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Abstract

A pendubot is a representative example of an underactuated system that has fewer actuators than the degree of freedom of the

system. In this study, the characteristics of the pendubot are first reviewed; each part is then designed using Solidworks by

dividing the pendubot into three parts: the base frame, first link frame, and second link frame. These three parts are then

imported into the Simulink environment via a STEP file format, which is the standard protocol used in data exchange between

CAD applications. A 3D model of the pendubot is then constructed using Simscape, and the usefulness of the 3D model is

validated by a comparison with a dynamic equation derived using the Lagrangian formulation. A linearized model around an

upright equilibrium position is finally obtained, and a sliding mode controller is designed based on the linear quadratic regulator.

Simulation results showed that the designed controller effectively maintained upright balance of the pendubot in the presence of

disturbance.

Index Terms: 3D Modeling, Balancing Control, Sliding Mode Control, Underactuated Robot

I. INTRODUCTION

Underactuated systems have fewer actuators than the
degree of freedom of the system, and they are found in many
robotic applications, such as walking robots, robotic hands
with many joints, or robots used in hazardous environments
[1]. They belong to the class of non-minimum systems
because of severe nonlinearity and input/state limitations
which make it hard to control. Therefore, the control of the
inverted pendulum, which is one of underactuated systems,
is the most attractive problem in controls, and the inverted
pendulum is often used to demonstrate a variety of concepts
relating to nonlinear control, such as stabilization or the pos-
tural balance of unstable systems. Predictive control is a
good method among systematic methodologies for rectifying
this challenging control problem [2].

The pendubot is a type of inverted pendulum, and the

main problems associated with its use relate to swing up,
posture balance, and trajectory tracking. The swing-up and
balancing control problems can be addressed as a control
system design problem using linearization with partial feed-
back and the linear quadratic regulator (LQR) or pole place-
ment method for stabilization around the desired equilibrium
position [3].

Based on the difference between the actual energy and the
pendulum energy required to reach the desired position in
the case of swing-up, Gulan et al. proposed that a model pre-
dictive control to guarantee stability [2]. In addition, Xin et
al. improved previous energy-based control solutions by fur-
ther analyzing the motion of the pendubot [4].

Lee and Coverstone-Carrol proposed three control algo-
rithms for stabilizing underactuated robots at unstable equi-
librium points. The well-known LQR technique was firstly
described, and a stabilization control method using partial
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feedback linearization technique was then presented. How-
ever, both of these methods assumed that the dynamic model
was accurate, whereas the mathematical modeling was inac-
curate in practice; therefore, a robust controller using sliding
mode theory was adopted [5].

A typical modeling method used in the simulation of
dynamic mechanical systems is the modification of Lagrang-
ian equations or Newton-Euler dynamics into state equa-
tions; these are then solved numerically according to given
input and state conditions. Another approach is the use of 3D
modeling and simulation tools, such as Mathworks' Simulink
and Simscape.

Simscape enables designers to rapidly create models of
physical systems within the Simulink environment, such as
humanoid robots, mobile robots, and electrical machines.
Simscape supports 3D modeling primitives, such as body
elements, joints, frames and transforms, and forces and
torques. It can also solve the equations of motion for the sys-
tem in assembled 3D models without the derivation of
dynamics, and it can import complete CAD data through
several protocols that can be exchanged between 3D CAD
applications. A 3D animation can also automatically visual-
ize the behavior of mechanical systems [6]. 

In this study, a 3D model of the pendubot is constructed
using Simscape and the usefulness of the 3D model is veri-
fied by comparing its behavior with dynamic motion induced
by Lagrangian-formulation. Using this 3D model, the author
then explores the use of an effective control method to
ensure the posture balance of the pendubot.

II. MODELING OF TWO-LINK ROBOT

As shown in Fig. 1, the pendubot is an interesting example
of an inverted pendulum and is an underactuated system with
fewer control inputs than degrees of freedom. The pendubot
is thus a planar two-link robot working against gravity, with
an actuator at the first joint but no actuator at the second

joint. The most common control tasks for the pendubot that
have been previously studied are those of swing-up, posture
balance, and trajectory tracking [2-3].

A. 3D Pendubot Model

1) 3D Modeling

Simscape contains 3D modeling capabilities and can thus
be used to construct a mechanical model; however, it lacks
efficiency when constructing complex structures. This study
used Solidworks, which is specialized for 3D CAD, to
design each part of the pendubot. The pendubot was divided
into three parts: the base frame, first link frame, and second
link frame (as shown in Fig. 2). These parts were then
imported into Simscape through the STEP format, which is
the standard protocol used in data exchange between CAD
applications. All parts were designed based on the z-axis of
the Cartesian coordinate system, and the z-axis became the
rotation axis during assembly of each part.

By designing complex parts in Solidworks and importing
them into Simscape, it is possible to automatically calculate
the center of mass and the corresponding moment of inertia
for each part, which is advantageous when establishing the
equation of motion for the pendubot. It is also useful when
designing controllers that utilize dynamics in whole or in
part; for example, when employing the computed torque
method.

2) Assembly of 3D Models

Each part was assembled using Revolute Joint blocks and
Rigid Transform blocks, as shown in Fig. 3. In the joint
block, input ports can be defined to receive external force/
torque inputs and output ports for the sensing position,
velocity, and acceleration; these ports can then be used in the
design of a controller.

Fig. 2. Individual model of each pendubot part.Fig. 1. Schematic of two-link pendubot.
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The Revolute Joint block uses the common z axis of the
attached frames as the joint rotation axis. For the pendubot
to be influenced by gravity according to the coordinate sys-
tem and gravity direction shown in Fig. 1, the gravity vector
was set to [0 -9.81 0] using the Mechanism Configuration
block. The y-axis was subject to gravity, and the rotation
through the z-axis could thus be observed.

The final assembled 3D model of the pendubot is shown in
Fig. 4, and this 3D model simulation enabled physics-based
animation.

B. Mathematical Modeling

To verify the 3D pendubot model constructed in the previ-
ous section, we derived a mathematical model using the fol-
lowing Lagrangian formulation based on the geometric
parameters shown in Fig. 1 [1-2],

(1)

where the Lagrangian, L, is defined as the difference between

the kinetic energy, T, and the potential energy, G, of the sys-
tem, and the Rayleigh dissipation function, R, is denoted for
friction. θ = [θ1 θ2]T is the vector of the angles of all joints
in generalized coordinates, and τ = [τ1 τ2]

T denotes the
external control force vector.

From (1), the equation of motion was obtained as follows,

(2)

where bi is the coefficient of friction, si = sinθi, ci = cosθi,
and si+j = sin(θi + θj). In addition, Ii is the moment of inertia
at the joint, which was obtained from the moment of inertia
at the centroid using the parallel axis theorem as follows.

(3)

Ici was calculated automatically according to the shape in
Solidworks or Simscape.

To enable simple construction of the Simulink model, (2)
was rewritten with [q1 q2]

T = [θ1 θ1 + θ2]T , as follows,

(4)
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Fig. 3. Assembly of two-link pendubot.

Fig. 4. 3D model of two-link pendubot.

Fig. 5. Mathematical model created using Simulink.two-link pendubot.
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The pendubot is a robot with no actuator in the second
joint; therefore, the applied torque, τ2, was set as 0. 

The mathematical model designed in (4) was then con-
structed using Simulink, as shown in Fig. 5.

C. Comparison between 3D Model and Mathematical 
Model

To verify the conformity between the 3D model and the
mathematical model of the pendubot shown in Figs. 4 and 5,
a simulation of free pendulum movement with no control
input was conducted, and the mechanical parameters of the
pendubot used in the simulation are shown in Table 1.

The results of the simulation with the initial position set to
[θ1 θ2] = [25° -25°] are shown in Fig. 6, and it is evident
that the simulation results of the two models agree with each

other. It was thus expected that the same result would be
obtained using only a 3D model of Simscape when simulat-
ing the balancing control of the pendubot after configuring
the controller. 

III. BALANCING CONTROL

In this study, a sliding mode controller for balancing con-
trol at equilibrium positions was also designed, as shown in
Fig. 7. 

Although it was possible to obtain a linearization model
around the operating point by applying the linearization
technique using Taylor expansion [7], it was easier to obtain
an linearization model (such as in (5)) for the upright equi-
librium position, [θ1 θ2] = [180° 0°] using the linearization
function provided by Matlab (as shown in Fig. 8),

(5)

where x(t) and u(t) represent the perturbation state vector
and perturbation input, respectively, which indicate the
degree of deviation from the upright equilibrium position.

In addition, for the sliding mode controller design, the
sliding surface function was defined as follows:

. (6)

Furthermore, to obtain reduced-order sliding mode dynam-
ics, the following orthogonal transformation matrix was
introduced as follows:
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Table 1. Mechanical parameters of pendubot model

Parameters Value

Link 1

Mass, m1 0.78304 kg

Length, l1 0.18 m

Distance from centroid to joint 1, l
c1 0.09556 m

Moment of inertia at centroid, I
c1 0.002569 kg m2

Moment of inertia at joint 1, I1 0.0097197 kg m2

Friction coefficient, b1 0.05 kg m2/s

Link 2

Mass, m2 0.67290 kg

Length, l2 0.14 m

Distance from centroid to joint 2, l
c2 0.08201 m

Moment of inertia at centroid, I
c2 0.001684 kg m2

Moment of inertia at joint 2, I2 0.006209 kg m2

Friction coefficient, b2 0.001 kg m2/s

Fig. 7. Equilibrium positions of pendubot.

Fig. 6. Simulation results of 3D model and mathematical model of pendulum

movement.
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 (7)

The sliding matrix, S, was determined by the matrix, M,
and designed to minimize the cost function, J=½∫xTQxdt [8],

(8)

where

(9)

and the positive matrix, P, is the unique solution of the fol-
lowing Riccati equation:

(10)

Furthermore, to eliminate chattering, the sliding controller
was designed as follows:

(11)

To satisfy the stability of Lyapunov, ρ must be determined

to satisfy ρ·(SB) > 0.
In this study, the sliding plane was obtained as S = [27.19

4.80 25.77 2.92] by setting to Q = diag[100 100 100 100] for
the sliding mode controller design in an upright equilibrium
position. The overall control system implemented in the inte-
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Fig. 8. Linearization of pendubot using Matlab.

Fig. 9. Overall control system of pendubot.

Fig. 10. Simulation results of balancing without control.

Fig. 11. Simulation results of balancing with control.
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grated environment in Simulink for balancing control of the
pendubot is shown in Fig 9 (as SB is negative, ρ was also set
to be negative).

The simulation results with no control or disturbance
applied are shown in Fig. 10, where it is evident that the
pendubot was initially balanced; however, as the upright
equilibrium position was unstable, it eventually moved to a
stable equilibrium position that pointed downward. 

The behavior of the pendubot with the sliding mode con-
troller in operation is shown in Fig. 11. The initial position
was set to [θ1 θ2] = [175°, 5°], and a white noise disturbance
force was applied from 1.3 sec to 2.9 sec to verify the
robustness of the designed sliding mode controller. As
shown in the figure, the designed controller enabled the pen-
dubot's trajectory to quickly reach the sliding plane and to
move to the equilibrium position. The upright balance was
also well-maintained, even though disturbance was applied.

IV. CONCLUSIONS

The pendubot is one of the representative systems inherent
in underactuated robots. In this study, a pendubot was cre-
ated using Simscape and Solidworks, and the usefulness of
the 3D model was verified using a comparison with a
dynamic equation derived using the Lagrangian formulation.
A linearization model was extracted to investigate balancing
control around the upright position, and a sliding mode con-
troller based on LQR was designed and implemented
through Matlab and Simulink. Using the integrated simula-
tion environment in Simulink, the designed sliding mode
controller was shown to effectively maintain the upright bal-
ance of the pendubot, even in the presence of disturbance. 
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