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LIE IDEALS IN THE UPPER TRIANGULAR OPERATOR
ALGEBRA ALG/T

SANG KI LEE AND JOO HO KANG*

ABSTRACT. Let H be an infinite dimensional separable Hilbert space with
a fixed orthonormal base {e1,e2, - }. Let £ be the subspace lattice gen-
erated by the subspaces {[e1], [e1, e2], [e1,€2,e3], ---} and let Algl be the
algebra of bounded operators which leave invariant all projections in L.
Let p and ¢ be natural numbers (p < ¢). Let A be a linear manifold
in Algl such that T(, 4 = 0 for all 7" in A. If A is a Lie ideal, then
Tpp) = Tprrpr1) = = Tigq and Ty =0psi<gandi<j<gq
for all T in A.
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1. Introduction

Let H be an infinite dimensional separable Hilbert space with a fixed orthonor-
mal base {e1, ez, -} and let B(#H) be the algebra of all bounded operators on
H. If 21,29, - ,xp are vectors in H, we denote by [z1, 9, -, x| the closed
subspace spanned by the vectors x1,xs, -+ ,Tg. A subspace lattice is a strongly
closed lattice of orthogonal projections acting on H. In this paper, we denote by
L the subspace lattice generated by the subspaces {[e1], [e1, e2][e1, ea,€3], -+ }.
By AlgL, we mean the algebra of bounded operators which leave invariant all
projections in L. It is easy to see that all such operators have the following
matrix form
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where all non-starred entries are zero. We call the algebra AlgL by the upper
triangular operator algebra.
The Lie product in the algebra AlgL is defined by

[A,B]= AB— BA
for operators A and B in AlgL. A linear manifold A in AlgL is called a Lie ideal
in Algl if [A, X] is in A for all A in AlgL and all X in A.
In this paper we find examples of Lie ideals and investigate relationships

between Lie ideals in the algebra Algl. Let I be the identity operator on H in
this paper. Let C be the set of all complex numbers and let N = {1,2,---}.

2. Examples of Lie ideals in Algl

If we know the following facts, then we can easily prove the following examples.
Let A = (a;;) and T = (t;;) be operators in AlgL. Then
(1) the (p, p)-entry of AT is appty, for allp=1,2,---

(2) the (p,p)-entry of TA .is tpppp for all p=1,2,---

(3) the (p, g)-entry of AT 1S Applpg + Ap pritp+1 gt o+ Gpgleg (p<aq)

(4) the (p, g)-entry of TA is tppapg + by pr1ap1 gF -+ + tpgleq(P < q)

(5) the (p,p)-entry of AT —TAisOforallp=1,2,---

(6) the (p,q)-entry of AT — TA is applpg + Ap pritp+1 ¢ + - Fapgleq -

(tppapg + tp p+1ap+1 g + -+ + tpgagq)
We denote the (i, j)-component of T by T(; ;.

Example 2.1. i)Let Ay = { T € AlgLl | T(;;) = 0, i € N }. Then A is a Lie
ideal in AlgL.

ii)Let I' be a nonempty subset of N and let Ar = { T € AlgL | T(; ;) =0,i €
I'}. Then Ar is a Lie ideal in AlgL.

IfI' =0, then Ar = Algl. If I' = N, then Ar = Ay.

Example 2.2. i)Let I be the identity operator on H and let A1 = { ol |a € C }.
Then A; is a Lie ideal in AlgL.
ii)Let Ap ={ al +T | T € Ag,a € C }. Then Aj is a Lie ideal in AlgL.

Example 2.3. i)Let p be a natural number and let A, = { T € Ao | T(pp+1) =
0 }. Then Ay, is a Lie ideal in AlgL.
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ii)Let A = {p1,p2,---} be a subset of N. Let Agar ={ T € Ao | T(p, pi+1) =
0,i=1,2,---}. Then Ap A is a Lie ideal in AlgL.

iii)Let p be a natural number and let Ay, = { T' € Az | T(p pt+1) = 0 }. Then
As , is a Lie ideal in AlgL.

Example 2.4. Let p and ¢ be natural numbers such that p < q.

i)Let By ={T € AlgL | T(; 4 =0 }. Then B, , is not a Lie ideal in AlgL.

ii)Let BY, , ={T € Algl | Ty =0,k=p,p+1,---,q}. Then BV,
is not a Lie ideal in AlgL.

iii)Let B®,, ={T € AlglL | Ty =0,k=p,p+1,---,q }. Then B?,
is not a Lie ideal in AlgL.

iv)Let Cpq = { T € AlgL | T(piy =0="T(qp<i,j<q}. Ifg=p+1,
then Cp, 4 is a Lie ideal in AlgL. If p+1 < g, then Cp 4 is not a Lie ideal in AlgL.

Example 2.5. Let p and ¢ be natural numbers such that p < q.

i)Let Dpq = { T € Algl | T(p,p) = T(p+1,p+1) == T(q’q) } Then Dy, 4 is
a Lie ideal in AlgL.
ii)Let Dp oo ={ T € AlgL | Tipp) = Tip+1,p4+1) = - }. Then D o is a Lie

ideal in AlgL.

Example 2.6. Let p and g be natural numbers such that p < q.

)Let Apy ={T €Dpqg| T =0,p<i<g—1landi<j<q}. Then
A, 4 is a Lie ideal in AlgL.

ii)Let AY) = { T € AlgL | Ty =0,p<i<gandi<j<gq} Then AY)
is a Lie ideal in AlgL.

Proof. i) and ii) A, 4 is clearly a linear manifold in Algl. Let T' = (t;;) € Ap 4
and let A = (aij) € AlgL. Then (AT - TA)(p’p) = ... = (AT - TA)(q’q) =0
and so AT —TA € Dpy. Forp<i<g—1landi < j <gq, (AT-TA)u,
= aiiti; + @i ip1tiv1 j + -+ aiity; - (Liaij + i ig1Gi41 5 + -+ tijag;) =
Cli]‘tjj - tiiaij = Q45 (tjj - tii) = 0 because tjj = tii- So AT —TA S .Ap7q. Hence
A, 4 is a Lie ideal in AlgL. O

Example 2.7. Let p and g be natural numbers such that p < q.

DLet AY) = {T € Dpy | Tpiy = 0and Ty ) = 0,6 =p+1,--- ,g—1,p+1<
k<q—1k<j<q} Then A} is a Lie ideal in AlgL.

ii)Let Ay = { T € Algl | Tipsy =0 and Ty =0,p<i<qg—1,p+1<
k<q—1,k<j<q} Then A,(fc)l is a Lie ideal in AlgL.

Proof. i) and ii) A,(,f(} and A,(fg, are linear manifolds in Algl. Let T' = (t;;) € AS,,}
and let A = (a;;) € Algl. Then (AT —TA) ) == (AT —TA) 44 = 0.
(AT = TA)(p,i) = apptpi + ap pritps1 i+ + apitii - (Lppapi +tp pr1aps1 i+
o+ tpiay) = 0 because t;; =t,, fori=p+1,---,¢— 1.
(AT —TA) (1) = artrj+ak kp1tprr j+- - Fagjtsj - (et ik pp10r1 5+
<o+ tgja;;) =0 because ty =t;; forp+1<k<gand k<j<gq. (]
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3. Main results

Theorem 3.1. Let p and q be natural numbers (p < q). Let A be a linear
manifold in AlgL such that {0} C A C Bp 4. If Ais a Lie ideal in AlgL, then
Tipp) = Tip+1p+1) = = Tig,q) and T(; 5 = 0,p < i < q and @ < j < q for all
TinAie ACAy,.

Proof. Let A be a Lie ideal in Algl. Let T = (t;;) € A and let A = (a;5) €
AlgL. Then t,; =0 and

0= (AT = TA)(p,q) = apptpq + ap pr1tps1 g+ + apglaq -

(tppapg + tp p+1ap+1 g + -+ + tpglgq) -+ v (*1).

Since (*1) holds for all A in AlgL, t,, = tgq,tpt1 ¢ =0, ,tq—1 ¢ = 0 and
tp pi1 =0ty pro =0, tpg =0.

0= (AT =TA)(p+1,q) = Gp+1 pritpr1 g T Apt1 pratpra g+ F Gpi1 gloq -

(tp+1 p+10p+1 g + tp+1 p+20pt2 g+ F tp+1 qaqq) ......... (*2)

Since (*2) holds for all A in AlgL, tpi1 pr1 = tgqs tptipr2 = 0,--- and

tp1 4 = 0.

0= (AT —TA)(4-1,9) = ag—1 q-1tq—1 qF0q—1 gtqq - (tg—1 q—1aq—1 qHtg—1 Qqq);
tg—1 g—1 = tgq,tq—1 ¢ = 0. Hence t,, = -+ =t4q,t;; =0, where p < i < g and
1<j<gq ie ACA,. O

We can prove Thoerem 3.2, Theorem 3.3, Theorem 3.4, Theorem 3.5 by the
same way with the proof of Theorem 3.1.

Theorem 3.2. Let p and g be natural numbers (p < q). Let A be a linear
manifold in AlgL such that Ap 4 C A C Bpy. Then A is a Lie ideal in AlgL if
and only if A=Ay ,.

Theorem 3.3. Let p and q be natural numbers (p < q). Let A be a linear
manifold in AlgL such that Ay, C A C BV, . Then A is a Lie ideal in AlgL
if and only if A= Ap 4.

Theorem 3.4. Let p and q be natural numbers (p < q). Let A be a linear
manifold in AlgC such that Ay, C A C B®, .. Then A is a Lie ideal in AlgL
if and only if A= Ap 4.

Theorem 3.5. Let p and q be natural numbers (p+1 < q). Let A be a linear
manifold in AlgL such that A, C A C Cpq. Then A is a Lie ideal in AlgL if
and only if A=Ay 4.

Theorem 3.6. Let p and q be natural numbers such that p < q. Let A be a
linear manifold in AlgC such that A;,?Z CAC A,y Then Ais a Lie ideal in
AlgL if and only if A= AL) or A= A,,.

Proof. Let A be a Lie ideal in Algl. Let A # .Az(,(,)l)]. Then there exists an

operaror T in A and T ¢ Az(,?t)l. Since T' is in A, T is in A, 4. So there is « in
C such that T(pp) = Tipt1,p+1) = = T =@ # 0and T(i jy = 0,p < i< g
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and i < j < q. Let A € A,,. Then there is a complex number 3 such that
App) = Apripsn) = = Agg = B- I B =0, then A € AY) and so A € A.
If 6=ca,then T — A€ .A,(,%. SoT — A e A. Since A is a linear manifold in A,
A-T+T=Ac A Let f#0 and  # a. Then %AEAbytheaboveB:a
case. So A € A. Hence A=A, ,. O

Theorem 3.7. Let p a fixed natural number. Let A be a linear manifold in AlgL
such that Ao, C AC Ag. Then A is a Lie ideal in AlgL if and only if A = Ao
or A= Ap.

Proof. Let A be a Lie ideal in Algl and let A # Ag,. Then there exists an
operaror T in A such that T' ¢ Agp, i.e. Tppi1) # 0. Let A = (ai;) € Ao. If
ap p+1 =0, then A € Ap, andso A € A. Let a, py1 # 0. Let A; be an operator
defined by

{Al(p,p+1> =0

A1 j) = aij otherwise.

Then A; € Agp. Let Th be an operator defined by

i5) = —T(,L)]) otherwise.

Then Ty € Aoy C A Let Ty =T +T1. Then Ty € A and Top i1y = T(ppr1)-
Let v = 722 Then A = o> + A; and A € A. Hence A = Aj. O
(p,p+1)
We omit the proof of the following Theorem because it can be given easily by
modifying the proof of Theorem 7.

Theorem 3.8. 1) Let k1, ko, be natural numbers such that k; < k;y1. Let
O = {k1}, Q2 = {k1,ka}, -+, Qn = {k1, ko, JEn}, -, Q = {k1, k2, }.
Then

A()’Q c---C Ao,Qn C A07Qn_1 c---C Aon2 C .Aoﬂl = AO,kl'

2)Let p be a natural number. Then Dp oo C -+ CDpp C - CDpoa CDp1.

3)Let p and q be natural numbers such that 1 < p < q. Then

i) Apg D Ap—1,g D Ap—24 D - D Aig

it) Apg D Ap-1,4+1 D Ap-2,412 D -+ D A1,g1p-1

W) Ap g O Apgr1 D Apgr2 D - D Apggn D -+

Theorem 3.9. Let p and g be natural numbers such that p < q. Let A be a
linear manifold in AlgL such that Dy g4+1 C A C Dpq. Then A is a Lie ideal in
AlgL if and only if A="Dyq or A=Dpgt1.

Proof. Let A be a Lie ideal in AlgL and let A # Dp 441. Then there exists an
operaror T in A and T' ¢ Dy 41 1. Then T, )y = T(pq1pt1) = - = T(q,q) } and
Tiq,9) 7 Tig+1,q+1)- Let A= (ai;) € Dpg. Then app = apy1 pr1 =+ = aq 4. If
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(g1 q+1 = Gq ¢, then A €Dy, o1 C A. Let agy1 g+1 # aq q- Define an operator
Ay by

Al(g+1,g+41) = 0q q
A1 j) = aij otherwise.

Then Ay € Dy g+1 C A. Let T; be an operator defined by

Tigt1,041) = ~Tig0
T1(;,5y = —T(;,5) otherwise.

Then T} € Dp g+1 C A Put To =T 4+ T4. Then T5 € A.
Let o = —atlati=% g  Then A = aT» + A; and A € A. Hence A =

Tiq+1,0+1)~T(q,q)

Dp.q- O

Theorem 3.10. Let p be a natural number. Let A be a linear manifold in AlgL
such that Cppy1 C A CE, where € ={ T € AlgL | Ty = 0 = Tipi1p41) }-
Then A is a Lie ideal in AlgL if and only if A =Cppy1 or A=E.

Proof. Let A be a Lie ideal in AlgL and let A # Cp 1. Then there exists an
operaror T'in A and T' ¢ Cppy1, ie. T(ppy1) # 0. Let A = (a;;) € €. If
ap p+1 = 0, then A € Cppy1 and so A € A. Let ap py1 # 0. Let A; be an
operator defined by

{Al(p,pﬂ) =0

A1 j) = aij otherwise.

Then A; € Cppt1 C A and so Ay € A. Let T be an operator defined by

{Tl(p,p+1> =0

T1i,5y = —T(s,5) otherwise.

Since Ty € Cppt1, T1 € A. Put Ty = T +Ty. Then T € A and Ty, 1) =
Tipp+1)- Let g = % Then 8Th + Ay = Aand A€ A Hence E=A. O

Theorem 3.11. Let A be a linear manifold in AlgL such that Ay C A C As.
Then A is a Lie ideal in AlgL if and only if A = Ay or A= As.

Proof. Let A be a Lie ideal in AlgL. Let Ag # A. Then there exists an operaror
Tin Aand T ¢ Ap. Since A C Ay, Ty = a # 0(@ = 1,2,---) for some
ain Cand T — al € Ayg. Since a # 0 and A is a linear manifold in Algl,
T—(T—-al)=al € A Sincea #0, I € A Let Ac As. If A ;) = 0 for all
1 € N, then A € Ag and A € A. Let A(iﬂ') =B #0. Then A—pI € Ay C A.
Since A is a linear manifold in Algl, (A—BI)+8I = A€ A. Hence A= A,. O

Theorem 3.12. Let p and q be natural numbers such that p < q. Let A be a
linear manifold in AlgL such that A, , C A C A,(,}(),. Then A is a Lie ideal in
AlgL if and only if A=A, 4 or A= Az(it)z-
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Proof. Let Abe a Lieideal in AlgL. Let A # A, ;. Then there exists an operaror
TinAand T ¢ Ay, g ie. Tipg =a#0. Let A= (a;;) € ASy. If apg = 0, then
AeA,,andso A€ A Let apg =0#0. f f=c,then T — A€ A,, and so
T — A e A. Since A is a linear manifold in Algl, T — (T — A) = A € A. Let
B # a. Then %A € A by the above case f = a. So A € A. Hence A = Afgf?,. O

Theorem 3.13. Let p and q be natural numbers such that p < q. Let A be a
linear manifold in AlgL such that A,(,?Z CAC AS()I. Then A is a Lie ideal in
AlgL if and only if A= A,(,?Z or A= A;Sf()z.

Proof. Let Abe a Lieideal in AlgL. Let A # A,S??,. Then there exists an operaror
T = (t;j) in Aand T ¢ A,(,?;. ie. tpg #0. Let A= (ay) € Aézr)l If ap, =0,
then A € A,(,?g and so A € A. Let apy # 0. If apg = tpg, then T'— A € Aé?()z and
so T —A € A Since A is a linear manifold in Algl, T — (T — A) = A € A
Let apg # tpg. Then ffT‘;A € A by the above case apq = tpq. So A € A. Hence

A= AR O

Theorem 3.14. Let p and q be natural numbers such that p < q. Let A be a
linear manifold in AlgL such that A,(f(), CAC -Az(ic);- Then A is a Lie ideal in
AlgL if and only if A= AS) or A= A

Proof. Let A be a Lie ideal in AlgL. Suppose that A # A,(f,);. Then there exists

an operaror T = (t;;) in A and T ¢ ALY, ie. tyy, = tyi1 py1 = -+ = tgq # 0.
Put tp,, = a. Let A = (a;5) € A;(,}(),. If app = apt1 pr1 = -+ = agq = 0, then
Ae Aé??] C A. Let app = 8 # 0. Then T — (5A) is an element of Az(,%g. Since

T € A, and A is a linear manifold in Algl, T'— (T — (54)) = (54) € A and

A€ A Hence A= A,()%Z. O

Theorem 3.15. Let A be a linear manifold in AlgL such that Ag C A C As.
Then A is a Lie ideal in AlgL if and only if A = Ay or A= As.

Proof. Let A be a Lie ideal in AlgL. Let Ag # A. Then there exists an operaror
Tin Aand T ¢ Ag. Since A C Ay, T = a # 0(@ = 1,2,---) for some
ain Cand T — al € Ay. Since a # 0 and A is a linear manifold in AlgL,
T—(T—-al)=al € A Sincea #0, I € A Let A€ As. If A ;) = 0 for all
1 € N, then A € Ag and A € A. Let A(iﬂ') =B #0. Then A— I € Ay C A.
Since A is a linear manifold in Algl, (A—pBI)+8I = A€ A. Hence A= A,. O

Let A be a Lie ideal in AlgL. Let X = { (p,q) | T(p,q) = O0forallT € A}. Leti
and j be natural numbers and let E;; be the operator whose (4, j)- component is 1

and all other entries are 0. Let k& be a natural number. Put ET(Lk) = Z?zl Ei vk,
E®) =5 E; itk Then EY — E® (strongly).
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Theorem 3.16. Let A be a strongly closed Lie ideal in AlgL and let k be a
natural number. Assume that X = 0. Then E®) € A.

Proof. Since X = (), for each (i,i + k) € N x N there exists T"+*) ¢ A such
that T oHE) 0. Let TG0 = p; /040 _ TGtk By Then TR ¢ A

(i,1+k)
for all i € N. By iy TG — TG0 By = TV E, . Since
T(lei:) #0, E; 11 € A. Since A is a linear manifold in AlgLl, E® ¢ A Since
E® E®) (strongly), E®) ¢ A. O
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