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INVOLUTE CURVES OF ORDER k OF A GIVEN

CURVE IN GALILEAN 4-SPACE G4

İlim Kişi∗, and Günay Öztürk

Abstract. In the present study, we consider the curves in Galilean
4-space G4. We find out the involute curves of order k (k = 1, 2, 3)
of a given curve. We get the relationships between the Frenet ap-
paratus of a given curve and its involute curves of order k.

1. Introduction

Thereafter the discovery of the non-Euclidean geometries, F. Klein
compiled these geometries and showed that there are basically three
different types of geometries known as Euclidean, hyperbolic, and elliptic
geometry. Galilean geometry is one of the non-Euclidean geometries
and the easiest of all Klein geometries. Actually, this geometry acts as a
passage between special relativity and Euclidean geometry. An extensive
study of Galilean geometry can be found in [16, 17]. In recent years,
several authors have done studies related to Galilean geometry. Some
special curves such as Smarandache curves, W-curves, rectifying curves
and Bertrand curves are studied in G4 in [3, 6, 9, 11]. Furthermore, in
paper [15], authors give a characterization of curves in Galilean 4-space.

The involutes and evolute curves are studied in n-dimensional isotropic
space in [2]. Moreover, in [14], the authors deal with the involute and
evolute curves of a given curve, and they obtain the Frenet apparatus of
these new curves in terms of the given curve in spaces E3 and E4. Also,
in [13], the author study these types of curves in E4

1. In [1], authors deal
with the involute-evolute curve couple in G3.

In this study, we research the involute curves of a given curve in
Galilean 4-space G4. We obtain the Frenet apparatus of the involute
curves of order k (k = 1, 2, 3) in terms of a given curve. Also, we get
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some results for the involutes of the TC-curves, ccr-curves, andW -curves
in G4.

2. Basic Concepts

In this section, some basic concepts about 4-dimensional Galilean
space and curves are given.

For the vectors
→
a = (a1, a2, a3, a4) and

→
b = (b1, b2, b3, b4) in G4, the

Galilean inner product is defined as〈
→
a ,
→
b

〉
G4

=

{
a1b1, if a1 6= 0 or b1 6= 0,
a2b2 + a3b3 + a4b4, if a1 = 0, b1 = 0.

Thus, the norm of a vector
→
a in G4 can be given as∥∥∥→a∥∥∥

G4

=

√∣∣∣∣〈→a ,→a〉G4

∣∣∣∣.
[18].

The Galilean cross product of the vectors
→
a = (a1, a2, a3, a4),

→
b =

(b1, b2, b3, b4), and
→
c = (c1, c2, c3, c4) is defined as follows:

→
a∧G4

→
b∧G4

→
c =



∣∣∣∣∣∣∣∣
0 e2 e3 e4
a1 a2 a3 a4
b1 b2 b3 b4
c1 c2 c3 c4

∣∣∣∣∣∣∣∣ , if a1 6= 0 or b1 6= 0 or c1 6= 0

∣∣∣∣∣∣∣∣
e1 e2 e3 e4
a1 a2 a3 a4
b1 b2 b3 b4
c1 c2 c3 c4

∣∣∣∣∣∣∣∣ , if a1 = b1 = c1 = 0,

where ei, 1 ≤ i ≤ 4, are the standard basis vectors [3].
Let x : I ⊂ R → G4 be a unit speed curve with the parametrization

x(s) = (s, y(s), z(s), w(s)) in G4. The tangent vector of x is defined as

(1) V1(s) = x′(s) = (1, y′(s), z′(s), w′(s)).

The pirincipal normal vector of x is defined as

(2) V2(s) =
1

κ1(s)
(0, y′′(s), z′′(s), w′′(s)).
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Here, the real valued function κ1 is called as the first curvature of the
curve x and defined as

(3) κ1(s) =
∥∥V ′1(s)

∥∥
G4

=
√

(y′′(s))2 + (z′′(s))2 + (w′′(s))2.

For all s ε I, we assume κ1(s) 6= 0.

The second curvature of x is defined with the help of the differentia-
tion of (2) as

(4) κ2(s) =
∥∥V ′2(s)

∥∥
G4
.

The binormal vector field of x is defined as

(5) V3(s) =
1

κ2(s)

(
0,

(
y′′(s)

κ1(s)

)′
,

(
z′′(s)

κ1(s)

)′
,

(
w′′(s)

κ1(s)

)′)
.

Hence, the vector V3 is perpendicular to both V1 and V2. The fourth
unit vector is defined as

(6) V4(s) = V1(s) ∧G4 V2(s) ∧G4 V3(s).

The third curvature of x is defined as

(7) κ3(s) =
〈
V ′3(s), V4(s)

〉
G4
.

Thus, the set {V1, V2, V3, V4, κ1, κ2, κ3} is called as the Frenet apparatus
of the curve x. As we know, the vectors V1, V2, V3, and V4 are mutually
orthogonal, i.e;

〈V1, V1〉G4
= 〈V2, V2〉G4

= 〈V3, V3〉G4
= 〈V4, V4〉G4

= 1,

〈V1, V2〉G4
= 〈V1, V3〉G4

= 〈V1, V4〉G4
= 〈V2, V3〉G4

= 〈V2, V4〉G4
= 〈V3, V4〉G4

= 0.

From (1)-(7), we write the Frenet equations as

V ′1(s) = κ1(s)V2(s),

V ′2(s) = κ2(s)V3(s),(8)

V ′3(s) = −κ2(s)V2(s) + κ3(s)V4(s),

V ′4(s) = −κ3(s)V3(s)

[18]. If the curvatures κ1, κ2, and κ3 are constants, the curve is called
as a circular helix or a W -curve [8]. If the first curvature κ1 is constant,
then the curve is a TC-curve [7]. Furthermore, a curve with constant
curvature ratios is called a ccr-curve [10, 12].
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3. Involute Curves of Order k in G4

In the present section, we handle the involute curves of order
k, (k = 1, 2, 3) of a unit speed curve in Galilean 4-space G4.

Definition 3.1. Let x = x(s) be a unit speed curve in G4. The
curves orthogonal to the k-dimensional osculating hyperplanes of x are
called as the involute curves of order k [2] (or, kth involute [5]) of a
given curve x. Actually, the involute curve of order 1 are named as
the involutes of x.

The involute curves x̃ of order k of x are represented as

x̃(s) = x(s) +
k∑

α=1

λα(s)Vα(s), k ≤ n− 1

where λα is a differentiable function and s is the parameter of x̃ which
is not necessarily an invariant arclength parameter.

Furthermore, the involute curves x̃ of order k of x are determined by

(9)
〈
x̃′(s), Vj(s)

〉
G4

= 0, 1 ≤ j ≤ k ≤ n− 1.

Let x̃(s) be the involute curve of order k, (k = 1, 2, 3) of a given curve

x. Similar to [4], we define the Frenet vectors Ṽ1, Ṽ2, Ṽ3 and Ṽ4 of x̃ as

Ṽ1(s) =
x̃′(s)

‖x̃′(s)‖
G4

,

Ṽ4(s) =
x̃′(s) ∧G4

x̃′′(s) ∧G4
x̃′′′(s)

‖x̃′(s) ∧G4 x̃
′′(s) ∧G4 x̃

′′′(s)‖
G4

,(10)

Ṽ3(s) =
Ṽ4(s) ∧G4 x̃

′(s) ∧G4
x̃′′(s)∥∥∥Ṽ4(s) ∧G4

x̃′(s) ∧G4
x̃′′(s)

∥∥∥
G4

,

Ṽ2(s) =
Ṽ3(s) ∧G4

Ṽ4(s) ∧G4
x̃′(s)∥∥∥Ṽ3(s) ∧G4

Ṽ4(s) ∧G4
x̃′(s)

∥∥∥
G4

,

and the curvatures κ̃1, κ̃2 and κ̃3 of the involute curve x̃ as
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(11)

κ̃1(s) =

〈
Ṽ2(s), x̃

′′(s)
〉

G4

‖x̃′(s)‖2
G4

,

κ̃2(s) =

〈
Ṽ3(s), x̃

′′′(s)
〉

G4

‖x̃′(s)‖3
G4
, κ̃1(s)

,

κ̃3(s) =

〈
Ṽ4(s), x̃

(ıv)(s)
〉

G4

‖x̃′(s)‖4
G4
κ̃1(s)κ̃2(s)

.

3.1. Involute Curve of Order 1 (Involute)

Theorem 3.2. Let x = x(s) be a unit speed curve given with the
Frenet apparatus {V1, V2, V3, V4, κ1, κ2, κ3} in G4. Then Frenet 4-frame

Ṽ1, Ṽ2, Ṽ3, Ṽ4 and Frenet curvatures κ̃1, κ̃2, κ̃3 of the involute curve x̃
of x are

Ṽ1(s) = V2(s),

Ṽ2(s) = −V3(s),
Ṽ3(s) = −V4(s),
Ṽ4(s) = V1(s),

and

κ̃1(s) = −κ2(s)
ϕ(s)

; ϕ(s) = (c− s)κ1(s),

κ̃2(s) =
κ3(s)

ϕ(s)
,(12)

κ̃3(s) = 0

respectively.

Proof. Let x = x(s) be a unit speed curve given with the Frenet
apparatus
{V1, V2, V3, V4, κ1, κ2, κ3} in G4. By definition, the involute curve x̃ has
the parametrization

(13) x̃(s) = x(s) + λ(s)V1(s).
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Using (9), we obtain λ(s) = c − s for an integral constant c. Then
the parametrization of the involute curve x̃ becomes

(14) x̃(s) = x(s) + (c− s)V1(s).

Differentiating (14) with respect to s, we obtain

x̃′ = ϕV2

and the higher order derivatives as

x̃′′ = ϕ′V2 + ϕκ2V3,(15)

x̃′′′ =
{
ϕ′′ − ϕκ22

}
V2 +

{
2ϕ′κ2 + ϕκ′2

}
V3 + ϕκ2κ3V4,

where ϕ(s) = (c− s)κ1(s) is a differentiable function. Putting

A1 = ϕ′′ − ϕκ22,
B1 = 2ϕ′κ2 + ϕκ′2,

C1 = ϕκ2κ3

in (15), we rewrite the last vector as

(16) x̃′′′ = A1V2 +B1V3 + C1V4.

Moreover, differentiating (16) with respect to s, we obtain

x̃(ıv) =
(
A′1 −B1κ2

)
V2 +

(
B′1 +A1κ2 − C1κ3

)
V3 +

(
C ′1 +B1κ3

)
V4.

Using the equations (15), we calculate the vector form x̃′∧G4 x̃
′′∧G4 x̃

′′′

as

x̃′ ∧G4 x̃
′′ ∧G4 x̃

′′′ = ϕ2C1κ2V1,

and, we find

Ṽ4 =
x̃′ ∧G4 x̃

′′ ∧G4 x̃
′′′

‖x̃′ ∧G4 x̃
′′ ∧G4 x̃

′′′‖G4

= V1.

Similarly, we calculate the vector form Ṽ4∧G4 x̃
′ ∧G4 x̃

′′ as

Ṽ4 ∧G4 x̃
′ ∧G4 x̃

′′ = −ϕ2κ2V4.

Then we obtain

Ṽ3 =
Ṽ4 ∧G4 x̃

′ ∧G4 x̃
′′∥∥∥Ṽ4 ∧G4 x̃

′ ∧G4 x̃
′′
∥∥∥
G4

= −V4.

Finally, the vector form Ṽ3 ∧G4 Ṽ4∧G4 x̃
′ is obtained as

Ṽ3 ∧G4 Ṽ4 ∧G4 x̃
′ = −ϕV3.
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Thus, we have

Ṽ2 =
Ṽ3 ∧G4 Ṽ4 ∧G4 x̃

′∥∥∥Ṽ3 ∧G4 Ṽ4 ∧G4 x̃
′
∥∥∥
G4

= −V3.

Consequently, by an easy calculation, we find〈
Ṽ2, x̃

′′
〉
G4

= −ϕκ2,〈
Ṽ3, x̃

′′′
〉
G4

= −C1,(17) 〈
Ṽ4, x̃

(ıv)
〉
G4

= 0.

From the equations (17) and (11), we get (12). Hence, the proof is
done.

Corollary 3.3. Let x = x(s) be a unit speed curve given with the
Frenet curvatures κ1, κ2, κ3, and x̃(s) be the involute curve of x with
Frenet curvatures κ̃1, κ̃2, κ̃3 in G4. Then the relation between the
curvatures of the curve x and the involute curve x̃ is

κ̃1(s)

κ̃2(s)
= −κ2(s)

κ3(s)
.

Corollary 3.4. Let x = x(s) be a unit speed curve given with the
Frenet curvatures κ1, κ2, κ3, and x̃(s) be the involute curve of x with
Frenet curvatures κ̃1, κ̃2, κ̃3 in G4. If the given curve x is a ccr-curve,
then the involute curve x̃(s) of x is a general helix.

3.2. Involute Curve of Order 2

An involute curve of order 2 of a unit speed curve x in G4 has the
parametrization

(18) x̃(s) = x(s) + λ1(s)V1(s) + λ2(s)V2(s),

where V1, V2 are tangent and normal vectors of x in G4 and λ1, λ2 are
differentiable functions satisfying

λ1(s) = c1 − s,
λ′2(s) = (s− c1)κ1(s).(19)

Corollary 3.5. Let x = x(s) be a unit speed TC-curve with constant
curvature κ1 6= 0 in G4. Then the parametrization of the involute curve
x̃ is

x̃(s) = x(s) + (c1 − s)V1(s) + κ1

(
s2

2
− c1s+ c2

)
V2(s),
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where c1 and c2 are integral constants.

Proof. Let x = x(s) be a unit speed TC-curve with constant curva-
ture κ1 6= 0 in G4. Solving the differential equation system (19), one

can get λ1(s) = c1 − s, λ2(s) = κ1

(
s2

2 − c1s+ c2

)
. Then writing these

equalities in (18), we get the result.

As in the previous subsection, we get the following theorem:

Theorem 3.6. Let x = x(s) be a unit speed curve given with the
Frenet apparatus {V1, V2, V3, V4, κ1, κ2, κ3} in G4. Then Frenet 4-frame

Ṽ1, Ṽ2, Ṽ3, Ṽ4 and Frenet curvatures κ̃1, κ̃2, κ̃3 of the involute curve x̃
of order 2 of x are

Ṽ1(s) = V3(s),

Ṽ2(s) =
κ2(s)V2(s)− κ3(s)V4(s)√

κ22(s) + κ23(s)
,

Ṽ3(s) =
−κ3(s)V2(s)− κ2(s)V4(s)√

κ22(s) + κ23(s)
,

Ṽ4(s) = V1(s),

and

κ̃1(s) = −
√
κ22(s) + κ23(s)

φ(s)
; φ(s) = λ2(s)κ2(s),

κ̃2(s) =
A2(s)κ3(s) + C2(s)κ2(s)

φ2(s)
(
κ22(s) + κ23(s)

) ,

κ̃3(s) = 0,

respectively, where

A2(s) = −2φ′(s)κ2(s)− φ(s)κ′2(s),

C2(s) = 2φ′(s)κ3(s) + φ(s)κ′3(s)

are differentiable functions.

Proof. Let x = x(s) be a unit speed curve given with the Frenet
apparatus
{V1, V2, V3, V4, κ1, κ2, κ3} in G4. Then the involute curve x̃ of order 2 of
x has the parametrization

(20) x̃(s) = x(s) + λ1(s)V1(s) + λ2(s)V2(s).

Differentiating (20) with respect to s and using (9), we get

(21) x̃′(s) = φ(s)V3(s),
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where φ(s) = λ2(s)κ2(s) is a differentiable function. From (21), we
obtain the higher order derivatives as

x̃′′ = −φκ2V2 + φ′V3 + φκ3V4,

(22) x̃′′′ = (−2φ′κ2 − φκ′2)V2 +
(
φ′′ − φκ22 − φκ23

)
V3 + (2φ′κ3 + φκ′3)V4.

Substituting

A2 = −2φ′κ2 − φκ′2,
B2 = φ′′ − φκ22 − φκ23,(23)

C2 = 2φ′κ3 + φκ′3

in (22), we rewrite the last vector as

(24) x̃′′′ = A2V2 +B2V3 + C2V4.

Again, differentiating (24) with respect to s, we get
(25)

x̃(ıv) =
(
A′2 −B2κ2

)
V2 +

(
B′2 +A2κ2 − C2κ3

)
V3 +

(
C ′2 +B2κ3

)
V4.

Finally, as in the previous theorem, substituting (21)-(25) into (10) and
(11), we complete the proof.

Example 3.7. Let us consider the unit speed curve

x (s) =
(
s, s2 + 1, s

3+2
3 , s

4+3
12

)
in G4. Then

1) the involute curve x̃ of x has the parametrization

(26) x̃(s) =

(
c,−s2 + 2cs+ 1,

−2s3 + 3cs2 + 2

3
,
−3s4 + 4cs3 + 3

12

)
and

2) the involute curve x̃ of order 2 of x has the parametrization{
(27)

x̃(s) =
(
c1,

1
6s2+12

(
−3s4 + 8c1s

3 + 6s2 + 12c2 + 12
)
,

1
6s2+12

(
−s5 + 2c1s

4 + 4s3 − 12c1s
2 + 4s2 + 12c2s+ 8

)
,

1
12s2+24

(
6s4 − 16c1s

3 + 3s2 + 12c2s
2 + 6

))
.

Considering the values c = 1, c1 = 1, and c2 = 2, we plot the graph of
the projections of the curve x and the curves x̃ given with (26) and (27)
with the plotting command (see, Figure 1 and Figure 2)

spacecurve ([x1 + y1, z1, w1] , [x2 + y2, z2, w2] , s = a..b, axes = frame) .
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Figure 1. The curve x and the involute x̃ of x

Figure 2. The curve x and the involute curve x̃ of order
2 of x

3.3. Involute Curve of Order 3

An involute curve of order 3 of a unit speed curve x in G4 has the
parametrization

(28) x̃(s) = x(s) + λ1(s)V1(s) + λ2(s)V2(s) + λ3(s)V3(s),
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where

λ1(s) = c1 − s,
λ′2(s) = (s− c1)κ1(s) + λ3(s)κ2(s),(29)

λ′3(s) = −λ2(s)κ2(s).

By solving the system (29), we get the following corollary.

Corollary 3.8. Let x be a unit speed W -curve in G4. Then the
parametrization of the involute curve x̃ of order 3 of x is

x̃(s) = x(s) + (c1 − s)V1(s)

+(c2 sin(κ2s) + c3 cos(κ2s) +
κ1
κ22

)V2(s)

+(c2 cos(κ2s)− c3 sin(κ2s)−
κ1
κ2
s+ c4)V3(s),

where ci, 1 ≤ i ≤ 4, are integral constants.

Theorem 3.9. Let x = x(s) be a unit speed curve given with the
Frenet apparatus {V1, V2, V3, V4, κ1, κ2, κ3} in G4. Then Frenet 4-frame

Ṽ1, Ṽ2, Ṽ3, Ṽ4 and Frenet curvatures κ̃1, κ̃2, κ̃3 of the involute curve x̃
of order 3 of x are

Ṽ1(s) = V4(s),

Ṽ2(s) = V3(s),

Ṽ3(s) = −V2(s),
Ṽ4(s) = V1(s),

and

κ̃1(s) = −κ3(s)
ψ(s)

, ψ(s) = λ3(s)κ3(s),

κ̃2(s) =
κ2(s)

ψ(s)
,

κ̃3(s) = 0,

respectively.

Proof. Let x = x(s) be a unit speed curve given with the Frenet
apparatus
{V1, V2, V3, V4, κ1, κ2, κ3} in G4. Then the involute curve x̃ of order 3 of
x has the parametrization

(30) x̃(s) = x(s) + λ1(s)V1(s) + λ2(s)V2(s) + λ3(s)V3(s).
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Differentiating (30) with respect to s and using (9), we get

(31) x̃′(s) = ψ(s)V4(s),

where ψ(s) = λ3(s)κ3(s) is a differentiable function. From (31), we
obtain the higher order derivatives as

x̃′′ = −ψκ3V3 + ψ′V4,(32)

x̃′′′ = ψκ2κ3V2 +
(
−2ψ′κ3 − ψκ′3

)
V3 +

(
ψ′′ − ψκ23

)
V4.

Substituting

A3 = ψκ2κ3,

B3 = −2ψ′κ3 − ψκ′3,(33)

C3 = ψ′′ − ψκ23
in (32), we rewrite the last vector as

(34) x̃′′′ = A3V2 +B3V3 + C3V4.

Furthermore, differentiating (34) with respect to s, we get
(35)

x̃(ıv) =
(
A′3 −B3κ2

)
V2 +

(
B′3 +A3κ2 − C3κ3

)
V3 +

(
C ′3 +B3κ3

)
V4.

Finally, as in the previous theorem, substituting (31)-(35) into (10) and
(11), we complete the proof.

Corollary 3.10. Let x = x(s) be a unit speed curve given with the
Frenet curvatures κ1, κ2, κ3, and x̃(s) be the involute curve of order 3 of
x with Frenet curvatures κ̃1, κ̃2, κ̃3 in G4. Then the relation between
the curvatures of the curve x and the involute curve x̃ is

κ̃1(s)

κ̃2(s)
= −κ3(s)

κ2(s)
.

Corollary 3.11. Let x = x(s) be a unit speed curve given with the
Frenet curvatures κ1, κ2, κ3, and x̃(s) be the involute curve of order 3
of x with Frenet curvatures κ̃1, κ̃2, κ̃3 in G4. If the given curve x is a
ccr-curve, then the involute curve x̃(s) of x is a general helix.
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Department of Mathematics, Kocaeli University
Kocaeli, Turkey
E-mail: ilim.ayvaz@kocaeli.edu.tr

Günay Öztürk
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İzmir, Turkey
E-mail: daymonth@hotmail.com


