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Abstract. In this paper, we study linear differential equations arising

from the generating functions of twisted (h, q)-tangent polynomials. We

give explicit identities for the twisted (h, q)-tangent polynomials.

AMS Mathematics Subject Classification : 11B68, 11S40, 11S80.
Key words and phrases : Tangent numbers and polynomials, q-tangent

numbers and polynomials, linear differential equations, higher-order tan-

gent numbers, twisted (h, q)-tangent numbers and polynomials.

1. Introduction

Recently, many mathematicians have studied in the area of the Bernoulli
numbers and polynomials, Euler numbers and polynomials, Genocchi numbers
and polynomials, and tangent numbers and polynomials(see [1, 2, 3, 4, 6, 8,
9, 10]). We first give the definitions of the twisted (h, q)-tangent numbers and
polynomials. It should be mentioned that the definition of twisted (h, q)-tangent

numbers T
(h)
n,ζ,q and polynomials T

(h)
n,ζ,q(x) can be found in [6]. Let r be a positive

integer, and let ζ be rth root of unity. The twisted (h, q)-tangent numbers T
(h)
n,ζ,q

and polynomials T
(h)
n,ζ,q(x) are defined by means of the generating functions:

2

ζqhe2t + 1
=

∞∑
n=0

T
(h)
n,ζ,q

tn

n!
,

(
2

ζqhe2t + 1

)
ext =

∞∑
n=0

T
(h)
n,ζ,q(x)

tn

n!
. (1.1)
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For k ∈ N, the twisted (h, q)-tangent polynomials of higher order, T
(h,k)
n,ζ,q (x) are

defined by means of the following generating function(
2

ζqhe2t + 1

)k
ext =

∞∑
n=0

T
(h,k)
n,ζ,q (x)

tn

n!
. (1.2)

The twisted (h, q)-tangent numbers of higher order, T
(h,k)
n,ζ,q are defined by the

following generating function(
2

ζqhe2t + 1

)k
=

∞∑
n=0

T
(h,k)
n,ζ,q

tn

n!
. (1.3)

When k = 1, above (1.2) and (1.3) will become the corresponding definitions of

the twisted (h, q)-tangent polynomials T
(h)
n,ζ,q(x) and the twisted (h, q)-tangent

numbers T
(h)
n,ζ,q.

Differential equations arising from the generating functions of special polyno-
mials are studied by many authors in order to give explicit identities for special
polynomials(see [3, 7, 11]). In this paper, we study linear differential equations
arising from the generating functions of twisted (h, q)-tangent polynomials. We
give explicit identities for the twisted (h, q)-tangent polynomials.

2. Differential equations associated with twisted (h, q)-tangent
polynomials

In this section, we study linear differential equations arising from the gener-
ating functions of twisted (h, q)-tangent polynomials. Let

H = H(t, ζ, q, h) =
2

ζqhe2t + 1
,

F = F (t, ζ, q, h, x) =

(
2

ζqhe2t + 1

)
ext.

(2.1)

Then, by (2.1), we get

H(1) =
d

dt
H(t, ζ, q, h) =

d

dt

(
2

ζqhe2t + 1

)
= −ζqh

(
2

ζqhe2t + 1

)2

e2t.

Hence we have

H(1) = −ζqhH2e2t.

By (2.1), we obtain

F (1) =
d

dt
F (t, ζ, q, h, x) =

d

dt

(
2

ζqhe2t + 1

)
ext

= −ζqh
(

2

ζqhe2t + 1

)2

e(x+2)t + x

(
2

ζqhe2t + 1

)
ext

=
(
−ζqhHe2t + x

)
F (t, ζ, q, h, x),

(2.2)
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F (2) =

(
d

dt

)2

F (t, ζ, q, h, x)

=
(
−1ζqhH(1)e2t − 2xζqhHe2t

)
F +

(
−ζqhHe2t + x

)
F (1)

= (−1)22ζ2q2hH2e4tF + (−1)2ζqhxHe2tF + (−1)2ζqhHe2tF + x2F,

=
(
(−1)22ζ2q2hH2e4t + (−1)(2ζqhx+ 2ζqh)He2t + x2

)
F (t, ζ, q, h, x)

and

F (3) =

(
d

dt

)3

F (t, ζ, q, h, x)

= (−1)24ζ2q2hHH(1)e4tF + (−1)28ζ2q2hH2e4tF

+ (−1)22ζ2q2hH2e4tF (1)

+ (−2)(ζqhx+ ζqh)H(1)e2tF + (−4)(ζqhx+ ζqh)He2tF

+ (−2)(ζqhx+ ζqh)He2tF (1)

= (−1)36ζ3q3hH3e6tF (t, ζ, q, h, x)

+ (−1)2(8ζ2q2h + 2ζ2q2hx+ 2ζ2q2hx

+ 2ζ2q2h)H2e4tF (t, ζ, q, h, x)

+ (−1)(4ζqhx+ 4ζqh + ζqhx2)He2tF (t, ζ, q, h, x)

+ x3F (t, ζ, q, h, x).

(2.3)

Continuing this process, we can guess that

F (N) =

(
d

dt

)N
F (t, ζ, q, h, x)

=

(
N∑
i=0

(−1)iai(N, ζ, q, h, x)Hie2it

)
F (t, ζ, q, h, x),

(N = 0, 1, 2, . . .).

(2.4)

Taking the derivative with respect to t in (2.4), we obtain

F (N+1) =
dF (N)

dt

=

N∑
i=0

(−1)iiai(N, ζ, q, h, x)Hi−1H(1)e2itF (t, ζ, q, h, x)

+

N∑
i=0

(−1)i2iai(N, ζ, q, h, x)Hie2itF (t, ζ, q, h, x)

+

(
N∑
i=0

(−1)iai(N, ζ, q, h, x)Hie2it

)
F (1)(t, ζ, q, h, x).
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=

(
N∑
i=0

(−1)i+1ζqh(i+ 1)ai(N, ζ, q, h, x)Hi+1e2(i+1)t

)
F (t, ζ, q, h, x)

+

(
N∑
i=0

(−1)i(2i+ x)ai(N, ζ, q, h, x)Hie2it

)
F (t, ζ, q, h, x)

=

(
N∑
i=0

(−1)i(2i+ x)ai(N, ζ, q, h, x)Hie2it

)
(t, ζ, q, h, x)

+

(
N+1∑
i=1

(−1)iζqhiai−1(N, ζ, q, h, x)Hie2it

)
F (t, ζ, q, h, x).

(2.5)

On the other hand, by replacing N by N + 1 in (2.4), we get

F (N+1) =

(
N+1∑
i=0

(−1)iai(N + 1, ζ, q, h, x)Hie2it

)
F (t, ζ, q, h, x). (2.6)

By (2.5) and (2.6), we have(
N∑
i=0

(x+ 2i)ai(N, ζ, q, h, x)Hie2it +

N+1∑
i=1

(−1)iζqhiai−1(N, ζ, q, h, x)Hie2it

)
F

=

(
N+1∑
i=0

(−1)iai(N + 1, ζ, q, h, x)Hie2it

)
F (t, ζ, q, h, x).

(2.7)
Comparing the coefficients on both sides of (2.7), we obtain

a0(N + 1, ζ, q, h, x) = xa0(N, ζ, q, h, x),

aN+1(N + 1, ζ, q, h, x) = ζqh(N + 1)aN (N, ζ, q, h, x),
(2.8)

and

ai(N + 1, ζ, q, h, x) = (x+ 2i)ai(N, ζ, q, h, x) + ζqhiai−1(N, ζ, q, h, x),

(1 ≤ i ≤ N).
(2.9)

In addition, by (2.2) and (2.4), we get

F = F (0) = a0(0, ζ, q, h, x)F (t, ζ, q, h, x) = F (t, ζ, q, h, x). (2.10)

Thus, by (2.10), we obtain

a0(0, ζ, q, h, x) = 1. (2.11)

It is not difficult to show that

− ζqhHe2tF (t, ζ, q, h, x) + xF (t, ζ, q, h, x)

=

1∑
i=0

(−1)iai(1, ζ, q, h, x)Hie2itF (t, ζ, q, h, x)

= a0(1, ζ, q, h, x)F (t, ζ, q, h, x) + (−1)a1(1, ζ, q, h, x)He2tF.

(2.12)
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Thus, by (2.12), we also get

a0(1, ζ, q, h, x) = x, a1(1, ζ, q, h, x) = ζqh. (2.13)

From (2.8), we note that

a0(N + 1, ζ, q, h, x) = xa0(N, ζ, q, h, x) = x2a0(N − 1, ζ, q, h, x) = · · · = xN+1,

and

aN (N + 1, ζ, q, h, x) = ζqh(N + 1)aN (N, ζ, q, h, x)

= · · · = ζ(N+1)q(N+1)h(N + 1)!.
(2.14)

For i = 1, 2, 3 in (2.9), we get

a1(N + 1, ζ, q, h, x) = ζqh
N∑
k=0

(x+ 2)ka0(N − k, ζ, q, h, x),

a2(N + 1, ζ, q, h, x) = 2ζqh
N−1∑
k=0

(x+ 4)ka1(N − k, ζ, q, h, x), and

a3(N + 1, ζ, q, h, x) = 3ζqh
N−2∑
k=0

(x+ 6)ka2(N − k, ζ, q, h, x).

Continuing this process, we can deduce that, for 1 ≤ i ≤ N,

ai(N + 1, ζ, q, h, x)) = iζqh
N−i+1∑
k=0

(x+ 2i)kai−1(N − k, ζ, q, h, x). (2.15)

Now, we give explicit expressions for ai(N + 1, ζ, q, h, x). By (2.14) and (2.15),
we get

a1(N + 1, ζ, q, h, x) = ζqh
N∑

k1=0

(x+ 2)k1a0(N − k1, ζ, q, h, x)

= ζqh
N∑

k1=0

(x+ 2)k1xN−k1 ,

a2(N + 1, ζ, q, h, x) = 2ζqh
N−1∑
k2=0

(x+ 4)k2a1(N − k2, ζ, q, h, x)

= 2!ζ2q2h
N−1∑
k2=0

N−k2−1∑
k1=0

(x+ 4)k2(x+ 2)k1xN−k2−k1−1,
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and

a3(N + 1, ζ, q, h, x)

= 3ζqh
N−2∑
k3=0

(x+ 6)k3a2(N − k3, ζ, q, h, x)

= 3!ζ3q3h
N−2∑
k3=0

N−k3−2∑
k2=0

N−k3−k2−2∑
k1=0

(x+ 6)k3(x+ 4)k2(x+ 2)k1xN−k2−k2−k1−2.

Continuing this process, we have

ai(N + 1)

= i!ζiqih
N−i+1∑
ki=0

N−ki−i+1∑
ki−1=0

· · ·

×
N−ki−···−k2−i+1∑

k1=0

(x+ 2i)ki · · · (x+ 2)k1xN−ki−···−k1−i+1.

(2.16)

Therefore, by (2.16), we obtain the following theorem.

Theorem 2.1. For N = 0, 1, 2, . . . , the functional equation

F (N) =

(
N∑
i=0

(−1)iai(N, ζ, q, h, x)

(
2

ζqhe2t + 1

)i
e2it

)
F

has a solution

F = F (t, ζ, q, h, x) =

(
2

ζqhe2t + 1

)
ext,

where

a0(N, ζ, q, h, x) = xN ,

aN (N, ζ, q, h, x) = N !ζNqNh,

ai(N, ζ, q, h, x) = i!ζiqih
N−i∑
ki=0

N−ki−i∑
ki−1=0

· · ·

×
N−ki−···−k2−i∑

k1=0

(x+ 2i)ki · · · (x+ 2)k1xN−ki−···−k1−i,

(1 ≤ i ≤ N).

Here is a plot of the surface for this solution. In Figure 1, we choose ζ =

e
2πi
2 , h = 2, q = 1/10.
From (1.1), we note that

F (N) =

(
d

dt

)N
F (t, ζ, q, h, x) =

∞∑
k=0

T
(h)
k+N,ζ,q(x)

tk

k!
. (2.17)
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Figure 1. The surface for the solution F (t, ζ, q, h, x)

From Theorem 2.1, (1.3), and (2.17), we can derive the following equation:

∞∑
k=0

T
(h)
k+N,ζ,q(x)

tk

k!
= F (N)

=

(
N∑
i=0

(−1)iai(N, ζ, q, h, x)

(
2

ζqhe2t + 1

)i
e2it

)
F

=

N∑
i=0

(−1)iai(N, ζ, q, h, x)e(x+2i)t

(
2

ζqhe2t + 1

)i+1

=

N∑
i=0

(−1)iai(N, ζ, q, h, x)

( ∞∑
k=0

T
(h,i+1))
k,ζ,q (x+ 2i)

tk

k!

)

=

∞∑
k=0

(
N∑
i=0

(−1)iai(N, ζ, q, h, x)T
(h,i+1))
k,ζ,q (x+ 2i)

)
tk

k!
.

(2.18)

By comparing the coefficients on both sides of (2.18), we obtain the following
theorem.

Theorem 2.2. For k = 0, 1, . . . , and N = 0, 1, 2, . . . , we have

T
(h)
k+N,ζ,q(x) =

N∑
i=0

(−1)iai(N, ζ, q, h, x)T
(h,i+1)
k,ζ,q (x+ 2i)

=

N∑
i=0

k∑
l=0

(
k

l

)
(−1)i(2i)k−lai(N, ζ, q, h, x)T

(h,i+1)
l,ζ,q (x),

(2.19)
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where

a0(N, ζ, q, h, x) = xN ,

aN (N, ζ, q, h, x) = N !ζNqNh,

ai(N, ζ, q, h, x) = i!ζiqih
N−i∑
ki=0

N−ki−i∑
ki−1=0

· · ·

×
N−ki−···−k2−i∑

k1=0

(x+ 2i)ki · · · (x+ 2)k1xN−ki−···−k1−i,

(1 ≤ i ≤ N).

Let us take k = 0 in (2.19). Then, we have the following corollary.

Corollary 2.3. For N = 0, 1, 2, . . . , we have

T
(h)
N,ζ,q(x) =

N∑
i=0

(−1)iai(N, ζ, q, h, x)T
(h,i+1)
0,ζ,q (x+ 2i).
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