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I. INTRODUCTION

Pulsed laser photoacoustic (PA) methods offer significant 

advantages such as detection sensitivity when they are 

compared with other optical absorption techniques including 

near-infrared and mid-infrared transmission and reflectance 

spectroscopy, polarimetry, frequency-domain reflectance 

technique, spatially-resolved diffuse reflectance technique, 

light scattering techniques, filter-based photo-absorption 

techniques. In the PA method, the physical effect caused 

by absorption is highly sensitive to medium parameters 

and to their changes. Therefore, the detection sensitivity of 

the PA method to detect these changes is much higher 

than other techniques based on the optical absorption. 

Pulsed laser PA methods are widely used in applications 

such as analysis and material characterization due to the 

detection sensitivity. When any change in the substance 

content occurs, the acoustic pressure wave is affected by 

this change. An acoustic detection system can be designed 

when the sensing of this change is associated with the 

parameter causing the change.

The method of PA detection involves two challenging 

processes, namely the production and detection of an 

acoustic wave. Short pulse widths (in ns or sub-ns) which 

are implemented by the Pulse Width Modulation (PWM) 

method must be applied for the laser control to stimulate 

the medium. It is also necessary to adjust the repetition 

frequency of the laser. These operations require complex 

design processes in the construction of electronic devices. 

A critical design challenge is that the amplitude and transit 
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time of the acoustic wave that modulates with the medium 

parameters is very low (sub-mV) and short (sub-µs), 

respectively. Since the amplitude of the generated signal is 

quite weak, it is inevitable that the signal will be exposed 

to the medium noise. The laser parameters such as pulse 

duration, beam width, wavelength, fluence and the acoustic 

signal parameters such as amplitude, resonance frequency, 

and bandwidth must be known so that the design 

challenges can be overcome in a robust way and as a 

result the signal can be obtained correctly.

The first studies on the PA detection field were carried 

out in the 1970s by Lahmann et al. [1]. They performed a 

PA method by using an argon ion laser for detecting 

nonfluorescent absorbers in aqueous solution with a 

sensitivity of 12 ppt. Oda et al. [2] detected cadmium 

with 14 ppt precision using the pulsed laser PA method. 

Additionally, they determined the concentrations of the 

solutions formed with the different types of the food dyes 

using the same method in another study [3]. The other 

interesting applications of the photoacoustic sensing up to 

1986 can be found in TAM’s work [4]. In the 1990s, a 

CO2 laser was used in non-destructive testing of solid 

materials by Davies et al. [5]. MacKenzie and co-workers 

[6-9] performed many trials to detect glucose noninvasively. 

In the 2000s, this method was also frequently used for gas 

analysis applications [10-13]. As a different application, 

Choi et al. [14] developed a Doppler velocity meter using 

a photoacoustic system which operates with CO2 laser. 

With this system, they detected a Doppler frequency shift 

that can be as little as 50 kHz and also found a proper 

linear relationship between the speed and the shift. In the 

following years, McCurdy et al. [15] showed the applications 

of breath analysis in a review study up to 2007. Yin et al. 

[16] detected the amount of CO2 by PA spectroscopy 

using a near infrared (NIR) laser diode with a sensitivity 

of 1.556 × 10-8 W ․ cm-1/Hz (1/2). 

The acoustic pressure wave created by the PA effect is 

widely used in imaging applications. Although the frequency 

domain analysis of the PA wave equation is used in recent 

studies on the imaging applications [17, 18], the time 

domain analysis of the PA wave equation is still used 

predominantly in the most imaging studies [19, 20]. So, 

the frequency domain analysis is out of the scope of most 

imaging studies. Because of the fact that the applications 

where the PA effect is used are not limited to imaging, 

nowadays frequency analysis is becoming important in the 

acoustic sensor design, which is sensitive to the frequency 

of the acoustic wave generated in the laser-stimulated 

medium. The frequency domain analysis is performed by 

means of the frequency solution of the wave equation. 

There are different approaches in the literature for solving 

this wave equation. Sigrist et al. [21] investigated the 

effect of different laser pulse durations and the laser beam 

widths on the solution of the acoustic wave equation. Lai 

et al. [22] summarized the convolution integral of the 

temporal and radial distributions of the optical density in 

a single-effect temporal distribution. Hoelen et al. [23] 

improved Sigrist’s model for Gaussian spatiotemporal source 

generation by using different geometries of the absorption 

distributions. Calasso et al. [24] used the Dirac delta 

function as the heat function and determined the nonlinear 

wave equation for the d’Alembert solution at the far field 

acoustic pressure. Wang et al. [25, 26] solved the general 

PA wave equation using the Green’s function approximation 

and they utilized the Dirac delta function as the source. 

Some of these approaches are further developed versions 

of the earlier ones [21, 22]. In addition to the approximate 

solutions, Erkol et al. [27, 28] analytically obtained Gaussian 

rectangular and radial form solutions in 2013 without 

using any approximation.

In this study, first we make a rigorous analysis of the 

time domain approaches and the solutions in order to be 

used in the acoustic sensor designs. In particular, the results 

of these solutions have been obtained and the effects of the 

laser and the acoustic signal parameters at different values 

and boundary conditions on the PA wave are analyzed as 

well. Since the acoustic wave amplitude is incredibly low 

(in µPa) in the medium stimulated by the laser pulses, the 

resonance frequencies of both the sensor and the acoustic 

wave formed in the medium should be close to each other. 

These sensors are known as a narrowband high sensitivity 

acoustic sensors [29, 30]. They highly increase the acoustic 

pressure sensitivity and the frequency selectivity of the 

sensor. Moreover, if the frequency selectivity of the acoustic 

sensor is high, the frequency response of the material to be 

detected among the different frequency responses that occur 

in complex and dynamic media can be easily determined 

[31]. There are different studies in the literature investigating 

the acoustic sensor frequency selectivity. For example, the 

frequency selectivity is an important part of human auditory 

applications [32]. Yufei Ma et al. [33] demonstrated a 

hydrogen chloride sensor based on the sensitive quartz- 

enhanced photoacoustic spectroscopy by using a quartz 

tuning fork (QTF) with a resonance frequency of 30.72 

kHz. In their study, they improved the immunity of the 

obtained signal to the acoustic noise of the medium by 

increasing the frequency selectivity with a narrow band 

QTF. The importance of the acoustic frequency selection 

has been emphasized in these studies. Consequently, the 

frequency analysis in the acoustic sensor design becomes 

critical. In addition to the time domain analysis, we 

obtained secondly frequency domain solutions for the first 

time in the literature using Fourier transforms for two 

cases where no frequency domain solutions exist. By 

focusing on these frequency domain solutions of the 

acoustic wave equation, we analytically showed the effects 

on the frequency response of the PA wave for different 

values of the above-mentioned parameters and we performed 

the comparative analysis. Through this work we aim to 

create a new vision using the frequency domain solution 

of the PA wave equation for future PA sensor designs 

beyond the analysis.
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II. PHOTOACOUSTIC EFFECT 

AND ITS THEORY

The main mechanism of the PA effect is to apply low 

energy level laser pulses to an absorbing medium and to 

create an acoustic wave propagating through it. The power 

of these pulses is chosen by the parameters which don’t 

disturb the chemical structure of the material and don’t 

create evaporation. The light energy absorbed by the 

material is converted to heat energy, and this causes the 

temperature of the irradiated region to increase. The 

increasing temperature produces a stretch that causes 

expansion and compression in the medium. This stretch 

generates a thermoelastic acoustic pressure wave propagating 

outwardly. The characteristic of the PA wave is determined 

by the physical parameters of the medium, such as optical 

absorption constant, thermal expansion constant, specific 

heat, and the speed of the sound in the material. The 

amplitude of the acoustic wave is directly proportional to 

the absorbed energy density while the shape of the wave 

depends on the laser parameters and boundary conditions 

[34]. These relations can be clearly understood from the 

solution of the PA wave equation.

Depending on the above-mentioned medium parameters, 

the general PA wave equation is given by Eq. (1) [25],

∇ 
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where p(r, t) represents the PA wave pressure in position 

r and time t.  is the thermal volumetric expansion 

constant,  is the isothermal compressibility, v is the speed 

of sound, and T(r, t) shows the temperature change in 

position r and time t. The right side of the equation 

expresses the laser source forming the acoustic wave while 

the left side expresses the acoustic wave propagated in the 

medium [25]. The heat source also consists of two parts: 

the first one is the temporal part and the second one is the 

radial part. The temporal part includes the laser parameters 

which are also the heat sources while the radial part 

includes the acoustic wave parameters. For this reason, the 

wave equation should be solved by adopting different 

approaches for these parts. So, we focus here on three 

cases. Although the first case is the most basic solution, 

the others are chosen because they are considered to be 

the closest solutions to the exact one. The reason that 

these cases differ from the each other is the selection of 

the source functions. In terms of convenience, these are 

called the first, the second, and the third cases.

Considering these cases and many studies in the 

literature, the solutions are carried out on an imaginary 

spherical object heated by the laser as shown in Fig. 1. In 

addition, these three cases, a boundary condition in Eq. (2) 

exists between the sensor position r, the radius of the 

heated spherical object R, the speed of the sound v, and the 

wave propagation time t. The distance expressed by v × t 

will be detected by the sensor as long as it touches the 

heated spherical object. Otherwise, the acoustic wave will 

not be detected.
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In the first case, the PA wave equation in Eq. (1) is 

solved by approaching the Green’s function [35, 36]. 

Wang obtained a time domain solution of Eq. (1) using 

the Dirac delta function of the source term [25]. Then, we 

have obtained the frequency domain solution of Eq. (1) for 

R = 0.5 mm, r = 2R, v = 1480 m/s, and p0 = 1 Pa using the 

inverse Fourier transform of the Wang’s time domain 

solution. The parameters used in this and the following 

solutions are described in Table 1. The solution is given in 

Eq. (3).
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In the second case, Erkol et al. obtained a time domain 

solution of Eq. (1) from the frequency domain solution by 

using the inverse Fourier transform. In this solution, the 

FIG. 1. A spherical object heated by a laser that is thought to 

exist in the solutions of PA wave equations in the literature.
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temporal part of the source term was regarded as a 

Gaussian function [27, 28]. Additionally, the temporal and 

the radial parts of the source term were regarded as the 

Gaussian function and Heaviside function, respectively. The 

frequency domain solution of the second case for r > R, is 

presented by Erkol et al. and it is given in Eq. (4) [27, 28].
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In the third case, which is the Erkol’s solution, both the 

temporal and the spatial parts of the source function in 

the time domain solution of the PA wave are chosen as 

the Gaussian functions. For this reason, a more realistic 

solution has been achieved than that of the other two cases 

[27, 28]. The third solution that is called the third case in 

our study is the main subject of our work and we used 

Eq. (5) to perform the time domain solution [27, 28].
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The exponential expressions in the integral of the 

right-hand side of Eq. (5) are expanded with the Taylor 

series from 2nd order. In order to compensate for the 

convergence errors, the expansion is combined with the 

error function erfi(x). By integrating this result within the 

specified bounds, we analytically solved Eq. (5) to obtain 

the frequency domain solution. To our knowledge, this 

solution is not available in the literature and is given for 

the first time in this work by Eq. (6). Equation (5) is still 

useful for computer-based calculations. However, from an 

engineering point of view, Eq. (6) that is proposed approach 

in our work is simple enough to embed into a basic 

microcontroller program code. This makes the sensor design 

a compact system and independent from the computer.
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(6)

We have obtained the solutions for the first and the 

third cases in the frequency domain. The solution for the 

second case is available in the literature [28, 37].

III. RESULTS AND DISCUSSION

In this section, the effects of the laser, the medium, and 

the sensor parameters that are given in Table 1, on the 

acoustic pressure wave created by a pulsed laser are 

examined in two ways to be useful for a practical acoustic 

sensor design. These are the time domain and the 

frequency domain studies given in Sections 3.1 and 3.2, 

respectively.

3.1. Time Domain Analysis

Figures 2 and 3 show the behavior of the acoustic pressure 

wave according to the time and the sensor position for the 

first and the second cases, respectively. In all figures, the 

selected parameter values are R = 0.5 mm and v = 1480 

m/s [25]. As can be seen from Figs. 2 and 3, although the 

generated the PA wave amplitude is the highest in the 

time interval between 0.4 µs and 1 µs, it is very difficult 

to detect the amplitudes between the intervals. The pressure 

changes in the negative regions in the graphs represent the 

waves reflected from the center of the spherical object 

while the positive regions represent the waves diverged. 

As shown in Figs. 2(b) and 3(b), the position of the 

sensor should be located within a few millimeters from the 

TABLE 1. Laser, medium, and sensor parameters

Parameters Description Unit Belonging to

R Radius of heated spherical object m Laser

 Beam width of the laser m Laser


 Pulse duration s Laser

p0 Initial pressure Pa Laser/Medium

v Speed of sound m/s Medium

r Sensor position m Sensor

t Time s -

w Frequency Hz -
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heated spherical object for the detection of the PA wave. 

If it is chosen at the longer distances, the detected signal 

amplitude will significantly reduce. In addition, after a 

certain distance, the wave will disappear by damping and 

won’t have been able to detect. In the second case, a 

pressure wave with the higher amplitude is generated due 

to the selected source function’s effect. In this case, the 

frequency spectrum expands because of the Gaussian 

selection of the temporal part of the selected source 

function and so the spectral content becomes richer. This 

situation causes different absorptions, moreover, an increase 

occurs in the amplitude of the resulting acoustic wave.

Time-domain analysis of the third case, which is the 

most realistic one, is performed according to varying time 

and positions of the sensor. Figure 4 shows the time- 

varying effect of different sensor positions, pulse durations 

and beam widths on the pressure. In this case, the detected 

amplitude value is generally less than that of the detected 

amplitude values in the first and the second cases. However, 

as the laser beam width increases, the measured amplitude 

increases as shown in Fig. 4(c), and it approaches to the 

amplitudes of the other cases. In addition, the high pulse 

durations further reduce the amplitude values as shown in 

Fig. 4(b). As shown in Fig. 4(a), the sensor located in the 

boundary of the heated sphere measures the maximum 

pressure. As the sensor moves away from this point, the 

value of the pressure approaches a value which is so small 

that it cannot be measured. Similar results can be concluded 

below for Fig. 5 which shows the normalized pressure 

values in the varying position of the sensor at different 

(a) (b)

FIG. 2. Normalized pressure of the acoustic wave obtained by the first case for (a) different sensor positions with time (b) different 

normalized times with sensor position.

(a) (b)

FIG. 3. Normalized pressure of the acoustic wave obtained by the second case for (a) different sensor positions with time (b) different 

normalized times with sensor position.
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(a) (b)

(c)

FIG. 4. The normalized pressure values in the varying times for the third case: (a) At different values of r; (b) At different values of 



; (c) At different values of .

(a) (b)

FIG. 5. The normalized pressure values in the varying position of sensor for the third case: (a) At different values of t; (b) At different 

values of 

; (c) At different values of .
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normalized times, pulse durations and beam widths.

Figures 5(a)~5(c) show for the normalized pressure of 

the third case with the varying position of the sensor at 

different normalized times, different pulse durations, and 

different beam widths, respectively. As shown in Fig. 5(a), 

while the distance and the sensing time increase, the 

pressure decreases which is a predicted result.

In Fig. 6, a specific sensor position and the measurement 

time values are selected to be able to see the effect of the 

laser pulse width and the laser beam width on the formed 

pressure wave at the same time. It shows that amplitude of 

the PA wave is reduced with the pulse duration. Because, 

if the laser energy does not change, the pulse duration and 

the pulse peak power will be inversely proportional to 

each other. It means that the shorter the pulse duration, the 

higher the amplitude of the PA signal. Also, Fig. 6 shows 

that the change in the PA signal smoothly falls while R / t 

is rising. This occurs because the radial part is sharpened 

and behaves like a Dirac delta function. In Figs. 4(c) and 

5(c), the incomplete formation of some waves is due to the 

fact that the selected parameters are outside the boundary 

condition of Eq. (2) and the sensor cannot detect them.

3.2. Frequency Domain Analysis

Because the applications in which the PA effect is used 

are not limited to imaging, in the design of an acoustic 

sensor which is sensitive to the frequency of the acoustic 

wave generated in laser-stimulated medium, the frequency 

analysis becomes very critical. The substance or the analyte 

can be detected with the sensor tuned to the frequency of 

the desired acoustic wave. The physical nature of the 

acoustic wave generated by the laser-stimulated medium 

must be known with all aspects for the acoustic sensor 

designs. In this section, the frequency domain analyses 

made in this work are compared. In this comparison the 

effect of parameters such as the sensor position, the speed 

of the sound, the acoustic wave measurement time and the 

laser parameters are investigated and become clearer by 

the frequency analysis. In this way, it is possible to use 

these outputs obtained by the solutions of the first and 

third cases in acoustic sensor designs.

The radius of the heated spherical object, the speed of 

the sound, the sensor position, and the initial pressure 

which are shown in Table 1 are common parameters in the 

three cases and the graphs between Figs. 7 and 10 are 

drawn with the equal selected values of these parameters. 

The laser pulse duration is available in the second and the 

third cases while the laser beam width value is used only 

in the third case. One can easily observe the effects on 

the PA pressure by selecting different values of these 

parameters. In Fig. 7(a), the frequency response of the first 

(c)

FIG. 5. The normalized pressure values in the varying position of sensor for the third case: (a) At different values of t; (b) At different 

values of 

; (c) At different values of  (Continue).

FIG. 6. The effect of the pulse duration on the acoustic wave 

pressure for the third case at different beam widths.
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(a) (b)

FIG. 7. The frequency response of: (a) the first approach; (b) at different pulse durations for the second approach.

(a) (b)

FIG. 8. The effects of the pulse duration on the spectral amplitude of the PA wave: (a) at beam width = R/10; (b) at beam width = R/1.

(a) (b)

FIG. 9. The effects of the beam widths on the acoustic pressure of the pulse duration = 20 ns for (a) the lower and (b) the higher beam widths.
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case is examined and in this case the amplitude of the 

pressure wave is obtained as the highest. The maximum 

amplitude is numerically detected about 1.1 MHz. In Fig. 

7(b), the effect of the pulse duration is shown. Additionally, 

the amplitude in the second case is lower than the value in 

the first case. The reducing amplitude with the increasing 

pulse duration values is a consequence of the losses due to 

the spreading of the energy absorptions in the medium. 

Also, as Fig. 7(b) shows, the harmonics occur at the low 

pulse durations. Another effect of the pulse duration is that 

the resonance frequency of the acoustic wave decreases as 

the pulse duration increases. As a numerical example, the 

frequency value corresponding to the pulse duration 10 ns 

is about 1 MHz while the frequency value corresponding to 

1 µs is about 0.17 MHz. Knowing these values is critical 

in deciding whether the bandwidth of the acoustic sensor 

to be created is a broad or a narrow band.

For a practical sensor design, the effect of the laser 

beam width, can be inserted into account in the third case. 

At different values of this parameter, the effect of laser 

pulse duration varies. More clearly, the pulse duration effects 

of different lasers having a lower and a higher beam width 

will be different. These are shown in Figs. 8(a) and 8(b). 

Figure 8(a) shows the low-pressure values at the low beam 

width and the absence of the harmonics while Fig. 8(b) 

shows the high-pressure values at the high beam width and 

the presence of the harmonics. Consequently, it can be 

concluded that this is a result of the interaction of the 

laser with a larger surface. It is also clear that the pulse 

duration increases as the resonant frequency decreases 

which is shown in Figs. 8(a) and 8(b). A frequency shifting 

becomes larger when the pulse duration changes at the 

low beam width of the laser. The frequency increases with 

increasing beam, however, pressure decreases with increasing 

beam width as shown in Fig. 9. In addition, since the 

spectral amplitudes at the lower and the higher values of 

the beam width are different, the graph is divided into two 

parts as shown in Figs. 9(a) and 9(b). The harmonics occur 

at high beam widths (Fig. 9(b)) while harmonics do not 

occur at low beam widths (Fig. 9(a)). This situation shows 

that as the beam width increases, the spectral content 

becomes richer.

Figure 10 shows that changing of the sensor position 

has no effect on the frequency of the generated pressure 

wave. There occur changes in the amplitudes of the signals 

with the same resonant frequency where the signals are 

measured by the sensors at different positions. While pulse 

duration and beam width shift the resonant frequency, the 

sensor position does not have any effect on the resonant 

frequency. This is an important result for an acoustic sensor 

design. Figure 11 shows the comparison of our proposed 

approach with the experimental result of Quan et al. [38]. 

The results are obtained by using the parameters specified 

in Quan’s experiment. It can be seen that our results are in 

good agreement with the experimental results. This suggests 

that our approach has a high degree of reliability.

 

IV. CONCLUSION

The solutions obtained by performing different approaches 

to the photoacoustic wave equation to be useful for a 

practical sensor design are presented. The frequency domain 

solutions have been derived from the time domain 

solutions and the effects of the laser parameters on these 

solutions have been investigated. The focus is on the most 

realistic solution and its results, which have been carried 

out by relating the photoacoustic pressure wave with the 

medium and the laser parameters, for the sensor designs. It 

is concluded that the frequency of the generated acoustic 

wave and the amplitude of pressure both depend on the 

laser parameters and the medium parameters. Another 

interesting result is that the frequencies of the PA waves 

generated are not influenced by the sensor location. So, a 

FIG. 10. The frequency response of the third solution at 

different sensor positions.

FIG. 11. Our proposed approach versus experimental result of 

K. M. Quan et al. [38].
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designer can locate the sensor to any point on the medium 

for the frequency modulated sensing applications. On the 

other hand, the sensor must be located as nearly as possible 

to acoustic source for the amplitude modulated sensing 

applications.
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