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A ONE-PARAMETER FAMILY OF TOTALLY UMBILICAL

HYPERSPHERES IN THE NEARLY KÄHLER 6-SPHERE

Jihong Bae, Jeonghyeong Park, and Kouei Sekigawa

Abstract. We discuss two kinds of almost contact metric structures on

a one-parameter family of totally umbilical hyperspheres in the nearly
Kähler unit 6-sphere S6.

1. Introduction

An odd dimensional smooth manifold M with a quadruple (φ, ξ, η, g) of a
(1, 1)-tensor field φ, a vector field ξ, a 1-form η and a Riemannian metric g
satisfying the following conditions is called an almost contact metric manifold;

φ2 =− I + η ⊗ ξ, η(ξ) = 1

φξ = 0, η ◦ φ = 0
(1)

and

g(φX, φY ) = g(X,Y )− η(X)η(Y )(2)

for any X,Y ∈ X(M), where X(M) denotes the Lie algebra of all smooth vector
fields on M . Further, an almost contact metric manifold (M,φ, ξ, η, g) is called
a contact metric manifold if it satisfies the following condition;

dη(X,Y ) = g(X,φY )(3)

for any X,Y ∈ X(M). An almost contact metric manifold M = (M,φ, ξ, η, g)
is called a quasi contact metric manifold if the corresponding almost Hermitian
cone M̄ = (M̄, J̄ , ḡ) is a quasi Kähler manifold [4,6,7]. In [6], the quasi contact
metric manifold is proved to be a generalization of a contact metric manifold.
Further, the authors raised the following question based on the discussion.

Question A. Does there exist a (2n+1)(≥ 5)-dimensional quasi contact metric
manifold which is not a contact metric manifold?
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Concerning the above Question A, authors discussed oriented hypersurfaces
in a quasi Kähler manifold which are quasi contact metric manifolds with re-
spect to the naturally induced almost contact metric structure, and obtained
the following results in [1].

Theorem B. Let M̄ = (M̄, J, ḡ) be a nearly Kähler manifold and M be
a hypersurface of M̄ oriented by a unit normal vector field ν. Then M =
(M,φ, ξ, η, g) is a quasi contact metric manifold with respect to the naturally
induced almost contact metric structure (φ, ξ, η, g) if and only if it satisfies the
equality

g((Aφ+ φA)X,Y ) = −2g(φX, Y )

for any X,Y ∈ X(M), where A is the shape operator with respect to the unit
normal vector field ν, and hence, M is a contact metric manifold.

Theorem C. There does not exist oriented totally umbilical hypersurface in
the nearly Kähler unit 6-sphere which is a quasi contact metric manifold with
respect to the naturally induced almost contact metric structure.

In the present paper, we provide explicit examples of totally umbilical hy-
perspheres in the nearly Kähler unit 6-sphere which support Theorem B or
Theorem C. We also discuss the properties from the view point of almost con-
tact metric geometry.

2. Preliminaries

First, we shall recall fundamental the nearly Kähler structure on a unit 6-
sphere S6. Let C be the Cayley algebra C = {x = x0 +

∑7
i=1 xiei | x0, xi ∈

R, e2
i = −1 (1 ≤ i ≤ 7)}, and C+ = {x =

∑7
i=1 xiei ∈ C | xi ∈ R (1 ≤ i ≤

7)} both set of all pure imaginary Cayley numbers. Here, the multiplication
operation on C is defined by the figure below;

Figure 1
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We denote by 〈, 〉 the canonical inner product on C and let |x| =
√
〈x, x〉

(the length of x ∈ C). Then, (C, 〈, 〉) (resp. (C+, 〈, 〉)) can be identified with
8-dimensional Euclidean space E8 (resp. 7-dimensional Euclidean space E7)
in the natural way. We also define cross product x × y for x, y ∈ C+ by
x × y = xy + 〈x, y〉1(∈ C+). Here, we identify ei ∈ C+ (1 ≤ i ≤ 7) with the
coordinate vector field ∂

∂xi
(denoted by ∂i briefly) in our arguments and adopt

them alternatively in the forthcoming arguments. We denote by D the Levi-
Civita connection on E7 with respect to the Riemannian metric induced from
the inner product 〈, 〉. Let S6 be a unit 6-sphere in E7(' C+) centered at the
origin o. Then, S6 is expressed as S6 = {x ∈ C+ | |x| = 1}.

For any point x ∈ S6, we denote by Nx the outward oriented unit normal
vector with initial point x, Nx = −→ox. In this paper, we identify Nx(x ∈ S6)
with the position vector x(∈ C+). The unit normal vector N is also written

as N =
∑7
i=1 xi∂i in terms of the coordinate vector fields ∂i(1 ≤ i ≤ 7).

Here we note that the tangent space TxS
6 can be regarded as the subspace

{y ∈ C+ | 〈y, x〉 = 0} of C+. Now, we define (1, 1)-tensor field J on S6 by

Jxy = Nx × y = x× y(= xy), y ∈ TxS6.(4)

Then, we may easily check that J is an almost complex structure on S6 and
(J, ḡ) is a nearly Kähler structure on S6, namely, (∇̄XJ)Y = −(∇̄Y J)X holds
for any vector fields X,Y tangent to S6, where ḡ and ∇̄ are the Riemannian
metric on S6 induced from the inner product 〈, 〉 on C+ and ∇̄ is the Levi-Civita
connection of ḡ, respectively. We shall call the nearly Kähler structure (J, ḡ)
given above on S6 the standard one.

3. One parameter family of totally umbilical hyperspheres in S6

First, for each real number r (−1 < r < 1), we define hypersurface Mr by

Mr = S6 ∩ {x =

6∑
i=1

xiei + re7 ∈ C+| xi ∈ R (1 ≤ i ≤ 6)}

= {x =

6∑
i=1

xiei + re7 ∈ C+|
6∑
i=1

x2
i = 1− r2}.

We observe that Mr is diffeomorphic to a 5-sphere S5.
Now, let x be any point of Mr and γx be the smooth curve in Mr through

x = γx(θ) (0 < θ < π) defined by

(5) γx(t) = (cos t)e7 + (
1√

1− r2
sin t)

6∑
i=1

xiei (0 ≤ t ≤ π),

where cos θ = r, sin θ =
√

1− r2. We here define a vector field ν on Mr by

νx =
d

dt
|t=θγx(t)(6)
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= −(sin θ)e7 + (
1√

1− r2
cos θ)

6∑
i=1

xiei

=
r√

1− r2

6∑
i=1

xiei −
√

1− r2e7.

Thus, from (6), the following equalities hold for any x ∈Mr;

ḡ(νx, νx) = 〈νx, νx〉 = 1,

〈νx, Nx〉 = 〈νx, x〉 =
r√

1− r2
(1− r2)− r

√
1− r2 = 0.

(7)

On the other hand, for any x =
∑6
i=1 xiei + re7 ∈Mr, we may find an integer

a (1 ≤ a ≤ 6) such that xa 6= 0 and fix it. Now, we shall define a smooth curve
αa,b(s) (1 ≤ b ≤ 6, b 6= a)(−π < s < π) through the point x = αa,b(0) by

(8)

αa,b(s) = (
√
x2
a + x2

b cos(s+ θa,b))ea + (
√
x2
a + x2

b sin(s+ θa,b))eb

+
∑

1≤i≤6,i6=a,b

xiei + re7,

where cos θa,b = xa√
x2
a+x2

b

, sin θa,b = xb√
x2
a+x2

b

(0 ≤ θa,b < 2π). Then, from (8),

we have

(9)

d

ds
|s=0αa,b(s) = −(

√
x2
a + x2

b sin θa,b)ea + (
√
x2
a + x2

b cos θa,b)eb

= −xbea + xaeb (= −xb∂a + xa∂b)

at x. We here set

(10) Xa,b = −xbea + xaeb (= −xb∂a + xa∂b).

From (9) and (10), it follows that

(11) TxMr = spanR{Xa,b (b 6= a, 1 ≤ b ≤ 6)}

and

ḡ(Xa,b, νx) = 0,(12)

at x ∈ Mr. Thus, from (11) and (12), we can see that νx is a unit normal
vector at any x ∈ Mr in S6, namely the vector field ν is a unit normal vector
field on Mr in S6.

Now, since S6 is a totally umbilical hypersurface in E7 (' C+) with respect
to the unit normal vector field N , the corresponding shape operator Ā is given
by Ā = −I. Thus, taking account of the Gauss formula, we have

DXa,b
ν = ∇̄Xa,b

ν.(13)



HYPERSPHERES IN THE NEARLY KÄHLER 6-SPHERE 967

From (6), the unit normal vector field ν can be expressed by

ν =
r√

1− r2

6∑
i=1

xi∂i −
√

1− r2∂7.(14)

Thus, from (10), (13) and (14), we have

DXa,b
ν =

r√
1− r2

(−xb∂a + xa∂b) =
r√

1− r2
Xa,b(15)

for any Xa,b at any point x ∈Mr. Therefore, from (15), we see that (Mr, g) is a
totally umbilical hypersurface of (S6, ḡ) with the shape operator A = − r√

1−r2 I

with respect to the unit normal vector field ν on (Mr, g) in (S6, ḡ).

4. Almost contact metric structures on (Mr, g)

In this section, we define two kinds almost contact metric structures on
(Mr, g) and discuss their respective geometric properties. First, let ξ be the
unit vector field on Mr defined by

(16) ξ = −Jν = −N × ν.

Then, from (16), it follows that the vector field ξ is orthogonal to both of the
vector fields N and ν along Mr. Further, from Fig. 1, (6) and (16), we have

ξ = −(

6∑
i=1

xiei + re7)× (
r√

1− r2

6∑
j=1

xjej −
√

1− r2e7)

=
√

1− r2(

6∑
i=1

xiei)× e7 −
r2

√
1− r2

e7 × (

6∑
j=1

xjej)

=
1√

1− r2
(x6e1 + x5e2 + x4e3 − x3e4 − x2e5 − x1e6).

(17)

From (17), ξ is also rewritten as

ξ =
1√

1− r2
(x6∂1 + x5∂2 + x4∂3 − x3∂4 − x2∂5 − x1∂6).(18)

Thus, the 1-form η dual to the vector field ξ is given by

η =
1√

1− r2
(x6dx1 + x5dx2 + x4dx3 − x3dx4 − x2dx5 − x1dx6).(19)

From (19), we also have

dη = − 2√
1− r2

(dx1 ∧ dx6 + dx2 ∧ dx5 + dx3 ∧ dx4).(20)
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From (19) and (20), we have further

η ∧ (dη)2 = − 8

(
√

1− r2)3
{−x1dx2 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dx6

+x2dx1 ∧ dx3 ∧ dx4 ∧ dx5 ∧ dx6

−x3dx1 ∧ dx2 ∧ dx4 ∧ dx5 ∧ dx6

+x4dx1 ∧ dx2 ∧ dx3 ∧ dx5 ∧ dx6

−x5dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx6

+x6dx1 ∧ dx2 ∧ dx3 ∧ dx4 ∧ dx5} 6= 0.

(21)

Therefore, η is a contact form on Mr. Now, we shall show ∇ξξ = 0. From (6),
we have

Dξξ = − 1

1− r2

6∑
i=1

xi∂i.(22)

Taking account of the Gauss formula for (S6, ḡ) and (E7, 〈, 〉), we have

Dξξ = ∇̄ξξ −N = ∇̄ξξ −
6∑
i=1

xi∂i − r∂7.(23)

On the other hand, since (Mr, g) is a totally umbilical hypersurface of (S6, ḡ)
with the shape operator A = − r√

1−r2 I with respect to the unit normal vector

field ν, from (14), taking account of the Gauss formula, we get

∇̄ξξ = ∇ξξ −
r√

1− r2
ν

= ∇ξξ −
r√

1− r2
(

r√
1− r2

6∑
i=1

xi∂i −
√

1− r2∂7)

= ∇ξξ −
r2

1− r2

6∑
i=1

xi∂i + r∂7.

(24)

Then, from (22)∼(24), we have

− 1

1− r2

6∑
i=1

xi∂i = ∇ξξ − (1 +
r2

1− r2
)

6∑
i=1

xi∂i,

and hence

∇ξξ = 0.(25)

From (25), it follows that each integral curve of the vector field ξ is a geodesic of
(Mr, g). Thus, taking account of the definition of the vector field ξ in (16), we
see that (Mr, g, ξ) is a Hopf hypersurface in (S6, J, ḡ). Further, since (Mr, g) is a
totally umbilical hypersurface in (S6, ḡ) with the shape operator A = − r√

1−r2 I,
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from the Gauss equation for (Mr, g), we see that the curvature tensor R of
(Mr, g) is given

R(X,Y )Z = g(Y,Z)X − g(X,Z)Y +
r2

1− r2
(g(Y,Z)X − g(X,Z)Y )

=
1

1− r2
(g(Y,Z)X − g(X,Z)Y )

(26)

for any X,Y, Z ∈ TxMr. From (26), it follows that (Mr, g) is a hypersurface of
(S6, ḡ) of constant sectional curvature 1

1−r2 . We define (1, 1)-tensor field φ on
Mr by

φX = JX − η(X)ν(27)

for any X ∈ TxMr. Then, from (16), (19) and (27), we see that (φ, ξ, η, g)
is the naturally induced almost contact metric structure on Mr. Now, choose
x =

∑6
i=1 xiei + re7 ∈ Mr arbitrary. Without loss of essentiality, we may

suppose x1 6= 0, for example. Then, from (4), (10) and (27), taking account of
Fig. 1, we have

X1,2 = −x2∂1 + x1∂2, X1,3 = −x3∂1 + x1∂3,(28)

and

(29)

φX1,3 = JX1,3 − η(X1,3)ν

= (x1x2 −
r

1− r2
(x2

1x4 − x1x3x6))∂1

+ (−(x2
1 + x2

3)− r

1− r2
(x1x2x4 − x2x3x6))∂2

+ (x2x3 −
r

1− r2
(x1x3x4 − x2

3x6))∂3

+ ((−x3x5 + rx1)− r

1− r2
(x1x

2
4 − x3x4x6))∂4

+ (x1x6 + x3x4 −
r

1− r2
(x1x4x5 − x3x5x6))∂5

+ (−(rx3 + x1x5)− r

1− r2
(x1x4x6 − x3x

2
6))∂6.

Thus, from (28) and (29), we have

g(X1,2, φX1,3) = −x1(x2
1 + x2

2 + x2
3)( 6= 0).(30)

On the other hand, from (20) and (28), we have

(31)

dη(X1,2, X1,3) = − 2√
1− r2

(dx1 ∧ dx6 + dx2 ∧ dx5 + dx3 ∧ dx4)

(−x2∂1 + x1∂2,−x3∂1 + x1∂3)

= 0.
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Thus, from (30) and (31), we have

dη(X1,2, X1,3) 6= g(X1,2, φX1,3).(32)

We may also derive the similar conclusion as (32) for the other cases xb 6= 0
(3 ≤ b ≤ 6). Thus, from (32), the almost contact metric manifold (Mr, φ, ξ, η, g)
is not a contact metric manifold for any r (−1 < r < 1). This supports Theorem
C, since the quasi contact metric structure is a generalization of a contact metric
structure.

Now, let τ be the scalar curvature of (Mr, g) and define the smooth functions
f on Mr and the mean curvature α respectively by

f = g(Aξ, ξ)(33)

and

α =
1

5
trA.(34)

Then, from (26), since A = − r√
1−r2 I and g(ξ, ξ) = 1, we have

τ =
20

1− r2
, f = − r√

1− r2
, α = − r√

1− r2
.(35)

Then, from (35), we may check that the hypersurface (Mr, φ, ξ, η, g) satisfies
the following equality;

τ = 20 + 5α(5α− f)(36)

for any real number r (−1 < r < 1). Here, we note that (Mr, φ, ξ, η, g) is totally
geodesic in (S6, g) if and only if r = 0. Now, let M be an orientable compact
and connected hypersurface of the nearly Kähler unit 6-sphere (S6, J, ḡ) en-
dowed with the naturally induced almost contact metric structure (φ, ξ, η, g)
and define the functions f and α on M by (33) and (34) respectively, in terms
of the hypersurface M . Under the above setting, in [5], the authors asserted
that if the scalar curvature τ of M satisfies the inequality τ ≥ 20 + 5α(5α−f),
then (M,φ, ξ, η, g) is a totally geodesic hypersphere S5 of (S6, J, ḡ) ([5], The-
orem 1.1). However, by taking account of the equality (36), we may check
that their assertion is not appropriate, since every hyperspheres (Mr, ξ, g)
(−1 < r < 1, r 6= 0) belonging to our one parameter family of totally um-
bilical hypersurfaces of the nearly Kähler unit 6-sphere (S6, J, ḡ) is not totally
geodesic for any r(−1 < r < 1, r 6= 0).

Next, we define another almost contact metric structure on the hypersurface
(Mr, g) and discuss on the geometric properties. Let φ′ be the (1, 1)-tensor field
on Mr defined by

φ′ξ = 0(37)

and

φ′X = −ν ×X = −νX(38)
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for any X ∈ X(Mr) with X ⊥ ξ. Then, from (16), (37) and (38), we may check

〈φ′X,N〉 = −〈νX,N〉 = −〈ν, ν〉〈νX,N〉
= −〈ν(νX), νN〉 = −〈ν2X, νN〉
= 〈X, νN〉 = −〈X,Nν〉
= 〈X, ξ〉 = 0,

(39)

〈φ′X, ν〉 = 〈−νX, ν〉
= −〈ν, ν〉〈νX, ν〉
= −〈ν2X, ν2〉 = 〈X, 1〉
= 0,

(40)

〈φ′X, ξ〉 = 〈−νX,−Nν〉
= 〈−νX, νN〉
= −〈ν, ν〉〈X,N〉
= 0.

(41)

Thus, from (38) ∼ (41), we have finally

φ′2X = φ′(φ′X) = ν(νX) = ν2X = −X.(42)

Taking account of (37) ∼ (42), we see that (φ′, ξ, η, g) is an almost contact
metric structure on Mr. Further, we may note that the almost contact metric
manifold (M0, φ

′, ξ, η, g) coincides with the almost contact metric manifold in-
troduced in ([3], p. 64) which is different from the naturally induced cone from
the nearly Kähler structure (J, ḡ) on S6 with respect to the unit normal vector
field ν. Later, we shall show that (φ′, ξ, η, g) is a contact metric structure on
the hypersurface M0.

For any X ∈ X(Mr), we set

Y = X − η(X)ξ.(43)

Then, Y ∈ X(Mr) and Y ⊥ ξ. From (16), (37) and (38), we have

φ′Y = −ν × Y = −ν × (X − η(X)ξ)

= −ν ×X + η(X)(ν × ξ) = −νX + η(X)νξ

= −νX − η(X)ν(Nν) = −νX + η(X)ν2N

= −νX − η(X)N

(44)

for any X ∈ X(Mr). Comparing (27) and (44), we see that φX 6= φ′X for X
∈ X(Mr) with X ⊥ ξ. It is known that the almost contact metric structure
(φ′, ξ, η, g) on the hypersphere M0 in the nearly Kähler 6-sphere S6 is a contact
metric structure by ([3], p. 64). Here, we shall provide an exact proof for this
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fact, now, we choose a point x =
∑6
i=1 xiei ∈ M0 arbitrary and fix it. Here,

for our purpose without also discuss in the case where xi 6= 0, now, we set

Y1,b = X1,b − η(X1,b)ξ (1 < b ≤ 6)(45)

for any X ∈ X(Mr). Then, from (45), taking account of (10), (17) with r = 0,
(18) and Fig. 1, we have

Y1,2 = (−x2 + x2x
2
6 − x1x5x6)∂1 + (x1 + x2x5x6 − x1x

2
5)∂2

+ (x2x4x6 − x1x4x5)∂3 + (−x2x3x6 + x1x3x5)∂4

+ (−x2
2x6 + x1x2x5)∂5 + (−x1x2x6 + x2

1x5)∂6,

(46)

Y1,3 = (−x3 + x3x
2
6 − x1x4x6)∂1 + (x3x5x6 − x1x4x5)∂2

+ (x1 + x3x4x6 − x1x
2
4)∂3 + (−x2

3x6 + x1x3x4)∂4

+ (−x2x3x6 + x1x2x4)∂5 + (−x1x3x6 + x2
1x4)∂6,

Y1,4 = (−x4 + x4x
2
6 + x1x3x6)∂1 + (x4x5x6 + x1x3x5)∂2

+ (x1x3x4 + x2
4x6)∂3 + (x1 − x3x4x6 − x1x

2
3)∂4

+ (−x2x4x6 − x1x2x3)∂5 + (−x1x4x6 − x2
1x3)∂6,

Y1,5 = (−x5 + x5x
2
6 + x1x2x6)∂1 + (x2

5x6 + x1x2x5)∂2

+ (x4x5x6 + x1x2x4)∂3 + (−x3x5x6 − x1x2x3)∂4

+ (x1 − x2x5x6 − x1x
2
2)∂5 + (−x1x5x6 − x2

1x2)∂6,

Y1,6 = (−x6 + x2
1x6 + x3

6)∂1 + (x2
1x5 + x2

6x5)∂2

+ (x2
1x4 + x2

6x4)∂3 + (−x2
1x3 − x2

6x3)∂4

+ (−x2
1x2 − x2

6x2)∂5 + (x1 − x3
1 − x1x

2
6)∂6.

Thus, from (14) with r = 0, (44) and (46), taking account of Fig. 1, we have

φ′Y1,3 = (x1x3x6 − x2
1x4)∂1 + (x2x3x6 − x1x2x4)∂2

+ (x2
3x6 − x1x3x4)∂3 + (x1 + x3x4x6 − x1x

2
4)∂4

+ (x3x5x6 − x1x4x5)∂5 + (−x3 + x3x
2
6 − x1x4x6)∂6,

(47)

φ′Y1,4 = (x1x4x6 + x2
1x3)∂1 + (x2x4x6 + x1x2x3)∂2

+ (−x1 + x3x4x6 + x1x
2
3)∂3 + (x2

4x6 + x1x3x4)∂4

+ (x4x5x6 + x1x3x5)∂5 + (−x4 + x4x
2
6 + x1x3x6)∂6,

φ′Y1,5 = (x1x5x6 + x2
1x2)∂1 + (−x1 + x2x5x6 + x1x

2
2)∂2

+ (x3x5x6 + x1x2x3)∂3 + (x4x5x6 + x1x2x4)∂4

+ (x2
5x6 + x1x2x5)∂5 + (−x5 + x5x

2
6 + x1x2x6)∂6,
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φ′Y1,6 = (−x1 + x3
1 + x2

6x1)∂1 + (x2
1x2 + x2

6x2)∂2

+ (x2
1x3 + x2

6x3)∂3 + (x2
1x4 + x2

6x4)∂4

+ (x2
1x5 + x2

6x5)∂5 + (−x6 + x2
1x6 + x3

6)∂6.

Thus, from (17), (20) and (46), we have

dη(Y1,2, Y1,3) = 0, dη(Y1,2, Y1,4) = 0,

dη(Y1,2, Y1,5) = −x2
1, dη(Y1,2, Y1,6) = x1x2, dη(Y1,b, ξ) = 0

(48)

for any b (1 < b ≤ 6). Similarly, from (37), (46) and (47), we have

g(Y1,2, φ
′Y1,3) = 0, g(Y1,2, φ

′Y1,4) = 0,

g(Y1,2, φ
′Y1,5) = −x2

1, g(Y1,2, φ
′Y1,6) = x1x2, g(Y1,b, φ

′ξ) = 0
(49)

for any b (1 < b ≤ 6). Therefore, from (3), (48) and (49), we can see
that (M0, φ

′, ξ, η, g) is a contact metric manifold. This support both Theo-
rem B and Theorem C, since the contact metric structure (φ′, ξ, η, g) is dif-
ferent from the naturally induced one (φ, ξ, η, g) on M0. On the other hand,
from (26) with r = 0, (M0, φ

′, ξ, η, g) is a space of constant sectional cur-
vature 1. Therefore, from the fact ([3], Theorem 7.3), we see finally that
(M0, φ

′, ξ, η, g) is a Sasakian manifold. Further, taking account of (5), we may
check that, for each r(−1 < r < 1), the map Fr : Mr → M0 defined by

Fr(
∑6
i=1 xiei + re7) = 1√

1−r2 (
∑6
i=1 xiei), (

∑6
i=1 xi

2 = 1− r2) on M0 is a dif-

feomorphism from Mr to M0. Thus, the pullback of the Sasakian structure
(φ′0, ξ0, η0, g0) on M0 to Mr by the diffeomorphism Fr is also a Sasakian struc-
ture on Mr of constant sectional curvature 1 for each r(−1 < r < 1). We here
note that the pullback Sasakian structure is given by φ̄ = (Fr

−1)∗ ◦ φ0 ◦ (Fr)∗,
ξ̄ = (Fr

−1)∗ξ0 = ξ, η̄ = Fr
∗(η0) = η, ḡ = Fr

∗(g0) = g. On the other hand, by
modifying the above arguments suitably, we may also check that (Mr, φ

′, ξ, η, g)
is not a contact metric manifold for any r with (−1 < r < 1, r 6= 0).

Remark 1. LetM be a hypersurface in the nearly Kähler unit 6-sphere (S6, J, ḡ)
oriented by unit normal vector field ν and (φ, ξ, η, g) be the corresponding
naturally induced almost contact metric structure on M . Now, let G be the
(1, 2)-tensor field on (S6, J, ḡ) given by G(X̄, Ȳ ) = (∇̄X̄J)(Ȳ ) for any X̄,Ȳ ∈
X(S6), and ψ be the (1, 1)-tensor field on M defined by ψX = G(X, ν) for any
X ∈ X(M) [5]. Here, specifying (M,ν) as the hypersurface (M0, ν) introduced
in §3, we can show that ψ = φ′ holds for M0 by making use of the discussions
in [5, 8].

Remark 2. J. Berndt, J. Bolton and L. M. Woodward have proved that a Hopf
hypersurface in the nearly Kähler 6-sphere S6 is either an open part of (i) a
geodesic hypersphere of S6 or (ii) a tube around an almost complex curve in
S6([2], Theorem 2). Taking account of this result, it seems also meaningful to
discuss the Hopf hypersurfaces of type (ii) in S6 from the geometry of almost
contact metric structures viewpoint.
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