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A STUDY OF POLY-BERNOULLI POLYNOMIALS
ASSOCIATED WITH HERMITE POLYNOMIALS WITH
¢-PARAMETER

WASEEM A. KHAN* AND DIVESH SRIVASTAVA

Abstract. This paper is designed to introduce a Hermite-based-
poly-Bernoulli numbers and polynomials with g-parameter. By
making use of their generating functions, we derive several summa-
tion formulae, identities and some properties that is connected with
the Stirling numbers of the second kind. Furthermore, we derive
symmetric identities for Hermite-based-poly-Bernoulli polynomials
with g-parameter by using generating functions.

1. Introduction

The poly-Bernoulli polynomials have been the area of interest for
many researchers in recent decade. A wide-ranging applications from
number theory and combinatorics to other fields of applied mathemat-
ics belongs to the poly-Bernoulli polynomials (see [1]-[22]). Chad Brew-
baker in [3, 4] showed the number of (0, 1)-matrices with n-rows and k
columns uniquely reconstructible from their row and column sums are
the poly- Bernoulli numbers of negative index. Another application of
poly-Bernoulli numbers is in Zeta function theory. Stephane Launois in
[17, 18] proved the cardinality of sub-poset of the reverse Bruhat order-
ing is equal to the poly-Bernoulli numbers. Also Jonas Sjostrand [22]
found a relation between poly-Bernoulli numbers and the number of ele-
ments in a Bruhat interval. Also he showed the Poincare polynomial (for
value q = 1) of some particularly interesting intervals in the finite Weyl
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group can be written in terms of poly-Bernoulli numbers. Moreover Pe-
ter Cameron in [6] showed that the number of acyclic orientations of a
complete bipartite graph is a poly-Bernoulli number.

Kaneko [13] introduced and studied poly-Bernoulli numbers which
(k)

generalize the classical Bernoulli numbers. poly-Bernoulli numbers By,
with k € Z and n € N, appear in the following power series:

le (I1—e" (k t
BY ) 1.1
o Z (1.1)
where
Zm
Li = — 1 1.2
lk(z) — mk’ ‘Z| <1 ( )
and
Lij(z) = —In(1 — z), Lig(z) = ——, Li_1(z) = ———
1 - Y 0 _1_27 —1 _(1—2')2’

When k > 1, the left hand side of (1.1) can be written in the form of
iterated integrals

.1 b b t — (k1"
dtdt---dt =y B .
e e e 20

Here it is obvious that

B = B,.
Recently, Jolany et al. [10, 11] generalized the concept of poly-Bernoulli
polynomials as follows:

Let a,b,c > 0 and a # b. The generalized poly-Bernoulli numbers

B,gk) (a,b), the generalized poly-Bernoulli polynomials Bék)(

(k)(

the generalized polynomials By,
series respectively.

x;a,b) and
x;a,b,c) are appeared in the following

le(l — ab A
ot -t B _— 1.3
bt_a Z 1t < |Ina +1nb|’ (1.3)
Lig(1 — (ab)it) t - k t" 2
e =Y Bl — _— 1.4
bt — gt € nz_o n (xaavb)n!a|t|< llna—i-lnb\’ ( )
Lir(1— (@)™ o = i o
e = B @ab o < e (1)
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The 2-variable Hermite Kampé de Fériet polynomials (2VHKAFP)
Hy,(z,y) [18-20] are defined as

Tn27"

n(z,y) _nlzr‘n—Qr (1.6)

It is easily concluded from definition (1.6) that
H, (2z,-1) = H,(z) (1.7)
and
1
Hy, (x ) _5)
where H,(z) and He,(z) being ordinary Hermite polynomials.
Also

= Hey(z), (1.8)

H,(z,0) =2"
The generating function for Hermite polynomial H,(x,y) are given by
(see [19-21)):
2 > t"
eTttytt — ZHn(xvy)ﬁ (19)

Recently, Pathan and Khan [19] introduced the generalized Hermite

(k)(

poly-Bernoulli polynomials By’ (z,y;a,b,e) are defined by

le(l — (ab (E 2 t’I’L
‘7;j;7‘* ot E:HB (2. y:0,b,¢) (1.10)

(1t|<2m/(]| lna+lnb|),x,y€R).

The classical Stirling numbers of the second kind Sa(n, m) are defined
by the following relations

= Sa(n,m)(z)m, (1.11)
m=0

where (z)n = z(z — 1)(x — 2)...(x — (n — 1)) is falling factorial.
The Stirling numbers of the second kind is defined by (see [12, 14]):

Z&nmn (Gl (1.12)

m!

By the definitions of the polylogarithm function Lig(x) and the Stir-
ling numbers of the second kind, we get the following result.

Lig(1—e ") = Z (1 —e )" Z Z m!SQ(n,m)

m=1 n=1m=1

H
n!’

(1.13)
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Note that, Si(m) = 7, i* is a power sum polynomials (see [9],
12)).
The exponential generating function of the power sum polynomials are
expressed by
m+1)t _ 1

et —1

o

= Si(m)—. (1.14)

This paper is designed in five sections. In section two, we intro-
duce the generating functions of Hermite-based-poly-Bernoulli polyno-
mials with g-parameter and its properties. Section 3 deals with different
summation formulae involving Hermite-based-poly-Bernoulli polynomi-
als with g-parameter. In section 4, a relationship that are connected with
the Stirling numbers of the second kind and Hermite poly-Bernoulli poly-
nomials with g-parameter is obtained and the last section 5 is comprises
with several symmetric identities for there polynomials.

2. Hermite-based-poly-Bernoulli polynomials with ¢g-param-
eter

In this section, we introduce Hermite-based-poly-Bernoulli polynomi-
als with ¢-parameter by using generating functions. Also, we give some
identities of these polynomials and find a relation that is connected with
Hermite polynomials and classical Bernoulli polynomials.

Definition 2.1. For n € Z4 and k € 7Z, the Hermite-based-poly-

Bernoulli polynomials HB,%(x,y) with g-parameter are defined by

means of the following generating function:

Lig(1 — e_t) 2 = t"
Wew#yt = Z HBT(LI,Cg(‘/L‘7y)E7 (2.1)
n=0 ’
where
oo tn
Lip(t) =) 5
n=1

is the k" polylogarithm function.

Making x =y = 0, B,(fg(:v, y) = B,(f; are called the generalized poly-

Bernoulli numbers with g-parameter.
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When the condition allow q = 1, it is trivial that the Hermite-based-
poly-Bernoulli polynomials with g-parameter reduced to Hermite-based-
poly-Bernoulli polynomials (see [16]).

Remark 2.2. On replacing x by 2z and y = —1 in (2.1), we obtain

le;(l — e th 2 Z H L' (22)

eqt —

Remark 2.3. For y =0 in (2.1), the result reduces to

Lipg(1—e™) . <= tn

where B,gf; (z) are called the g-poly-Bernoulli polynomials.
Remark 2.4. On setting k = q = 1, (2.1) reduces to

2
] ettt ZHB x y (2.4)

where By (x,y) is called the Hermite-Bernoulli polynomials which is
defined by Dattoli et al. [8].

Theorem 2.5. The Hermite-based-poly-Bernoulli polynomials with
g-parameter holds the following relation:

- k
uBE) (@)= <m>B§L ) g (2, 9). (2.5)
m=0
Proof. By using equation (1.9) and (2.1), we obtain (2.5). O

Theorem 2.6. The Hermite-based-poly-Bernoulli polynomials with
g-parameter holds the following relation:

~(n n— k _
HBgfg(mm,y) = Z <l> (m—1) ZHB( )($ y)z" L (2.6)
1=0
Proof. By using the definition (2.1), we replace z by mz as

t” _ Lig(1 - -t
ZHB ma y lk(t € )em:ct-‘rth.
et — 1

_ Lik(l — eit) e(m—l)xt+yt2e:ct
a 1
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tn - - n n—I (k) n—I i

ZHB mz,y)— o Z Z I (m—=1)""uB;, (z,y)x ok

" n=0 Li=0 )
F mally, on equating the coefficients of ¢t in above equation, we get the
explicit result (2.6). O

Theorem 2.7. The Hermite-based-poly-Bernoulli polynomials with
g-parameter holds the following relation:

]
()

(=D)L (z — 7 + gl — gm)"~2PyP
(m+ 1)k '

w|3

m—+1 [

I
=)
3
Il
=)
N
Il
o
3

X

(2.7)
Proof. From generating relation (2.1) and equation (1.2), we have

Lik(1 — e_t)ext-i-th - - olat i (1 — e t)mtl ott?
edt — 1 l (m+1)F

=0 m=0

[e'e) l _
Zzez mygt (L —e™ )™ +1€xt+yt2
(m+ 1)k

=0 m=0

SE( ;’ﬁf) ()i

r

0o 00 I m+1 [%] n—2 n
_ m—+1 rop (x—=7r+gl—qm)"™P  yPt
_ZZZ ( r >(_1) " (m+ 1)k pl(n —2p)!"

(2.8)
On equating the coefficients of same powers of " from (2.8), we have
our result. O

3. Summation formulae for Hermite poly-Bernoulli polyno-
mials with ¢g-parameter

In this section, we define summation formulae involving Hermite poly-
Bernouli polynomials HBS:’}; (x,y) with parameter ¢ and their basic prop-

erties.
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Theorem 3.1. The following summation formulae for Hermite poly-
Bernoulli polynomials with g-parameter holds true:

l,p
k l p m4+n k
iz = X (0 ) (B ) Gom sl e

m,n=0
(3.1)
Proof. We replace t by t+u and rewrite the generating function (2.1)
as
Lir(1 = ()" v _ —a(es uP
ed(t+u) — 1 el g Z Bl+p q l' (3-2)
l,p=0

Replacing x by z in the above equation and equating the resulting
equation to the above equation, we get

tl up th P
(=) (t+u) Z HBHM z y Z HBHM z,y) e (3.3)

m,l=0 l,p=0

On expanding exponential function, (3.3) gives

o0

[(z—x t+u tl up tl up
Z Z Bl+pq ,y Il ZHBlerq ll
N=0 l,p=0 l,p=0

which on using formula [23, p. 52(2)]

Zf ."L‘+y an+m

in the left hand 81de becomes

> m+ntm n

(z —x) > t up tl up
Z mln! Z Bl+pq Z HBl+p q ll
m,n=0 l,p=0 l,p=0
(3.5)
Now replacing 1 by I — m, p by p — n in the left hand side of (3.5), we

get
e’} l,p |
! b (Z — :L')m+n ) g
2, = <m> <”> W"fBHp—m_n,q(SC,y)ﬁH

l,p=0m,n=0

> (k) thuP
= Z HBl+p,q(Z’ y)ﬁﬁ (36)
1,p=0
Finally on equating the coefficients of the like powers of t and u in the
above equation, we get the required result. ]
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Remark 3.2. By taking [ = 0 in Equation (3.1), we immediately
deduce the following result.

Corollary 3.3. The following summation formula holds true:

W8 =3 (2 ) G- aruB . )

n=0 "
Remark 3.4. On replacing z by z + x and setting y = 0 in Theo-
rem 3.1, we have

WB 0= 3 () (%) emmsl, e @)

m,n=0
Whereas by setting z = 0 in Theorem 3.1, we get another result
involving poly-Bernoulli polynomials of one and two variables.

50.0= 3 (L) (2 ) o mast . 69)

m,n=0

Remark 3.5. For y = 0 in Theorem 3.1, the following summation
formula holds true:

BY (2) = li (fn ) (Z)(z—m)%meﬁ;_m_w(x). (3.10)

m,n=0

Theorem 3.6. The following summation formula for Hermite-based-
poly-Bernoulli polynomials with g-parameter holds true:

n n B
HBI)(z+u,y) = <Z>HBZ(Z) (@, y)u"". (3.11)
=0

Proof. Making = as = + w in (2.1), we have
e e} n . —t
(k) t"  Lik(1—e™") (w2
ZHBl,q (:E+u,y)m—4eqt_l platu)tty

n=0

. —t
_ le(l — € )eact+yt2 eut
edt — 1
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ZHqu vt ZZ( Jubty

n=o [=0

On comparing the coefficients of t", we get the explicit result (3.11). [

Theorem 3.7. The following summation formula for Hermite-based-
poly-Bernoulli polynomials with g-parameter holds true:

n

aBE @ty o)=Y (7)HB§§> (o) Hoauyv). (312)
=0

Proof. On changing x and y both by x +w and y + v, respectively, in
(2.1), we get

o0 .
t" Lig(1—e™Y) 2
() T 2R TR (tu)tt (o)t
;HBn’q(eru’erv)n! T et 1 ¢

: —t
_ Lip(1—e™) pTtHyt? Juttut?

et — 1
—ZHBanUy nz tm
_ZZO< >HBn mq(aj y)H ('LL,’U)%
nz;)HBnq T+ u, y+v nz;)mZ:O< >HBn mq(x y)Hm(u,v):L—n'

On comparing the coefficients of t", we get the explicit result (3.12). O

Remark 3.8. On making ¢ =1 in (3.11) and (3.12) respectively, we
obtained a known result of Khan et al. [16].

Theorem 3.9. The following summation formula for Hermite-based-

poly-Bernoulli polynomials with g-parameter holds true:

HBk

n,q

]
|
Syl B, e . (3.13)

n?][;
A “mljl(n —2j —m)!

m=0 j=0

Proof. We start with

Lir(1—e™) sz [ o= i) 1™ t%
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_ no\ nemp) | i
-3 (3 () 5 (0
n=0 \m=0

B0

Z HBn,q(xa y)ﬁ

n=0

25 (3]

e em=2j,5 [ W25\ gk t"
Z Z —0 y<m > L (n = 25)10

Equating the coefficients of £ o1, we get the result (3.13). O

Theorem 3.10. The following summation formula for Hermite-
based-poly-Bernoulli polynomials with q-parameter holds true:

[ ]n 27
#BR @ +1y) =Y < >yiB£,';}q(x). (3.14)

7=0 m=0

Proof. By the definition of Hermite-based-poly-Bernoulli polynomi-
als, we have

le(l —e ) 2 t"

o [15ln

NI D3PS

n—2j ; t"
( J > y]B'r(r]f,)q<m) R
n=0 \ j=0 m=0

n!

(3.16)
Combining (3.15) and (3.16) and equating the coefficients of £; leads
to formula (3.14). O
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Theorem 3.11. The following summation formula for Hermite-
based-poly-Bernoulli polynomials with g-parameter holds true:

m

aB®@+1,y) =Y ( n >HBT(1k_)m7q(x,y). (3.17)

m=0

Proof. By the definition of Hermite-based-poly-Bernoulli polynomi-
als, we have

t"  Lig(l —e 2
ZHBnqx+1y +ZHB7Lq$y7| thi}yt (€t+1)
n=0

n=0

_ZZHBnmq‘ry)n_ +ZHB,qu

n=0m=0

Finally, equating the coefficients of %, we get (3.17).

Theorem 3.7. The following summation formula for Hermite-based-
poly-Bernoulli polynomials with g-parameter holds true:

uBY s (~2,y) = (=1)"uBE) (2, y). (3.18)

Proof. We replace ¢t by —t in (2.1) and then subtract the result from
(2.1) itself finding

T e = - st

n=0
which is equivalent to
e m e m o m
n=0 n=0 n=0
[ee]
ZHB““ B () = = (1B )
n=0

and thus by equating the coefficients of o, we get (3.18). O
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4. Relation with Stirling numbers of the second kind

In this section, by using the generating function of the Stirling num-
bers of the second kind, we derive some interesting relations that is as-
sociated with the generalized Hermite-based-poly-Bernoulli polynomials
with g-parameter.

Theorem 4.1. The following relation holds true:

n r+l l+r+1
DTS, (r 4 1,0)
B® - " ( B, (41
1By (@,y) ;( 2 W) @) (41)

Proof. By Definition 2.1, we have

o0 .
t"  Lig(1 —e™") 2
k) A k xt+yt
ZHBH,Q x,y)n!— cdt —1 ©

[e.o]

oo n+l 1)i+n+1 n
(1) 1Sy (n + 1,1) ¢
F(n+1) ZHB ’qu

I
(]

n=0r=

0
0 T+l l+n+ll'S n
o(r+1,1 t
-3y (S >HBnr,q<x,y>n,.
n=0 =0 '

n

k
—~ k(r+1)
(4.2)
By comparing the coefficients of % on both sides, the proof of Theo-
rem 4.1 is now complete. O

Theorem 4.2. The following relation holds true:

) (m, 1)) B nl
5 ZZ() 1 l)"mqyp(n—2p) (43)

=0 m=0

Proof. Using Equations (1.13) and (2.1), we obtain

n L 1— —t
ZHBﬁﬁq’ 2,y i ”‘e(e)Ket — 1) + 17ev”

a 1
L1k1—et i e—l iyptzp
|
1=0 p=0 P

n D42p
_Z ]fr;nu Zngl Zypg
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n—2 n! pym
_ZZZZ( p> Biap-mal )132(m’l)p!(n—2p)!yn! '

n=0m=0 [=0 p=0
Comparison the coeflicients of equal powers of ¢ leads to our result. [

Theorem 4.3. The following relation holds true:

"~ (1
uBl (@ +1,y) — uBE)(2,y) = (n) #BY), (x.9)S(n,1). (4.4)
=0

Proof. In order to proof the above result we start with the Left-hand
side of the above equation as

o0

> B @+ 1) - wB @) =
n=0

By using the result (2.1) and (1.12), we have

> [HBS?(%LL?J) uBM) (x } ZHB z y)ﬁZ:Sz(n,l)H
n=1

n=0

t" Lik(l — e_t) eoct+yt2
n!  edt —1

(e' —1).

oo 1 n
S22 ()i Ty

(4.5)
Comparing the coefficient on both sides, we obtain the desired result. [

5. General symmetric identities

In this section, we consider several symmetric properties of the
Hermite-based-poly-Bernoulli polynomials with g-parameter. Such type
of identities introduced by Khan et al. (see [16]) and Pathan and Khan
(see [19], [20], [21]).

Theorem 5.1. Let m1, mo be non-negative integers and k € Z, the
following symmetric relation holds true:

. n -r T
Z <r> my” my r(zk—)r,q(mﬂ, mQy)B;",]Z) (miz, m1y)
r=0
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n
n _
= <T>m§ quBkaf)r,q(mlm7mly)B7€ﬁ]) (max, may). (5.1)
—0

T

Proof. Consider

- Lik(l — e_mlt)Lik(l — e_mQt)

2 t+2m3im3yt>
G<t) - (eqmlt—l)(eqmlt—l) e ey
G(t) _ le(l — e—m1t) mymozt+mim3yt? sz(l — e_m2t) mymozt+mZmiyt?
- (eqmlt—l) € (eqmgt—l)

o) mat n X mot T
G(t) = ZHBTS’fg(mzx,mw)( ;!) ZHBgfc);(mlxvmly)< :1)
n=0 r=0

o n
n _ t"
G(t) = Z Z (T) m? ngHBgcq) (mlx, mly)HBT@m(mgx, mgy)ﬁ.
n=0r=0 )

(5.2)

Similarly, we can say in another way

o n n . ¢
G(t) = ZZ <r>mg mgHBf«,k;)(mzﬂﬁ,m2y)HBq(ﬁr,q(m1$,mly)m-

n

n=0 r=0
(5.3)
Comparing the coefficient of Equation (5.2) and (5.3), it is clear to
Theorem 5.1. Ul

Using the Equation (1.15), we have the following symmetric identity
of the Hermite-based-poly-Bernoulli polynomials.

Theorem 5.2. Let my, ms be non-negative integers and k € Z, the
following symmetric relation holds true:
n
n : —m n—r_.r - Q
> <T>L1k(1 — e " " mimy T HBLY) (max, may) Sy (my — 1)
r=0

n

n . —m n—r_r._n—r Q
(T)le(l—e )" mim] HBSg(mlx,mly)Sn_r(mg—1).
r=0

(5.4)

Proof. Consider

Hp) — le(]. _ e—mlt)Lik(l _ e—mgt)(eqmlmgt _ 1)(eqm1mgxt+qm%m2yt2)
)= (et — 1) (e — 1)
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m2t r - qm2t)n
H{(t) = Lik(1 ZHB H12X,m2y Z (mp—1 T
n=0 '
[oe) n
:Z < )le (1 —e ™2q" "mjm5~"
n=0 r=0

~ tn
uB®) (maw, may) Sy (my — 1)5. (5.5)

Similarly we can write

0= 33 (M )ritt et
n=0 r=0
n

& t
uB®) (miz, m1y) S, (ma — 1)5. (5.6)
On comparing the coefficients of equal powers of ¢, we have our result.

O

Theorem 5.3. Let my1, mo be non-negative integers and k € 7Z, then
the following symmetric relation holds true:

sy eSS ()t
n=0

n=0 r=0

Xgn—r(mZ - 1)q71m2_1HBn,q(m1xa mZy)

(k) (mat)" = Bk) (mat)" (7 n—1_r—1_ n—r
= Bl Bl 2 ) me
) n=0 ) n=0r=0

X Sp_p(my — 1)q_1mf1HBn7q(m2$, myy). (5.7)
Proof. Let h(t)

P _ le(]. _ e—nnt)Lik(l _ e—mgt)(eqmlmzt ) eqmlmgxt—&—qu%m%yt)
(t) - (eqmn‘, _ 1) (eqmgt _ 1)2
0 0 [e9)
_ k) (mat)" k) (mat)" & (gmat)” .y 4
=2 B 2 B 2 Seer(me = )0 ’
n=0 n=0 r=0
00
(gmat)"”
XnZ:OHBn,q(mlwvmly) ]
0 o9 © n
_ gy (mat)" k) (mat)" N\ o1 o1 ne
=D Bl Y Bl Y () g
n=0 n=0 n=0 r=0
5 n
XSp—r(me —1)g~ 1m2 HBn q(miz, mly)—' (5.8)
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Similarly we can say

P =3 B S g S S ()t

n
X Sp—r(m1 — 1)q_1mf1HBn,q(m2x,m2y)t—

(5.9)

Comparing the coefficient of t + form the above Equations (5.8) and
(5.9), we find the symmetric 1dent1ty (5.7). O

6. Concluding Remark

The poly Bernoulli polynomials associated with Hermite polynomials
with g-parameter plays a major role in number theory and combinatorics
to other field of applied mathematics. We can relate generalized polyno-
mials by defining a Gould-Hopper based polynomials with g-parameter
as

le(l —e t4yts k, t"
S i ZHB( X (6.1)

The equation (2.1) may be derived from (6.1), if we set s =2 in (6.1).

This process can easily be extended to established multi-variable Her-
mite poly-Bernoulli polynomials with g-parameter, multi-variable Her-
mite poly-Euler polynomials with g-parameter and multi-variable Her-
mite poly-Hermite polynomials with g-parameter.
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