 6, pp.
630-635, Dec. 2018.

[12] H. S. Han, “Stability condition for discrete interval
time-varying system with time-varying delay time,” Journal
of Advanced Navigation Technology, Vol. 20, No. 5, pp.
475-481, Oct. 2016.

www.koni.or.kr



