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(p,q)-LAPLACE TRANSFORM

YOUNG ROK KIM AND CHEON SEOUNG RYOO*

ABSTRACT. In this paper we define a (p, q)-Laplace transform. By using
this definition, we obtain many properties including the linearity, scaling,
translation, transform of derivatives, derivative of transforms, transform of
integrals and so on. Finally, we solve the differential equation using the
(p, q)-Laplace transform.
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1. Introduction

Let f(z) be a given function that is defined for all x > 0. The Laplace
transform % of a function f(x) is given by

L{f @) / f(z)e " dz,

where s € C, 2i(s) > 0, Pi(s) denotes the real part of s. This Laplace transform
plays a very important role in pure and applied analysis, especially in solving
differential equations.

Many authors studied the extended version of the g-version of Laplace trans-
form(see [1, 2, 3, 4, 12] ). Hahn [12] defined the g-analogues of the Laplace
transform £, by

LU0 = 1 [ et @36) > 0)
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and
L /(1)) /f (—gst)dgt,  (R(s) > 0),

where the g-analogues of the classical exponential function is defined as:

%@=Z(”::1 (It < 1),

— (@Ga)n (B0

and
S (—1)ng
Et)=) ~———~——=(tgx (teC).
7;) (¢ Dn I

Recently, P. Njionou Sadjang [11] constructed the (p, q)-Laplace transform as-
sociated with the (p, ¢)-calculus involving (p, ¢)-exponential, (p, q)-integration,
and (p, g)-differentiation.

For a given function f(t), Sadjang define the (p,q)-Laplace transform by
means of

2, F() /f -1 (=sqt), 5> 0, (1)
and

2 (@) / f(t)ep.q(—spt), s >0, (2)

where equation (1) is called the (p, ¢)-Laplace transform of the first kind, and
equation (2) is called the (p, ¢)-Laplace transform of the second kind.

In this paper, we reconstruct the definition of (p, ¢)-Laplace transform by re-
ferring to Hahn’s definition of g-Laplace transform and Sadjang’s (p, ¢)-Laplace
transform. We demonstrate several properties for the newly defined (p,q)-
Laplace transform based on Equation (1).

2. Basic definitions and miscellaneous results

We introduce the following notations and definitions in [5, 7, 8, 9, 10, 11].
The (p, ¢)-number is defined by, for any number n,

O p-a
pP—q
which is a clear generalization of g-number when p approaches 1. That is,
;Ln%[n]p7q = [n]q. For n € N, the (p, g)-factorial is defined by [5, 7, 11]

n
p7q H D¢ L [O]nq!:l'

We also introduce the so-called (p, ¢)-binomial coefficients in [7, 9, 10, 11].

n [1]p,q!
=——2—— 0<k<nmeN.
|:k:| P,q [kh’vq![n - k]pvq!

)
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Note that as p — 1, the (p, ¢)-binomial coefficients is the ¢-binomial coefficients.
The following equation is obvious by definition.

I

Definition 2.1 ([9, 11]). Let f be an any function and a be a real number.
Then the (p, ¢)-integral of f is defined by

E
/f dpqr = (p —q)szJrlf(pZHa) if ‘Z‘>l.

Definition 2.2 ([9, 11]). The improper (p, g)-integral of f(x) on [0, oo] is defined
to be

o0

> ' ' p
/0 f@)dpgz=(—0q) Y pj+1f<pj+1a>’ O<§<1’

j=—c0

where f is a function defined on the set of the complex numbers.
Definition 2.3 ([5, 6, 7, 8, 9, 11]). We define the (p, ¢)-derivative operator of

any function f, also referred to as the Jackson derivative, as follows:
f(px) — flqz)
Dyqf(z) = BT z # 0,
and D, ,f(0) = f/(0).
Proposition 2.4 ([6, 7, 9, 11]). This operator D, , has the following basic
properties: (i) Derivative of a product
Dy o(f(x)g(x)) = f(px)Dpag(x) + g(qz)Dp g f (2)
= 9(pz) Dy f(z) + f(qz)Dp,qg(z).
(i) Derivative of a ratio
D (f(x)> _ 9(qz)Dy o f (x) — f(q2) Dp.q9(x)
P2\ g(z) 9(px)g(qz)
9(px)Dyp o f(x) — f(pz)Dpe9(x)
9(px)g(gx) ‘

Proposition 2.5 ([6, 9, 11]). Let F(z) be a (p,q)-antiderivative of f(x) and
F(z) be continuous at x = 0. We get the following equation

/bf(m)dpﬁqx:F(b)—F(a), 0<a<n<oo.

Corollary 2.6 ([6, 9, 11]). Let f (2) ezist in a neighborhood of x = 0 and be
continuous at x = 0. If f' (z) denotes the ordinary derivative of f(x), then we
obtain the following equation

b
| Dot @)y = 1) - fla)
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Proposition 2.7 (6,9, 11]). Let f(x) and g(x) be two functions whose ordinary
derivatives exist in a neighborhood of x = 0. If a and b are two real numbers
such that a < b, then we have the following equation

b

b
/ F(p2)(Dyogg (2))dyg = F(B)g(b) — F(a)gla) — / 9(42) Dy f (2))dp g

a

Definition 2.8 ([6, 7, 8, 11]). Let z be any complex numbers with |z| < 1.
Then the two forms of (p, ¢)-exponential functions are defined by

ep.q(2) = ZP(Z) [ z

n
'7

ne0 np.q

0o . o
Epa(2) =) q) [nlpq!
n=0 p,q-

The useful relation of two forms of (p, ¢)-exponential functions was obtained
by
€p,q(2)Epq(—2) =1, Epq(2) = €p-1,4-1(2).
Proposition 2.9 ([7, 8, 11]). Let A be a complex number. Then we have the
following equations

Dyp,qep,q(Ax) = Aep,q(Apz),
Dy qep-1.4-1(Ax) = Aep-1 -1 (Aq).

Proposition 2.10 ([7, 11]). Let n be a nonnegative integer. Then we obtain the
following equations

Dy epq(Ar) = )\"p(;)eﬂq(/\p"x),
Dy ep-1,4-1(Ax) = )\nq(g)ep—l’q—l(Aan').

Using Definition 2.8, we get the following proposition.

Proposition 2.11 ([7, 11]). Let n be a nonnegative integer. Then we get the
following equations

= (—1)p(%)

cosp 4(2) = ey L
P ,;) [2n]p,q!
00 2n41
. (_1)np( ) 2n+1
siny, 4(z) = —_— ,
e nE::O 2n + 1]pq!

> (—1)7¢(¥)
Cosp q(2) = cosp-1 4-1(2) = Z (1)7(]22

n

"0 [2n]p,q! 7
o) 2n+1
. . (=0 L
Sin, o(z) =sin,—1 ,-1(z) = AR
p.a(%) p~1q 1(z) Z 2n + 1],

n=0
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Using Proposition 2.11, we derive the following proposition.
Proposition 2.12 ([7, 11]). The following relation equations hold true.
€08p,q(2)C08p,q(2) + sing ¢(2)Sing,q(2) =1,

sing, 4(2)Cosp q(2) — cosp 4(2)Sing 4(z) = 0.

The (p, q)-analogues of the hyperbolic functions can be defined in the same
way as well-known Taylor expressions using exponential functions.

Proposition 2.13 ([7, 11]). Let n be a nonnegative integer. Then we obtain

cosh,, 4(2) = €p,q(2) +2€p7q(_z) _ i [;(;2”) 2n
n—o “Mp,q*
sinhy (2) = al2) - ep,q - i 271(—2:11) Pans
Coshyp q(2) = eptq= (%) +26P -1(—2) _ i [qu(f) '22n7
n=0 NP.a
Sinhy 4(z) = ep-1.q-1(2) —2ep—17q—1(—z) _ i [22(_2:21]1) 'zQ"H.
0 X

Using Proposition 2.13, we get the following proposition.
Proposition 2.14 ([7, 11]). The following relation equations hold true.
coshy, 4(2)Coshy q(z) — sinh, 4(2)Sinh, 4(2) =1,
coshy, 4(2)Sinhy q(2) — sinhy, ((2)Coshy, 4(2) = 0.

Definition 2.15 ([7, 11]). For any n € N, we propose (p, ¢)-Gamma function
as

(n=1)(n-2)

[pgn+1)=p > / 2" ep-1 g1 (—qa)dy gz
0
Using Definition 2.15, we have the following Proposition 2.16 and Lemma
2.17.
Proposition 2.16 ([7, 11]). For any n € N, we have
Lpq(n+1) = [n]pel'pq(n).

Lemma 2.17 ([7, 11]). For any n € N, it follows from equation in Proposition
2.16 that

Lpq(n+1) = [n]pq!
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3. Properties of the (p, q)-Laplace Transform

In this section, we introduce the two types of definitions of the (p, ¢)-version
of Laplace transforms and their properties.

Definition 3.1. For a given function f(t), we define (p, ¢)-Laplace transform of
the first kind as the function

F(s) = 2o {f(O)}(s) = /OOO f)ep1,g-1(=st), s >0, 3)

and we define (p, ¢)-Laplace transform of the second kind as the function
F(s) = 2y L H0)e) = [ Ft)epg(=st). s> 0. (@)

Note that our definition of the (p, g)-version of Laplace transforms is different
form that of [11]. Now, we investigate the properties for (p, ¢)-Laplace transform
of the first kind.

Theorem 3.2. (Linearity) For any two complex numbers o and 3, we obtain
Lpalaf(t) +Bg()}(s) = ap o {f()}(s) + BZpq19(t)}(s). ()
Proof. Using (3) in Definition 3.1, we have
ZLp.faf(t) + Bg(t)}(s)

_ /0 eyt g (—st)(af(t) + Bg(t))dp ot

=« /OO ep—1 g-1(—st) f(t)dp,qgt + /OC ep-1,q-1(—5t)g(x)dp gt
0 0

= aZp  {f(1)}(s) + BLpq{9(t)}(s).

Applying the Equation (5), we note that

q [~ 5
i1} (s) = _g/o Dy q (epl,q1 (_t>) dp,qt

Zpait}(s) = -4 (pt) Dy q (epl gt (_St)> dp,qt
ps Jo q
_ [ sty t
ps Jo
7
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Hence we have
gp’q{l + 5t}(s) = gp,q{1}<5> + 5$p,q{t}(5)
q , 5¢°

s Zp, s> 0.

Theorem 3.3. (Scaling) If « is a non-zero complex number, then the following
formula applies

Flat) =pg —F (2). (6)

« «

Proof. According to Equation (3) in Definition 3.1, we get

P(2) = [ e ()0t

= a/ ep-1 g-1(—5t) f(at)d, .t
0

or

Therefore we obtain

O

Theorem 3.4. (Attenuation or Substitution) For a given function f(t), we get
ep-1 q-1(=st + sot)ep o(st) f(t) =p.q F(s — s0). (7)
Proof. By (3) in Definition 3.1, we have

Fls — s0) = /0 e (= (s — s (gt

= /oo €p-1 g-1 (—St)[ep—lﬂ—l (—St + sot)ep,q(st)f(t)]dpﬁqt
0

= ZLpglep-1,g-1(=st + sot)ep o(st) f (1)}

Therefore we get

ep—1,q-1(—5t + sot)ep q(st) f(t) =p,q F (s — 50).

Theorem 3.5. (Translation) Consider the function

_J 0 dfz<O,
”(x)_{l if 2> 0.
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Hence we have
Lol f(@ —20)}(s) = Lpglepq(st)ep—1 g1 (=s(t +x0)) f(£)}(s). (8)
Proof. Tt is clear that f(x) = f(z)n(z) for > 0. Hence we have

oo

Lol F — 10)}(s) = / et g1 (—52) (F(& — 20)n(z — 20))dp gt

Zo

By putting © — z¢ = t, we have

ZLpo{f (& —20)}(s)
= /0 €p-1,4-1 (—s(t+ IO))f(t)dpvqt

_ /O iy (—st)epg(st)ey 1 g (=5t + 20)) f(E)dyt
= p,q{epyq(St)ep—%q—l(_S(t+x0))f(t)}(3)~

Theorem 3.6. (Transform of derivatives) For n € N, we have

n s i s\n—1=i .
D5t = 5 (o) ¥ () = 2 oy () Pl @ 0

2

Proof. Using Proposition 2.7 and Equation (3) in Definition 3.1, we obtain
Zp,a{Dp,qf(7)}(s)

B /0 ep-1,q-1(=52)[Dp o f(7)]dp gv

_ [epl,ql (—293) f(m)Eo _ /0 ~ fp)D,., (eplﬂl (—29&)) dy g2

1)+ / " Fpa)eys gor (—s2)dp g

arG) o

Thus we get

Dyt @) = =7 (2) = 10 (10)

As a consequence, we get

Diyqf(x) “p.q iDp,q (F (;)) — Dy £(0),

pq

S & s
G- :/ €pr—1 5—1 <—LE>D z)d, T
(p> o P .q D ;mqf( ) P,q
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_ [e,,_qu_l (—;qx) f(x)f - /0 ~ fu)D,, (ep_l,q_l (—;qx>) dp o

— -5+ / F(P22)epr gt (—s2)dy g

— —f(0) + gfp,q{ﬂp%)}

Thus we have

2
D2uF@) = 52 (25) = 22700) = Dy ),

3 1 83 s 1 s? s 9
Dp,qf(x) 2] EPTQZJ’F E - EWJC(O) - p*qDquf(O) - Dp,qf(o)’

Therefore we obtain
1

D} f(x) =p4 1n) ( : )nF (Pi> - nz_:_o

J

1 s\n—1-Jj .
— J
p(27) <pq) D3, J10)-

Corollary 3.7. For « is a non-zero complex number, we get

Lyl Dpaf@))s) = oo F () = 110

Proof. We can prove the following by referring to proof of the Theorem 3.6.
Zp,a{Dp,qf(az)}(s)
e s
= —/ ep—1,4-1 (——x) D, of(x)dp gz
0 «
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Theorem 3.8. (Derivative of transforms) For n € N, we get
o0 n—1
Dr, F(s) = / ()" q( ) epr s (=g f (1) dp gt (11)
0
Proof. Again, let
F(s) = / eyt gr (—5t) f(D)d gt
0
We calculate
Dy q.sep-1 q-1(—5t) = —te,-1 4-1(—sqt),
DZ q,s€p~1,q~ 1(*575) = (—t)(fqt)ep71,q71(—qut),

DS q,s tgt (_St) = (_t)(_qo(_qzt)ep*l,q*l (_ngt)7
Dy seprg-1(=st) = (=)(=at)(=°t) ... (=q" " t)e,1 g1 (—5™)

n—1

= (—t)nq( 2 )ep_17q_1(—8qnt).

Therefore we get

n—1

Dr, F(s) = / Tt ) eper g (=507 F () .

Theorem 3.9. (Transform of integrals) We have
x
q
/ f(@)dp,qx =pq ;F(ps). (12)

Proof. Using (3) in Definition 3.1, we get

/ g} (5
—sz (/ fz pqx> p.aT
e

’ q
/0 F@)pa =g LF(ps).

|| Il
cnm \
\ o
/\
\

Therefore we have

Theorem 3.10. (Integral of transforms) We get
> flgz)
/ F(s)dpgs =pqq . (13)

xT
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Proof. Using (3) in Definition 3.1, we obtain

Zoa{ [ PO}

= q/(; epfl’qfl(—sx)f(:qvx) dp7q$
=Zha {qf(gm) } .

Therefore we have

- f(gz)
/ F(s)dp,gs =pq q P
O
Theorem 3.11. For a > —1, we obtain
a—+1
a q
Lp,a{t*}(s) = eryq(a +1). (14)
P 2 Sa+1
Proof. Using (3) in Definition 3.1 and Definition 2.15, we obtain
a+1 00 o
%, o1} (s) = Aigggggg,b/" pCENHE DT L (Cat)d, t
) p( 7 )SO"H 0 ) )
anrl
=——TI, (a+1).
p(ajl)sa""l :D,q( )
O

The following theorem is a particular case of Theorem 3.11 when a@ = n is a
nonnegative integer.

Theorem 3.12. Let n € Ny. For s > 0, we have
n+1

Zp{t"}(s) = —;

m[”]p,qL (15)

Proof. We intend to demonstrate by induction of these results. The result for
n = 0 is clear. For some nonnegative integer n, then we get by using (p,q)-
integration by Proposition 2.7.

Lo {t" }(s)

gln+1pq [~
= pn-‘rlsp : 0 epfl’qfl(ist)tndpﬂt
qn+2

= m[n =+ 1]177(]!'
b 8"
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Theorem 3.13. Let a be a real number. Then we get

Zyalepalat)}(s) = o, ST <, (16)
SNCE I
Buater @} =13 (1) (%) (")

n=0
Proof. Using Proposition 2.10, (5), and (15), we have
e a p( ) qn+1

Zpalepqlat)}(s) = Z ! p(n;l)swﬂ [p,q!

7~ (ag\" pq
sz(m) " ps—aq’

n=0

and

Lpalep1g1(a)}(s) =Y ¢

Theorem 3.14. Let a be a real number. Then we obtain

Zraleomala)}s) = ¢ s (1)

Zpalsitpa(@)}s) = o3 sy (19)

Proof. Using Proposition 2.11, and Equation (3), we have

R n 2n ( 2 ) oS
P, Q{COSp q at Z 2n A epfl,qfl (_5t>t2ndp)qt
p q
o) 1 na2n (2n) an-‘rl p2qs
2 ! = -,
TLZ_O 2n]pqe!  p()g2n +1[ p.q 7252 + a2

and
) 2n+1p(2"“)

oo (o9}
%y o{sin, 4(at)} Z 2n 1l /0 ep_17q_1(_3t)t2n+1dp’qt
n=
o0

n=0

(=)

1)n 2n+1p(2n+1) q2n+2

[2n + 1], ¢!

2n+2

2n+1]pq!  p(*a7) g2n+2
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_qaq N <_a2q2>”
- 2 o2
5ps = p?s

_ pgla
T p2s2 + a2¢?’
O
Theorem 3.15. Let a be a real number. Then we get
2
p~qs aq
Zp.qfcoshy q(at)}(s) = 52— (g bps <1, (20)
2
. pq-a aq
sinh =0 — < 1 21
fp,q{bln p,q(at)}(s) (p3)2 . (aq)27 ps < ( )
Proof. Using Proposition 2.13, and Equation (3), we have
1
Zp.qfcoshp q(at)}(s)} = 5 (Zp.alepqlat) }(s) + ZLpqalep.q(—at)}(s))
__ Pas
(ps)? — (aq)*’
and
. 1
Zp,q{sinhy o(at)}(s)} = 3 (Zp.alepq(at)}(s) — Zpqlepq(—at)}(s))
___ pia
(ps)? — (aq)?
O

4. Application of (p, ¢)-Laplace transform to certain (p, q)-difference
equations

In this section, we solve the differential equation using the (p, ¢)-Laplace trans-
form. We consider the problem of finding f(t), where f(t) satifies (p, ¢)-Cauchy
problem

Dyp,qf(at) + cqf(pqt) =0, f(0) =1,
where ¢ € C. Applying the (p, ¢)-Laplace transform of the first kind to (3) and
Corollary 3.7, we obtain

1 S s
——f(0)+ —=Z t <)+C$ t)}(s) = 0.
qf( ) o palf ()} 2 0Zp,q{f(pat)}(s)
Next, using Equation (6) and the initial condition f(0) = 1, we get

L) () + Sty () =0
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Hence we have

Zti0} () = 2L

Pq s+ cq®’
and so -
Lol f(t)}(s) = D5t ot (22)

It follows that f(t) = ey (—cqt).

In addition, the result of approaching ¢ to 1 in Equation (22) is equivalent to
the result of approaching ¢ to 1 in equation (4.48) of [11]. Also, if p — 1, then
we can certainly see that it is the same as the solution of the classic Laplace
transform.

Now, consider the (p, q)-differential equation

Dy qf(qt) — Aaf(pat) = qepq(Ag°t) , f(0) =0.

Applying the (p, ¢)-Laplace transform of first kind to (3) and Corollary 3.7, it
follows that

Lol Dp.of(at)}(s) — AgZp o1 f(pat)}(s) = fpyq{qep,q(qut)}a

1 s s\ A s pg?
——f(0)+ —=Z t ()—f t ():
1O+ 5B {50} () =S 210} (=) = P
If you simply look at the equation above, then we get
2.5
S pq
Z Hil— ) = .
qu{f( )} (p(]) (ps_)\qg)(s_)\q3)

Finally, if we replace s with pgs, then we have

P’
Z, Af)}(s) = ) 23
R OHO R ey vy vy (23)
So, clear f(t) = te, 4(At). Also, we see that the result of approaching ¢ to 1 in
Equation (23) is equal to approaching ¢ to 1 in the result of equation (4.49) in
[11].
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