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CRITICAL VIRTUAL MANIFOLDS AND

PERVERSE SHEAVES

Young-Hoon Kiem and Jun Li

Abstract. In Donaldson-Thomas theory, moduli spaces are locally the

critical locus of a holomorphic function defined on a complex manifold.
In this paper, we develop a theory of critical virtual manifolds which are

the gluing of critical loci of holomorphic functions. We show that a crit-
ical virtual manifold X admits a natural semi-perfect obstruction theory

and a virtual fundamental class [X]vir whose degree DT (X) = deg[X]vir

is the Euler characteristic χν(X) weighted by the Behrend function ν.
We prove that when the critical virtual manifold is orientable, the local

perverse sheaves of vanishing cycles glue to a perverse sheaf P whose hy-

percohomology has Euler characteristic equal to the Donaldson-Thomas
type invariant DT (X). In the companion paper [17], we proved that a

moduli space X of simple sheaves on a Calabi-Yau 3-fold Y is a critical

virtual manifold whose perverse sheaf categorifies the Donaldson-Thomas
invariant of Y and also gives us a mathematical theory of Gopakumar-

Vafa invariants.

1. Introduction

The Donaldson-Thomas invariant is a virtual count of stable sheaves on a
smooth projective Calabi-Yau 3-fold Y over C which was defined as the degree
of the virtual fundamental class of the moduli space X of stable sheaves on Y
(cf. [26]). Using microlocal analysis, Behrend showed that the DT invariant is in
fact the Euler number of the moduli space, weighted by a constructible function
νX , called the Behrend function (cf. [1]). Since the ordinary Euler number is
the alternating sum of Betti numbers of cohomology groups, it is reasonable
to ask if the Donaldson-Thomas invariant is in fact the Euler number of a
cohomology theory on X.
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On the other hand, it is known that the moduli space is locally the critical
locus of a holomorphic function, called a local Chern-Simons functional (cf.
[15]). Given a holomorphic function f on a complex manifold V , one has the
perverse sheaf φf (Q[dimV − 1]) of vanishing cycles supported on the critical
locus. So the moduli space is covered by charts each of which comes with the
perverse sheaf of vanishing cycles φf (Q[dimV − 1]).

This motivated Joyce and Song to raise the following question ([15, Question
5.7]).

Let X be a moduli space of simple coherent sheaves on Y . Does there exist
a natural perverse sheaf P on the underlying analytic space which is locally
isomorphic to the sheaf φf (Q[dimV − 1]) of vanishing cycles for (V, f) above?

The purpose of this paper together with its companion paper [17] is to
provide an affirmative answer.

Theorem 1.1. Let X be a moduli space of simple sheaves on a smooth projec-
tive Calabi-Yau 3-fold Y . Suppose the reduced scheme Xred of X is of finite
type and admits a tautological family. Then the collection of perverse sheaves
φf (Q[dimV − 1]) geometrically glue to a perverse sheaf P on X. The same
holds for polarizable mixed Hodge modules.

In [17], we proved that a moduli space X of simple sheaves on a smooth
projective Calabi-Yau 3-fold Y is a critical virtual manifold, i.e., the complex
analytic space X has an open cover X = ∪Xα and each

Xα = Crit(fα) = zero(dfα)

is the critical locus of a holomorphic function fα : Vα → C on a complex
manifold Vα. Furthermore for each pair of indices (α, β), there are open neigh-
borhoods Vαβ ⊂ Vα, Vβα ⊂ Vβ of Xαβ = Xα ∩ Xβ and biholomorphic maps
ϕαβ : Vαβ → Vβα satisfying fβ ◦ ϕαβ = fα and ϕαβ |Xαβ = idXαβ . We call an
analytic space X together with charts

Xα = Crit(fα : Vα → C), and ϕαβ : Vαβ
∼=−→Vβα

a critical virtual manifold. See Definition 2.5 for a precise statement. One may
say that a critical virtual manifold is the gluing of Landau-Ginzburg models.
Usual complex manifolds are special cases of critical virtual manifolds. As
mentioned above, by [17], moduli spaces of sheaves on Calabi-Yau 3-folds are
all critical virtual manifolds.

In this paper, we investigate several interesting structures on critical virtual
manifolds, such as orientability, semi-perfect obstruction theory, virtual funda-
mental class, Donaldson-Thomas type invariant, weighted Euler characteristic,
local perverse sheaves of vanishing cycles, their gluing isomorphisms and mixed
Hodge modules.

Since a critical virtual manifold X is locally the critical locus Xα of a holo-
morphic function fα on a complex manifold Vα, it comes with a natural sym-

metric obstruction theory Eα = [TVα |Xα
d(dfα)−→ ΩVα |Xα ] → LXα on each Xα.
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We prove that these local symmetric obstruction theories form a semi-perfect
obstruction theory (Proposition 2.30). By [6], we then have a virtual funda-
mental class [X]vir ∈ A0(X) whose degree gives us the Donaldson-Thomas type
invariant

DT (X) = deg[X]vir

when X is compact. By adapting the arguments in [1], we find that DT (X) is
indeed the Euler characteristic χν(X) of X weighted by the Behrend function
ν (Theorem 2.37). Then it is natural to consider the following categorification
problem.

Problem 1.2. Let X be a critical virtual manifold. Does there exist a natural
perverse sheaf P on X such that P |Xα is isomorphic to the perverse sheaf
Pα := φfα(Q[dimVα − 1]) of vanishing cycles for (Vα, fα)?

See Definition 3.1 for perverse sheaves of vanishing cycles and Definition 3.7
for perverse sheaves.

The value of the Behrend function ν at a point x in the critical locus Crit(f)
of a holomorphic function f on a complex manifold V equals the Euler char-
acteristic χ(φf (Q[dimV − 1]))x of the stalk cohomology of the perverse sheaf
φf (Q[dimV −1]) of vanishing cycles at x (cf. (3.8)). Therefore, the hypercoho-
mology H∗c(X,P ) of a solution P to Problem 1.2 has Euler characteristic equal
to the Donaldson-Thomas type invariant DT (X) (cf. Proposition 3.3), i.e.,∑

i

(−1)i dimHic(X,P ) = χν(X) = DT (X).

Hence a solution to Problem 1.2 categorifies the Donaldson-Thomas type in-
variant DT (X) into a cohomological invariant H∗c(X,P ).

A critical virtual manifold X with charts X = ∪Xα, Xα = Crit(fα) ⊂ Vα
has local orientation bundles det(TVα)|Xred

α
on the reduced space Xred

α and

their isomorphisms det(dϕαβ)|Xred
αβ

on the reduced space Xred
αβ of Xαβ given

by the transition maps ϕαβ (cf. (2.3)). We say that X is orientable if these
local orientation bundles glue to a line bundle on Xred. We will see that the
obstruction to orientability lies in H2(X,Z2) (cf. (2.6)). The main result of
this paper is the following (cf. Theorems 3.15 and 3.20).

Theorem 1.3. Let X be an orientable critical virtual manifold with charts

Xα = Crit(fα) ⊂ Vα
fα−→C.

Then there are a perverse sheaf P and a polarizable mixed Hodge module M
with rat(M) = P , which are the geometric gluing of local perverse sheaves Pα
and mixed Hodge modules Mα of vanishing cycles for (Vα, fα).

It is well known that perverse sheaves glue (cf. Proposition 3.8). We show
that the biholomorphic maps ϕαβ induce isomorphisms σαβ : Pα|Xαβ → Pβ |Xαβ
whenever Xαβ = Xα ∩Xβ 6= ∅ (cf. Corollary 3.5). We prove that the 2-cocycle
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obstruction for gluing the local perverse sheaves Pα to a globally defined per-
verse sheaf P coincides with the obstruction for the orientability of X (cf. Corol-
lary 3.13). Therefore an orientable critical virtual manifold X = ∪Xα has a
perverse sheaf P which is locally the perverse sheaf Pα of vanishing cycles on
Xα (cf. Theorem 3.15).

Now Theorem 1.1 is a direct consequence of Theorem 1.3 and the following
theorem from [17].

Theorem 1.4 ([17, Theorems 5.5 and 5.10]). A bounded moduli space X of
simple sheaves on a smooth projective Calabi-Yau 3-fold Y is a critical virtual
manifold. If furthermore the reduced space Xred is equipped with a tautological
family, then X is an orientable critical virtual manifold.

As an application of Theorem 1.1, we use the hypercohomology Hic(X,P ) of
P to deduce the DT (Laurent) polynomial

DTt(X) =
∑
i

ti dimHic(X,P )

such that DT−1(X) is the ordinary Donaldson-Thomas invariant of a smooth
projective Calabi-Yau 3-fold Y when X is a moduli space of stable sheaves on
Y , equipped with a tautological family.

Another application is a mathematical theory of Gopakumar-Vafa invariants
proposed in [9]. Let X be a moduli space of stable sheaves supported on curves
of homology class β ∈ H2(Y,Z). The Gopakumar-Vafa invariants are integers
nh(β) for h ∈ Z≥0 defined by an sl2 × sl2 action on some cohomology of X
such that n0(β) is the Donaldson-Thomas invariant of X and that they give all
genus Gromov-Witten invariants Ng(β) of Y via a relation in [9] (cf. [17, (6.1)]).
Applying Theorem 1.1 to X, we obtain a perverse sheaf P on X which is locally
the perverse sheaf of vanishing cycles. By the relative hard Lefschetz theorem
for the morphism to the Chow scheme (cf. [22]), we have an action of sl2 × sl2
on H∗(X, P̂ ) where P̂ is the gradation of P by the weight filtration of P . This
gives us a geometric theory of Gopakumar-Vafa invariants which we conjecture
to give all the Gromov-Witten invariants Ng(β).

We believe that there will be more applications of Theorem 1.3. For in-
stance, in a subsequent paper, we will show that moduli spaces of sheaves with
additional structures on a Calabi-Yau 3-fold are critical virtual manifolds and
they will lead us to a wall crossing formula of Gopakumar-Vafa invariants. Also
further developments of the theory of critical virtual manifolds are expected
and desired, such as deformation theory and algebraic versions for stacks. All
these directions will bring us interesting progresses on the Donaldson-Thomas
theory and related topics.

Here is the layout of this paper. In Chapter 2, we introduce critical virtual
manifolds, and discuss orientability, semi-perfect obstruction theory, Behrend’s
theorem and the categorification problem. In Chapter 3, we prove the gluing
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theorem for perverse sheaves and mixed Hodge modules. Chapter 4 is devoted
to a proof of Theorem 3.12 which is essential for the gluing of perverse sheaves.

This paper is the first half of the authors’ preprint arXiv:1212.6444 (last up-
dated on March 26, 2016). Some related results were independently obtained
by Chris Brav, Vittoria Bussi, Delphine Dupont, Dominic Joyce and Balazs
Szendroi in [5]. We are grateful to Dominic Joyce for his comments and sug-
gestions. We thank Martin Olsson and Yan Soibelman for their comments. We
also thank Takuro Mochizuki and Masaki Kashiwara for answering questions
on mixed Hodge modules.

2. Critical virtual manifolds

In this chapter, we introduce the notion of a critical virtual manifold (Def-
inition 2.5) and the orientability (Definition 2.17). We prove that a critical
virtual manifold X has a natural symmetric semi-perfect obstruction theory
(Proposition 2.30) in the sense of [6], which gives us the virtual fundamental
class [X]vir ∈ A0(X) (Definition 2.34) whose degree

DT (X) = deg[X]vir

is shown to equal the Euler characteristic

χν(X) =
∑
n∈Z

n · χc(ν−1(n))

weighted by the Behrend function ν (Theorem 2.37). Then we pose a categorifi-
cation problem (Problem 2.41) which will be solved in the subsequent chapter.
We end this chapter by compairing the notion of a critical virtual manifold
with a d-critical locus from [14].

2.1. Background

Recall that a complex manifold is locally modeled on open subsets in Cn,
n > 0.

Definition 2.1 ([11, page 14]). A complex manifold X is a second countable
paracompact Hausdorff space together with an open cover {Xα} and homeo-
morphisms ϕα : Xα → ϕα(Xα) ⊂ Cn onto open sets such that ϕαβ := ϕβ ◦ϕ−1

α

is holomorphic on ϕα(Xαβ) ⊂ Cn for all α, β. Here Xαβ = Xα ∩Xβ .

When X is a smooth projective variety (or more generally a compact Kähler
manifold), its cohomology H∗(X,C) satisfies nice properties like the Hodge de-
composition and the Lefschetz decomposition, collectively known as the Kähler
package [11, 18]. These properties are well known to be fundamental tools in
complex and algebraic geometry. However when X is singular, these nice prop-
erties do not hold unless we use more sophisticated tools.

Our discussion on singular spaces will be based on the notion of analytic
spaces.
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Definition 2.2. A local ringed space is a topological space X together with a
sheaf OX of rings whose stalks are local rings.

Given holomorphic functions f1, . . . , fm on an open V ⊂ Cn, the common
vanishing locus Y = zero(f1, . . . , fm) ⊂ V equipped with the sheaf OY =
OV /(f1, . . . , fm) of holomorphic functions on Y is a local ringed space.

Definition 2.3. An analytic space is a second countable paracompact Haus-
dorff local ringed space (X,OX) together with an open covering {Xα} and
an isomorphism ϕα : (Xα,OX |Xα)

∼=−→ (Yα,OYα) onto a local ringed space
(Yα,OYα) in an open Vα ⊂ Cn defined by finitely many holomorphic func-
tions for each α. A morphism of analytic spaces is a morphism of local ringed
spaces, i.e., a continuous map ϕ : X → Y together with a sheaf homomorphism
ϕ∗ : ϕ−1OY → OX which induces a local homomorphism of stalks.

Given an analytic space (X,OX), its reduced space Xred is given by the
same topological space and the reduced sheaf OXred which is the quotient of
OX by its radical ideal.

Although the Kähler package may fail for the ordinary cohomologyH∗(X,C),
if we use the hypercohomology H∗(X,P ) of a perverse sheaf P on X which
underlies a polarizable Hodge module, then we still have the nice properties,
thanks to the theory of perverse sheaves and mixed Hodge modules due to
Kashiwara, Goresky, MacPherson, Beilinson, Berstein, Deligne and Saito, to
name a few [3,10,22,23]. So it is reasonable to raise the following question:

How do we get a natural perverse sheaf P on an analytic space X underlying
a polarizable Hodge module?

One obvious way is to use the intersection cohomology complex ICX which
extends the constant variation of Hodge structure QU on an open dense smooth
subset U ⊂ X. For the Donaldson-Thomas theory which is the focus of this
paper, the spaces we deal with are locally the critical locus Crit(f) of a holo-
morphic function f : V → C on a complex manifold V (cf. [15]). In this case,
the perverse sheaf Pf = φfQ[dimV − 1] of vanishing cycles is much more rel-
evant than the constant sheaf Q or the intersection cohomology complex ICX
(cf. [1]).

In this paper, we will introduce the notion of a critical virtual manifold
and show that there are natural choices of perverse sheaves underlying polar-
izable mixed Hodge modules. In [17], we proved that moduli spaces for the
Donaldson-Thomas theory are critical virtual manifolds. We thus will obtain a
cohomology theory for the Donaldson-Thomas invariant which moreover gives
us a mathematical theory of the Gopakumar-Vafa invariant.

2.2. Definition of critical virtual manifolds

A critical virtual manifold is an analytic space locally modeled on the critical
locus Crit(f) of a holomorphic function f : V → C on a complex manifold V .
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Definition 2.4. (1) An LG pair is a complex manifold V together with a
holomorphic function f : V → C which has only one critical value 0.

(2) Two LG pairs (V1, f1) and (V2, f2) are called equivalent if there exists a
biholomorphic map ϕ : V1 → V2 satisfying f2 ◦ ϕ = f1.

(3) The critical locus of an LG pair (V, f) is the analytic space in V defined
by the ideal (df) generated by the partial derivatives of f . We will sometimes
denote the critical locus Crit(f) by Xf .

(4) The reduced analytic space Xred
f of the critical locus Xf is the analytic

space defined by the radical ideal of (df).

Here LG stands for Landau-Ginzburg. Perhaps a reader familiar with mirror
symmetry may think of (V, f) in Definition 2.4(1) as a Landau-Ginzburg model
with superpotential f . A critical virtual manifold is the gluing of Landau-
Ginzburg models.

Definition 2.5. A critical virtual manifold is an analytic space (X,OX) to-
gether with an open covering X = ∪αXα and a closed embedding ϕα : Xα ↪→
Vα into a complex manifold Vα for each α satisfying the following:

(1) ϕα is an isomorphism onto the critical locusXfα for an LG pair (Vα, fα);
(2) for each pair (α, β) of indices and Xαβ = Xα ∩ Xβ , we have an open

neighborhood Vαβ (resp. Vβα) of ϕα(Xαβ) in Vα (resp. ϕβ(Xβα) in
Vβ) and a biholomorphic map ϕαβ : Vαβ → Vβα that fit into the com-
mutative diagram:

(2.1) Xαβ
ϕα // Vαβ

ϕαβ

��

� � //

!!

Vα

fα

����

C

Xβα ϕβ
// Vβα

==

� � // Vβ

fβ

OO

i.e., ϕαβ ◦ ϕα|Xαβ = ϕβ |Xβα and fβ ◦ ϕαβ = fα|Vαβ ;

(3) ϕαβ = ϕ−1
βα for each pair (α, β) of indices and ϕαα = idVα .

In other words, we have LG pairs (Vα, fα) whose critical loci are Xα and
the restrictions of (Vα, fα) and (Vβ , fβ) to some open neighborhoods of Xαβ

are equivalent.

Definition 2.6. A diagram (Xα
ϕα−→Vα

fα−→C) from Definition 2.5(1) is called
a chart of the critical virtual manifold X. When dimVα = r for each α, we say
the critical virtual manifold X has an atlas of dimension r.

Remark 2.7. When Xαβγ = Xα ∩Xβ ∩Xγ 6= ∅, we can find an open neighbor-
hood Vαβγ of ϕα(Xαβγ) in Vα such that the composition

(2.2) ϕαβγ = ϕγα ◦ ϕβγ ◦ ϕαβ : Vαβγ −→ Vα
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is biholomorphic onto its image. For instance, we may let

Vαβγ = ϕβα(Vβα ∩ Vβγ ∩ ϕγβ(Vγα ∩ Vγβ)).

By Definition 2.5(2), ϕαβγ ◦ ϕα|Xαβγ = ϕα|Xαβγ as morphisms of analytic
spaces. Note that we do not require the cocycle condition that ϕαβγ should be
the identity map of Vαβγ . The cocycle condition ϕαβγ = id is guaranteed to
hold only at ϕα(Xαβγ).

Example 2.8. Complex manifolds (Definition 2.1) are critical virtual mani-
folds by letting Xα = Vα, fα = 0 for any open cover X = ∪αXα.

Nontrivial examples arise from the Landau-Ginzburg theory.

Example 2.9. Let E be a holomorphic vector bundle over a complex manifold
W equipped with a holomorphic section s : W → E. Let π : V = E∗ → W
be the dual vector bundle of E over W , which is a complex manifold. Then
s defines a holomorphic function f : V → C defined by f(v) = 〈s(π(v)), v〉.
Obviously the critical locus Xf = Crit(f) is a critical virtual manifold.

Suppose the analytic space zero(s) defined by the vanishing of s is smooth,
i.e., the Jacobian matrices ( ∂si∂xj

) have full rank along zero(s) = zero(s1, . . . , sr),

where {xj} are local coordinates of W and {si}1≤i≤r are the coordinate func-
tions of the section s after choosing a local trivialization E|U ∼= U ×Cr over an
open U ⊂ W . Then the critical locus Xf = Crit(f) is precisely the complete
intersection zero(s) ⊂W . Indeed, in local coordinates,

f = 〈s, v〉 =

r∑
i=1

sivi,

where {vi} are the vertical coordinates of π. Hence

df =
∑
i,j

vi
∂si
∂xj

dxj +

r∑
i=1

sidvi = 0

amounts to vi = 0 and si = 0 for all i. Thus Crit(f) = zero(s) ⊂W .
In this way, all smooth complete intersections in complex manifolds come

with nontrivial critical virtual manifold structures.

Example 2.10. Let

Crit(yz2) = {(y, z) | yz = z2 = 0} ⊂ C2 = {(y, z) | y, z ∈ C}
and X be the closure of Crit(yz2) in the projective plane P2. In fact, X is the
projective line P1 = Xred with an embedded point at (0, 0) ∈ C2 ⊂ P2. We
claim that X is a critical virtual manifold. Let (x : y) ∈ P1 be the homogeneous
coordinates and ((x : y), z) denote the coordinates of the line bundle

OP1(1)→ P1, ((x : y), z) 7→ (x : y).

Let D1 ⊂ C denote the unit disk centered at 0 and consider the charts

U0 = {((1 : y), z) | yz = 0 = z2, |y| < 1} = Crit(yz2) ⊂ D1 × C = V0,
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U+ = {((1 : y), z) | y /∈ R≥0, z = 0} = Crit(z2) ⊂ (C− R≥0)× C = V+,

U− = {((1 : y), z) | y /∈ R≤0, z = 0} = Crit(z2) ⊂ (C− R≤0)× C = V−,

U∞ = {((x : 1), z) | z = 0, |x| < 1} ⊂ Crit(z2) ⊂ D1 × C = V∞.

Then the holomorphic maps ϕ±,∞ = id, ϕ+,− = id, and

ϕ0,± : V0,± −→ V±,0, (y, z) 7→ (y,
√
yz)

give us a critical manifold structure with f0 = yz2, f± = z2, f∞ = z2.

In [17], we proved that if Y is a Calabi-Yau 3-fold (a smooth projective
variety of dimension 3 whose canonical line bundle KY is trivial), then moduli
spaces of simple sheaves on Y are all critical virtual manifolds.

Remark 2.11. In [14], Joyce introduced the notion of a d-critical locus and in [4],
Brav, Bussi and Joyce proved that a (−1)-shifted symplectic derived scheme is
an algebraic d-critical locus. In §2.5, we will prove that critical virtual manifolds
are d-critical loci and vice versa. In particular, the analytic space associated to
each (−1)-shifted symplectic derived scheme admits a critical virtual manifold
structure.

Remark 2.12. Although it was not explicitly stated as a definition, the notion
of a critical virtual manifold was the key in our solution to the categorification
problem of the Donaldson-Thomas invariants in our previous draft in 2012.

How can we compare two critical virtual manifold structures of different
dimensions?

Definition 2.13. Let X be an analytic space with an open cover {Xα}. Two
critical virtual manifold structures

{(Xα = Crit(fα) ⊂ Vα
fα−→C, ϕαβ : Vαβ → Vβα)},

{(Xα = Crit(gα) ⊂Wα
gα−→C, ψαβ : Wαβ →Wβα)}

with dimVα ≤ dimWα are compatible if there exist closed embeddings

ıα : Vα −→Wα, ∀α
such that gα ◦ ıα = fα and

ıβ ◦ ϕαβ = ψαβ ◦ ıα, ∀α, β.

The two charts (Vα, fα) and (Wα, gα) are related by the following lemma.

Lemma 2.14. Let W ⊂ V be a complex submanifold in a complex manifold.
Let f : V → C be a holomorphic function and g = f |W . Suppose the critical
loci Xf = Crit(f) and Xg = Crit(g) are equal. Let x be a closed point of
Xf = Xg. Then there is a coordinate system {z1, . . . , zr} of V centered at x
such that W is defined by the vanishing of z1, . . . , zm and

f = q(z1, . . . , zm) + g(zm+1, . . . , zr), q(z1, . . . , zm) =

m∑
i=1

z2
i , g = f |W .
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Proof. We choose coordinates {y1, . . . , yr} of V centered at x such that W
is defined by the vanishing of y1, . . . , ym. Let I be the ideal generated by
y1, . . . , ym. Since Xf = Xg, i.e., (df) = (dg) + I, we have

∂f

∂yi

∣∣∣
W

=

r∑
j=m+1

aij
∂g

∂yj
, i = 1, . . . ,m

for some functions aij regular at x. By calculus, we have

f = g(ym+1, . . . , yr) +

m∑
i=1

∂f

∂yi

∣∣∣
W
· yi + I2

= g(ym+1, . . . , yr) +

r∑
j=m+1

∂g

∂yj

(
m∑
i=1

aijyi

)
+ I2

= g(zm+1, . . . , zr) +

m∑
i,k=1

bikyiyk,

where zj = yj+
∑m
i=1 aijyi for j ≥ m+1 and bik are some functions holomorphic

near x. Since the kernel of the Hessian of f at x is the tangent space of
Xf = Xg ⊂ W at x, the quadratic form q =

∑m
i,k=1 bikyiyk is nondegenerate

near x. Hence we can diagonalize q =
∑m
i=1 z

2
i by changing the coordinates

y1, . . . , ym to new coordinates z1, . . . , zm. It follows that z1, . . . , zr is the desired
coordinate system. �

2.3. Orientability of a critical virtual manifold

For a real (Riemannian) manifold M of dimension n, its orientation bundle
is the top exterior power detR TM = ∧nRTM of the tangent bundle TM and its
associated principal O(1)-bundle has {±1}-valued locally constant transition
functions since O(1) = {±1} = Z2. So the orientation bundle is determined by
a class ξ ∈ H1(M,Z2) whose vanishing is equivalent to the orientability of M ,
i.e., the triviality of detR TM . There is an analogous story for critical virtual
manifolds.

Let X be a critical virtual manifold and (Xα
ϕα−→Vα

fα−→C) be a chart. Let

K∨α = ϕ∗α detTVα |Xred
α

be the dual of the canonical bundle of Vα restricted to the reduced space Xred
α

of Xα. These line bundles are related by the isomorphisms ξαβ : K∨α |Xred
αβ
→

K∨β |Xred
αβ

defined by

(2.3) ξαβ := (ϕα|Xred
αβ

)∗ det(dϕαβ) : ϕ∗α detTVα |Xred
αβ
−→ ϕ∗β detTVβ |Xred

αβ
.

Recall that ϕαβγ denotes the composition ϕγα ◦ ϕβγ ◦ ϕαβ : Vαβγ −→ Vα.

Proposition 2.15. For Xαβγ = Xα ∩Xβ ∩Xγ 6= ∅,
(2.4) ξαβγ = ξγα ◦ ξβγ ◦ ξαβ = (ϕα|Xred

αβγ
)∗ det(dϕαβγ)
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is locally constant, taking values in {±1}.

Proof. Apply Lemma 2.16, letting V = Vα, U = Vαβγ , f = fα, ϕ = ϕαβγ . �

Lemma 2.16. Let (V, f) be an LG pair (Definition 2.4). Let U ⊂ V be open
and ϕ : U → V be a biholomorphic map onto its image, such that f ◦ ϕ = f |U
and ϕ|Xf∩U = idXf∩U where Xf = Crit(f). Then det(dϕ)|Xred

f ∩U
is locally

constant, taking values ±1.

Proof. Let Hx = d(df) denote the Hessian of f at x ∈ Xf ∩ U . Then Hx is a
symmetric bilinear form whose kernel is TXf |x. After diagonalizing Hx, we can
choose a subspace Wx, complementary to TXf |x, such that the Hessian Hx is
nondegenerate on Wx. Since ϕ|Xf = idXf , we can write

(2.5) dϕ|x =

(
id A
0 B

)
: TV |x = TXf |x ⊕Wx → TXf |x ⊕Wx = TV |x,

where A : Wx → TXf |x and B : Wx → Wx are homomorphisms of vector
spaces. Since f ◦ ϕ = f |U , B preserves the nondegenerate symmetric bilinear
form Hx and hence B lies in the orthogonal group OHx(Wx) with respect to
Hx. Since det(dϕ|x) = detB and an orthogonal matrix has determinant ±1,
we find that det(dϕ|x) ∈ {±1} as desired. �

Since ξαβγ = ξγα ◦ ξβγ ◦ ξαβ and ξαβ = ξ−1
βα for each pair (α, β),

(dξ)αβγδ = ξ−1
αβγξ

−1
αγδξαβδξβγδ

= (ξβαξγβξαγ)(ξγαξδγξαδ)(ξδαξβδξαβ)ξβγδ

= (ξβαξγβξδγξβδξαβ)ξβγδ

= (ξ−1
αβ ξ

−1
βγδξαβ)ξβγδ

= ξ−1
αβ ◦ ξαβ = 1,

where the second to the last equality comes from ξβγδ = ±1. Therefore, {ξαβγ}
is a Čech 2-cocycle with values in {±1} and defines a class

(2.6) ξ := [ξαβγ ] ∈ H2(X,Z2)

whose vanishing amounts to, possibly after a refinement of the open cover
{Xα}, the existence of a 1-cochain µ = {µαβ} taking values in {±1} such that

for ξαβ = µαβξαβ , we have

(2.7) ξαβγ := ξγα ◦ ξβγ ◦ ξαβ = 1

whenever Xαβγ 6= ∅. In particular, the 1-cocycle {ξαβ} with values in O∗ glues
the local line bundles {K∨α = ϕ∗α detTVα |Xred

α
} to a globally defined line bundle

K∨X on Xred.

Definition 2.17. We say a critical virtual manifold X is orientable if the class
ξ ∈ H2(X,Z2) defined in (2.6) is zero. When X is orientable, a line bundle
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K∨X on Xred obtained by gluing {K∨α} by {ξαβ = µαβξαβ} above is called an
orientation bundle of X.

The issue of orientability will be crucial when we construct a natural perverse
sheaf and a mixed Hodge module on a critical virtual manifold X by gluing
locally defined perverse sheaves and mixed Hodge modules of vanishing cycles
on local charts Xα.

Remark 2.18. An orientation bundle of a critical virtual manifold is not unique.
One can always twist {ξαβ} by a Z2-valued 1-cocycle {λαβ} to obtain a new

orientation bundle defined by the gluing isomorphisms {λαβξαβ}. In fact, since

ξαβγ ∈ {±1}, {ξ2
αβ} is a 1-cocycle and glues the locally defined line bundles

{(K∨α )2} on Xred
α to a globally defined line bundle (K∨X)2 on Xred. Hence the

square of an orientation bundle is canonically defined. So we find that when
a critical virtual manifold X is orientable, the set of orientation bundles is an
H1(X,Z2)-orbit by the exact sequence

· · · −→ H1(X,Z2) −→ H1(X,O∗X)
2−→H1(X,O∗X) −→ · · ·

from the short exact sequence

1 −→ {±1} −→ O∗X
2−→O∗X −→ 1.

Example 2.19. Every complex manifold is an orientable critical virtual man-
ifold. The critical virtual manifold in Example 2.10 is not orientable because

det(dϕ∞,+,−) = 1 and det(dϕ0,+,−) =

{
1 Im(y) > 0
−1 Im(y) < 0

define a nontrivial class in H2(P1,Z2).

2.4. Semi-perfect obstruction theory and Behrend’s theorem

In this section, we prove that a critical virtual manifold is equipped with a
natural semi-perfect obstruction theory (cf. [6]) which gives us a Donaldson-
Thomas type invariant of a critical virtual manifold X. We will also prove an
analogue of Behrend’s theorem for critical virtual manifolds which says that the
Donaldson-Thomas type invariant is the weighted Euler number of the analytic
space X with the weight function given by the Milnor numbers on the local
charts.

2.4.1. Behrend function. We first recall the theory of Behrend functions from
[1]. We assume that X admits a global embedding into a complex manifold P.
Let CX/P be the normal cone of X in P. Then CX/P defines the characteristic
cycle

(2.8) cX =
∑
C′

(−1)dimπ(C′)mult(C ′)π(C ′),
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where π : CX/P → X is the obvious projection and the sum is over all irreducible
components C ′ of CX/P. Hence π(C ′) denotes the image of C ′ by π which is a
prime cycle of X. Also, mult(C ′) is the length of C ′ at the generic point of C ′.

For a chart (Xα
ϕα−→Vα

fα−→C), we can use the normal cone CXα/Vα to define
the characteristic cycle cXα by the recipe of (2.8). By [1, Proposition 1.1], we
have

cX |Xα = cXα
because the characteristic cycle is independent of the embedding into a complex
manifold.

For a prime cycle W of dimension p on X, the Nash blow-up µ : W̃ → W
gives us a constructible function

(2.9) Eu(W ) =

∫
µ−1(p)

c(T̃ ) ∩ s(µ−1(p), W̃ ),

where T̃ is the dual of the universal quotient bundle on W̃ in the Grassmannian
of rank p quotients of ΩW (or ΩP). Here c(T̃ ) is the total Chern class of

T̃ and s(µ−1(p), W̃ ) is the Segre class of the normal cone to µ−1(p) in W̃ .
Now the Behrend function is defined as the Z-valued constructible function
([1, Definition 1.4])

(2.10) νX = Eu(cX).

When X is a critical virtual manifold so that X is locally the critical locus
Xα
∼= Crit(fα) of a holomorphic function fα : Vα → C, by [21, Corollary 2.4

(iii)] or [1, (4)],

(2.11) νX(x) = (−1)dimVα(1− χ(MFx)),

where χ(MFx) is the Euler characteristic of the Milnor fiber MFx of fα at x
(cf. (3.6)).

The constructible function νX defines the weighted Euler characteristic

(2.12) χν(X) =
∑
n∈Z

n · χc(ν−1
X (n)),

where χc(·) =
∑

(−1)j dimHj
c (·) is the Euler characteristic with compact sup-

port.
The cotangent bundle ΩP of a complex manifold P admits a canonical sym-

plectic structure: for any system of local coordinates x1, . . . , xn and the co-
ordinates p1, . . . , pn for the basis dx1, . . . , dxn for the fibers of π : ΩP → P,∑n
i=1 dpi ∧ dxi is a symplectic form which is independent of the choice of the

coordinates {x1, . . . , xn}.
We say a closed analytic subset W ⊂ ΩP is conic Lagrangian if the Euler

vector field θ =
∑
pi

∂
∂pi

is tangent to W , dimW = dimP and the symplectic

form vanishes identically on the smooth locus of W . A conic Lagrangian subset
in the cotangent bundle ΩP is completely determined by its intersection with
the zero section or the characteristic cycle.
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Lemma 2.20 ([1, Lemma 4.2]). Let W ⊂ ΩP be a closed irreducible analytic
subset. Let W̄ = π(W ) ⊂ P be its image and let `(W̄ ) ⊂ ΩP denote the closure
of the conormal bundle of any smooth dense open subset of W̄ . If W is conic
Lagrangian, then `(W̄ ) = W .

Here the conormal bundle of a submanifold ı : S ↪→ P means the kernel
bundle ker(ΩP|S

ı∗−→ΩS) of the pullback homomorphism.
Note that conic Lagrangian is a local property. The conormal bundle con-

struction `(W̄ ) for a prime cycle W̄ extends to a homomorphism

(2.13) ` : Z∗(P) −→ Zdim P(ΩP).

Proposition 2.21 ([1, Propositions 1.12 and 4.6]). If we apply the homo-
morphism ` to the characteristic cycle cX in (2.8) together with the Gysin
homomorphism

0!
ΩP

: Zdim P(ΩP) −→ A0(P)

and the degree map deg : A0(P)
p∗−→A0(pt) = Z where p : P → SpecC is the

constant morphism, then we get the Euler characteristic χν(X) weighted by the
Behrend function, i.e.,

(2.14) χν(X) = deg 0!
ΩP

[`(cX)].

Remark 2.22. By [1, Proposition 1.1], the Behrend function νX depends only
on the analytic space structure (X,OX). Therefore, the weighted Euler char-
acteristic χν(X) is an invariant of the analytic space (X,OX).

In the subsequent subsection, we will see that `(cX) is actually the obstruc-
tion cone in ΩP for a natural semi-perfect obstruction theory when X is a
critical virtual manifold, so that

(2.15) 0!
ΩP

[`(cX)] = [X]vir.

Therefore, the weighted Euler characteristic χν(X) is the virtual invariant of
X which satisfies expected properties such as deformation invariance.

2.4.2. Semi-perfect obstruction theories on critical virtual manifolds. In this
subsection, we show that a critical virtual manifold admits a natural semi-
perfect obstruction theory and a virtual fundamental class whose degree gives
us a Donaldson-Thomas type invariant.

Recall the following definition from [2].

Definition 2.23. A perfect obstruction theory on an analytic space X refers
to a morphism φ : E → LX in the derived category D(OX) such that

(1) E is locally isomorphic to a 2-term complex [E−1 → E0] of locally free
sheaves;

(2) H−1(φ) is surjective and H0(φ) is an isomorphism.

Here LX = L≥−1
X denotes the cotangent complex of X in [13], truncated at

≥ −1. The perfect obstruction theory φ : E → LX is called symmetric if there
is an isomorphism θ : E → E∨[1] satisfying θ∨[1] = θ.
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By [1, Remark 3.7], the obstruction sheaf ObX = H1(E∨) of a symmetric
obstruction theory is canonically isomorphic to the cotangent sheaf ΩX .

Definition 2.24 ([6]). Let X be an analytic space. A semi-perfect obstruction
theory of X consists of an open covering {Xα} and perfect obstruction theories

φα : Eα −→ LXα
for each α such that

(1) for each pair α, β of indices, there is an isomorphism

(2.16) ψαβ : H1(E∨α )|Xαβ → H1(E∨β )|Xαβ
satisfying ψαα = id, ψβα = ψ−1

αβ and ψβγ ◦ ψαβ = ψαγ for each triple
α, β, γ;

(2) for each pair α, β, the perfect obstruction theories Eα|Xαβ and Eβ |Xαβ
on Xαβ give the same obstruction assignment via ψαβ .

By (1) above, we obtain a sheaf ObX which is the gluing of {ObXα = H1(E∨α )}
via ψαβ and is called the obstruction sheaf of X with respect to the semi-perfect
obstruction theory.

The second condition requires further explanation.

Definition 2.25. Let x ∈ X be a point in an analytic space. An infinitesimal
lifting problem of X at x consists of

(1) an extension 0 → I → B → B̄ → 0 of Artin local rings by an ideal I
with I ·mB = 0;

(2) a morphism ḡ : SpecB̄ → X sending the unique closed point to x.

Let ∆ = SpecB and ∆̄ = SpecB̄. By [2, §4], for any infinitesimal lifting
problem, there is a canonical obstruction

(2.17) ω(ḡ, B, B̄) := (ḡ∗LX
ḡ−→L∆̄ → L∆̄/∆

τ≥−1

−→ I[1]) ∈ Ext1(ḡ∗LX , I)

whose vanishing is necessary and sufficient for the existence of a lifting

g : ∆ = SpecB −→ X

such that g|∆̄ = ḡ. Here the first morphism ḡ∗LX
ḡ−→L∆̄ is the pullback by ḡ;

the second L∆̄ → L∆̄/∆ is the natural morphism from the embedding ∆̄ ↪→ ∆;

the third morphism τ≥−1 is the truncation to terms of degree ≥ −1.
If φ : E → LX is a perfect obstruction theory on X, its composition with

ω(ḡ, B, B̄) : ḡ∗LX → I[1] gives us

(2.18) obX(φ, ḡ, B, B̄) : ḡ∗E −→ ḡ∗LX −→ I[1]

which is an element of Ext1(ḡ∗E, I) = I ⊗C H
1(E∨)|x.

Definition 2.26. Let φ : E → LX and φ′ : E′ → LX be two perfect obstruc-
tion theories and ψ : H1(E∨)→ H1(E′

∨
) be an isomorphism. We say the two

perfect obstruction theories φ and φ′ give the same obstruction assignment via
ψ if

ḡ∗(ψ)(obX(φ, ḡ, B, B̄)) = obX(φ′, ḡ, B, B̄) ∈ I ⊗C H
1(E′

∨
)|x.
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This explains the second condition of Definition 2.24.

Definition 2.27. A semi-perfect obstruction theory (φα : Eα → LXα) is called
symmetric if φα are all symmetric (cf. Definition 2.23) and the gluing isomor-
phisms ψαβ for the obstruction sheaf ObX are the identity maps of ΩXαβ via
the canonical isomorphism ObXα

∼= ΩXα .

Let us suppose X is now a critical virtual manifold equipped with charts
(Xα

ϕα−→Vα
fα−→C). Since Xα = zero(dfα) in Vα and dfα is a section of the

cotangent bundle ΩVα , we have a perfect obstruction theory (cf. [1, §3])

(2.19) φα : Eα = [TVα |Xα
d(dfα)−→ ΩVα |Xα ] −→ LXα ,

where TVα = Ω∨Vα is the tangent bundle of Vα. This is symmetric because

the Hessian d(dfα) is symmetric. Moreover, H1(E∨α ) = ΩXα from the exact
sequence

Jα/J
2
α

d−→ΩVα |Xα −→ ΩXα −→ 0,

where Jα = (dfα) is the ideal generated by the partial derivatives of fα.
The obstruction assignment for an infinitesimal lifting problem at x ∈ X

(2.20) (0→ I → B → B̄ → 0, ḡ : SpecB̄ → Xα)

can be described as follows. We extend ḡ : ∆̄ = SpecB̄ → Xα ↪→ Vα to a
morphism g′ : ∆ = SpecB → Vα. Since Xα is the vanishing locus of the
section dfα of the cotangent bundle ΩVα → Vα, g′ factors through Xα if and
only if dfα ◦ g′ : ∆ → g′

∗
ΩVα is zero. As ḡ = g′|∆̄ factors through Xα,

dfα ◦ g′ ∈ I ⊗ ΩVα |x.
Let ρ : I ⊗C ΩVα |x → I ⊗C ΩXα |x be the tautological projection.

Lemma 2.28. obX(φα, ḡ, B, B̄) = ρ(dfα ◦ g′) ∈ I ⊗C ΩX |x.

Proof. By (2.17), (2.18) and (2.19), obX(φα, ḡ, B, B̄) is the composition

ḡ∗Eα −→ ḡ∗LXα −→ L∆̄/∆ −→ I[1]

which fits into a commutative diagram:

(2.21) ḡ∗ΩVα

��

ḡ∗ΩVα

��

obVα

##

ḡ∗Eα
φα //

��

ḡ∗LXα // I[1]

ḡ∗TVα [1]

55

��

ḡ∗ΩVα [1]
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The first column is the distinguished triangle

TVα |Xα −→ ΩVα |Xα −→ [TVα → ΩVα ]|Xα −→ TVα |Xα [1].

We have an exact sequence

(2.22) Hom(ḡ∗ΩVα , I) = I ⊗C TVα |x
d(dfα)−→ Hom(ḡ∗TVα , I) = I ⊗C ΩVα |x

−→ Ext1(ḡ∗Eα, I) −→ Ext1(ḡ∗ΩVα , I).

Since Vα is smooth, the morphism

∆̄ = SpecB̄ −→ Xα ↪→ Vα

extends to a morphism g′ : ∆→ Vα and hence the homomorphism obVα above
is zero. Thus obX(φα, ḡ, B, B̄) lives in the cokernel I ⊗C ΩX |x of the first
homomorphism in (2.22). The distinguished triangles

ΩVα |Xα −→ Eα −→ TVα |Xα [1],

LVα −→ LXα −→ LXα/Vα ,

L∆|∆̄ −→ L∆̄ −→ L∆̄/∆

fit into the diagram:

(2.23) ḡ∗ΩVα |Xα // ḡ∗Eα //

φα

��

ḡ∗TVα |Xα [1]

dfα◦g′

''��

ḡ∗LVα |Xα //

g′

��

ḡ∗LXα //

ḡ

��

ḡ∗LXα/Vα

��

τ≥−1
// ḡ∗Jα/J

2
α[1]

��

L∆|∆̄ // L∆̄
// L∆̄/∆

τ≥−1
// I[1]

From (2.22) and (2.23), we find that obX(φα, ḡ, B, B̄) equals ρ(dfα ◦ g′). �

Since Eα = [TVα |Xα
d(dfα)−→ ΩVα |Xα ] and Xα = zero(dfα) ⊂ Vα, H1(E∨α ) =

ΩXα and the transition maps ϕαβ : Vαβ
∼=−→Vβα send fα to fβ and ΩXαβ to

ΩXβα respectively. Hence we have isomorphisms

ψαβ : H1(E∨α )|Xαβ = ΩXαβ −→ H1(E∨β )|Xβα = ΩXβα

induced from ϕαβ . Certainly these {ΩXα , ψαβ} glue to the cotangent sheaf
ΩX . Moreover these local perfect obstruction theories {φα} give the same
obstruction assignment.

Lemma 2.29. Let f : V → C and g : W → C be two equivalent LG pairs,
i.e., f and g have only one critical value 0 and we have a biholomorphic Φ :
V → W satisfying g ◦ Φ = f . Let Xf = Crit(f) and Xg = Crit(g) be the

critical loci of f and g respectively. Then under the induced isomorphism Φ̂ =
Φ|Xf : Xf

∼=−→Xg, the perfect obstruction theories E = [TV |Xf → ΩV |Xf ] and
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E′ = [TW |Xg → ΩW |Xg ] give the same obstruction assignment via the canonical
isomorphism

H1(E∨) = ΩXf
∼= Φ̂∗ΩXg = Φ̂∗H1(E′

∨
).

Proof. Because (V, f) and (W, g) are equivalent under Φ, Φ induces an iso-

morphism of the critical loci Φ̂ : Xf
∼= Xg. Hence, we have the induced

Φ̂∗ΩXg
∼= ΩXf making the following square commutative:

(2.24)

ΩV |Xf
∼=−−−−→ Φ̂∗(ΩW |Xg )yρ y%

ΩXf
∼=−−−−→ Φ̂∗ΩXg

where the vertical arrows are natural quotient homomorphisms.
We now compare the obstruction assignments. Let B̄ = B/I and λ̄ :

Spec B̄ → Xf supported at x ∈ Xf , as in (2.20). We let µ̄ = Φ̂ ◦ λ̄ : Spec B̄ →
Xg. We need to show that

(2.25) obXf (φ, λ̄, B, B̄) = obXg (φ′, µ̄, B, B̄) ∈ I ⊗C ΩXf |x = I ⊗C ΩXg |Φ̂(x).

We extend λ̄ to λ′ : SpecB → V , and let µ′ = Φ ◦ λ′ : SpecB → W .
Using df ◦ λ̄ = 0 and I ·mB = 0, df ◦ λ′ ∈ I ⊗C ΩV |x. By a similar reason,
dg ◦ µ′ ∈ I ⊗C ΩW |Φ̂(x). From Φ∗(dg) = df and µ′ = Φ ◦ λ′, we conclude

df ◦ λ′ = Φ∗(dg ◦ µ′) ∈ I ⊗C ΩV |x ∼= I ⊗C ΩW |Φ̂(x).

From (2.24), we obtain

ρ(df ◦ λ′) = %(dg ◦ µ′) ∈ I ⊗C ΩXf |x ∼= I ⊗C ΩXg |Φ̂(x).

Thus obXf (φ, λ̄, B, B̄) = obXg (φ′, µ̄, B, B̄), which proves the lemma. �

So we proved the following.

Proposition 2.30. A critical virtual manifold X with charts (Xα
ϕα−→Vα

fα−→C)
admits a symmetric semi-perfect obstruction theory {Eα=[TVα |Xα → ΩVα |Xα ]}
whose obstruction sheaf ObX is the cotangent sheaf ΩX of X.

Remark 2.31. In [6, Definition-Theorem 4.7], moduli spaces of simple glu-
able objects with fixed determinant in the derived category Db(Y ) of coherent
sheaves on a Calabi-Yau 3-fold Y are proven to have semi-perfect obstruction
theories. Here an object E ∈ Db(Y ) is simple if HomDb(Y )(E,E) = C and

gluable if Ext<0(E,E) = 0. It is expected that in fact these moduli spaces are
critical virtual manifolds. In [17], we proved that this is indeed true for moduli
spaces of simple sheaves.
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Remark 2.32. The isomorphism ϕαβ in Definition 2.5 induces the isomorphism

(2.26) Eα|Xαβ

��

[TVα |Xαβ

��

d(dfα)
// ΩVα |Xαβ ]

��

Eβ |Xαβ [TVβ |Xαβ
d(dfβ)

// ΩVβ |Xαβ ]

whose vertical maps are isomorphisms induced from ϕαβ since fβ ◦ ϕαβ = fα.
However, because ϕαβγ in (2.2) need not be the identity morphism, there is
no obvious reason for the local perfect obstruction theories {Eα} to glue to a
global perfect obstruction theory.

2.4.3. Virtual cycle and Donaldson-Thomas type invariant. In [1], Behrend
proved that when a scheme admits a symmetric perfect obstruction theory, the
Donaldson-Thomas type invariant, which is the degree of the virtual cycle, is
the weighted Euler characteristic (cf. §2.4.1). We extend this result to the case
of symmetric semi-perfect obstruction theory and apply it to critical virtual
manifolds.

Let X be an analytic space equipped with a symmetric semi-perfect obstruc-
tion theory {φα : Eα → LXα}. By [6, (3.5)], we then have the obstruction cone
cycle CX ∈ Z∗(ObX) where ObX denotes the obstruction sheaf of X defined in
Definition 2.24. By applying the Gysin map s! for the sheaf stack ObX when
X is proper (cf. [6, Proposition 3.4]), we obtain the virtual cycle of X defined
by

(2.27) [X]vir := s![CX ] ∈ A0(X).

In case X admits a global embedding ı : X ↪→ P into a complex mani-
fold P, we can give an alternative description of [X]vir by using the following
proposition which is an immediate consequence of [1, Proposition 2.2].

Proposition 2.33. Let X be an analytic space equipped with a symmetric semi-
perfect obstruction theory {φα : Eα → LXα}. There exists a unique closed
subcone CP ⊂ ΩP such that for each local resolution F → E∨α [1]|U for open
U ⊂ Xα by a locally free sheaf F on U and every lift φ

F

��

ΩP|U
ı∗ //

φ

<<

ΩU

we have CP|U = φ−1(CF ) where CF is the fiber product of the intrinsic normal
cone

CXα ↪→ h1/h0(E∨α )

and the quotient morphism F → h1/h0(E∨α )|U .
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Indeed, by [1, Proposition 2.2], there are unique closed subcones CP|Xα ⊂
ΩP|Xα satisfying the above lifting property. By the uniqueness over the inter-
sections Xαβ , these subcones uniquely glue to a cone CP ⊂ ΩP. See [2] for the
theory of intrinsic normal cones.

Note that
CP ∈ Zdim P(ΩP)

since CXα is 0-dimensional.

Definition 2.34. Suppose X is a compact analytic space equipped with a sym-
metric semi-perfect obstruction theory and with an embedding into a complex
manifold P. The virtual fundamental class of X is defined to be

(2.28) [X]vir = 0!
ΩP

[CP] ∈ A0(X)

using the cone in Proposition 2.33. We define the Donaldson-Thomas type
invariant of X to be

(2.29) DT (X) = deg[X]vir,

where deg : A0(X) → A0(pt) = Z is the pushforward by the constant map
X → pt = SpecC.

Lemma 2.35. [X]vir is independent of the embedding X ↪→ P into a complex
manifold.

Proof. Given two embeddings ı, ı′ of X into P and P′, we have an embedding

(ı, ı′) : X ↪→ P× P′

and exact sequences

0 −→ p∗2ΩP′ |X −→ CP×P′ −→ CP −→ 0,

0 −→ p∗1ΩP|X −→ CP×P′ −→ C ′P −→ 0,

where p1, p2 are the projections from P× P′ to P and P′ respectively. Hence

0!
ΩP

[CP] = 0!
ΩP×P′

[CP×P′ ] = 0!
ΩP′

[CP′ ]

as desired. �

By the construction of s! in [6, Proposition 3.4], it is obvious that the virtual
fundamental class in Definition 2.34 coincides with (2.27).

We next show that the Donaldson-Thomas type invariant (2.29) is the Euler
characteristic (2.12) weighted by the Behrend function νX .

Lemma 2.36. Let X be a compact analytic space equipped with a symmetric
semi-perfect obstruction theory. Fix an embedding ı : X ↪→ P of X into a com-
plex manifold P. Then the cone CP from Proposition 2.33 is conic Lagrangian,
and CP = `(cX) where cX is the characteristic cycle of X in (2.8).

Proof. Being conic Lagrangian is a local property. Hence CP is conic La-
grangian by [1, Theorem 4.14]. For CP = `(cX), use Lemma 2.20 and the
fact that CP|Xα is the pullback of intrinsic normal cone CXα for each α. �
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Combining Lemma 2.36 and Proposition 2.21, we obtain the following gener-
alization of [1, Theorem 4.18] to the setting of semi-perfect obstruction theory.

Theorem 2.37. Let X be a compact analytic space equipped with a symmetric
semi-perfect obstruction theory and a closed immersion into a complex manifold
P. Then

(2.30) DT (X) = χν(X),

where DT (X) = deg[X]vir and χν(X) =
∑
n · χc(ν−1(n)) is the Euler charac-

teristic of X weighted by the Behrend function defined by (2.10).

Corollary 2.38. The Donaldson-Thomas type invariant DT (X) = deg[X]vir

depends only on the analytic space (X,OX), i.e., DT (X) is independent of
the symmetric semi-perfect obstruction theory or the embedding into a complex
manifold P.

Proof. By Remark 2.22, the weighted Euler characteristic χν(X) depends only
on the analytic space (X,OX). The corollary follows from Theorem 2.37. �

Let X be a critical virtual manifold with charts (Xα
ϕα−→Vα

fα−→C). Let

{Eα = [TVα |Xα
d(dfα)−→ ΩVα |Xα ]}

be the symmetric semi-perfect obstruction theory from Proposition 2.30 so that
the cotangent sheaf ΩX is the gluing of local obstruction sheaves {H1(E∨α )}.
By Corollary 2.38, we therefore obtain the following.

Corollary 2.39. Let X be a compact critical virtual manifold equipped with an
embedding into a complex manifold P. Then DT (X) = χν(X) and the invariant
depends only on the analytic space underlying the critical virtual manifold.

Remark 2.40. In [6], the theory of semi-perfect obstruction was developed in
the more general setting of a separated proper Deligne-Mumford stack X over
a smooth Artin stack M of pure dimension. The Donaldson-Thomas type
invariant DT (X) = deg[X]vir is deformation invariant (cf. [6, Proposition 3.8]):
If

X ′
u //

��

X

��

M′ v //M

is a fiber product and v is a regular embedding of smooth Artin stacks of pure
dimensions,

v![X]vir = [X ′]vir.
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2.4.4. A categorification problem. Categorification roughly means finding a
deeper structure underlying a known invariant. The categorification problem
for critical virtual manifolds is the following.

Problem 2.41. Find a cohomology theory H∗(X) for a compact critical virtual
manifold X whose Euler characteristic∑

m

(−1)m dimHm(X)

is equal to the Donaldson-Thomas type invariant

DT (X) = deg[X]vir = χν(X).

Originally this problem was proposed by Joyce and Song in [15, Question
5.7] for the case where X is a moduli space of simple coherent sheaves on a
Calabi-Yau 3-fold Y .

In subsequent chapters, we will construct such a cohomology theory as the
hypercohomology of a perverse sheaf on X which is locally the perverse sheaf
Pα of vanishing cycles for fα : Vα → C whenever X is an orientable critical
virtual manifold.

2.5. Critical virtual manifolds and d-critical loci

In [14], Joyce introduced the notion of a d-critical locus as a classical model
for a (−1)-shifted symplectic derived scheme. In this section, we prove that
critical virtual manifolds are d-critical loci and vice versa.

According to [14, Definition 2.3], a d-critical locus is a pair (X, s) of an
analytic space X and a section s of a sheaf S0

X satisfying the condition that for
any x ∈ X there exists an open neighborhood U of x which is isomorphic to
the critical locus Crit(f) of a holomorphic function f on a complex manifold V
such that f defines the section s|U . Roughly speaking, S0

X sheafifies the choices
of charts (V, f) and their compatibility (cf. Definition 2.13) while allowing the
dimensions of the charts to vary. The definition of the sheaf S0

X is rather
involved (cf. [14, Theorem 2.1]). We will not reproduce the precise definition
here but instead we will use the following.

Proposition 2.42. An analytic space X is a d-critical locus if and only if
there is an open cover X = ∪αXα and LG pairs {(Vα, fα)} such that

(1) for each α, Crit(fα) ∼= Xα as analytic spaces;
(2) for each pair (α, β) of indices, there exist open neighborhoods Vαβ (resp.

Vβα) of Xαβ = Xα ∩Xβ in Vα (resp. Vβ) and closed embeddings

(2.31) Vαβ
� � ıαβ // Wαβ Vβα?

_ıβα
oo

into a complex manifold Wαβ satisfying

(2.32) gαβ ◦ ıαβ = fα|Vαβ , gαβ ◦ ıβα = fβ |Vβα
for some holomorphic function gαβ on Wαβ whose critical locus
Crit(gαβ) is Xαβ.
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Proof. If we have an open cover X = ∪αXα and LG pairs {(Vα, fα)} satisfying
the stated conditions, then we certainly have a d-critical locus structure on X
because the local sections sα defined by fα glue to a globally defined section s
by [14, Theorem 2.1(ii)].

Conversely, suppose we have a d-critical locus (X, s) and at every point
x ∈ X we can find a neighborhood U of x in X which is the critical locus of
an LG pair (V, f) such that f defines the section s|U . Hence there is an open
cover X = ∪λ∈ΛXλ and LG pairs (Vλ, fλ) such that Crit(fλ) ∼= Xλ. Since X
is paracompact, we may assume the covering is locally finite. For each x ∈ X,

Λx = {λ ∈ Λ |x ∈ Xλ}
is a finite set. Since a second countable paracompact space is a metric space,
we can choose a metric d on X. By [14, Theorem 2.20], we can pick εx > 0
such that

B(x, 3εx) ⊂ ∩λ∈ΛxXλ

and that for any λ1, λ2 ∈ Λx, there is an LG pair (Wλ1λ2
, gλ1λ2

) satisfying

Crit(gλ1λ2
) = B(x, 3εx)

together with closed embeddings

V ◦λ1

� � ı1 // Wλ1λ2
V ◦λ2

? _
ı2oo

of open neighborhoods V ◦λi of B(x, 3εx) in Vλi for i = 1, 2, satisfying

gλ1λ2 ◦ ı1 = fλ1 |V ◦λ1 , gλ1λ2 ◦ ı2 = fλ2 |V ◦λ2 .

Fix a map λ : X → Λ such that λ(x) ∈ Λx for all x. Then we can find an
open neighborhood Vx of

Ux = B(x, εx)

in Vλ(x) such that the critical locus of fx = fλ(x)|Vx is Ux. We claim that

X = ∪x∈XUx, (Vx, fx)

satisfy the conditions in Proposition 2.42. We have to check a diagram similar
to (2.31) for {Vx}. Indeed, if Ux ∩ Ux′ 6= ∅ with εx ≥ εx′ , then

Ux ∪ Ux′ ⊂ B(x, 3εx)

and thus Λx ⊂ Λx′ . In particular, both λ(x) and λ(x′) lie in Λx′ . Now by
assumption, we have closed embeddings

V ◦λ(x)
� � ı // Wλ(x)λ(x′) V ◦λ(x′)

? _ı′oo

of open neighborhoods V ◦λ(x), V
◦
λ(x′) of Ux′ in Vλ(x), Vλ(x′) respectively, for an

LG pair (Wλ(x)λ(x′), g) with Crit(g) = Ux′ and

g ◦ ı = fx|V ◦
λ(x)

and g ◦ ı′ = fx′ |V ◦
λ(x′)

.

The diagram certainly restricts to such a diagram for the open subset Ux∩Ux′ .
This proves the proposition. �
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Definition 2.43. A d-critical locus (X, s) is called finite dimensional if there
are an open cover X = ∪αXα and LG pairs {(Vα, fα)} such that {dimVα,
dimWαβ} is bounded, in the notation of Proposition 2.42.

Proposition 2.44. A critical virtual manifold is a finite dimensional d-critical
locus. Conversely a finite dimensional d-critical locus is a critical virtual man-
ifold.

Proof. The first statement is obvious from Proposition 2.42 because if

X = ∪αXα, Xα = Crit(fα) ⊂ Vα
fα−→C

is a critical virtual manifold structure, then the biholomorphic map ϕαβ :
Vαβ → Vβα gives a diagram

Vαβ
� � ıαβ // Wαβ Vβα?

_ıβα
oo

with Wαβ = Vαβ , ıαβ = id and ıβα = ϕβα.
Conversely, if X is a finite dimensional d-critical locus, then we have an open

cover X = ∪Xα, charts

{(Xα = Crit(fα) ⊂ Vα
fα−→C)}

and diagrams (2.31) satisfying (2.32). Moreover, we can find an integer r such
that

r ≥ dimWαβ , r ≥ dimVα, ∀α, β.
By Lemma 2.14, for any x ∈ X, we have a commutative diagram

V ◦αβ × Cr−dimVα
∼= //

f̃α
))

W ◦αβ × Cr−dimWαβ

g̃αβ

��

V ◦βα × Cr−dimVβ
∼=oo

f̃β
uuC

for open neighborhoods V ◦αβ , V ◦βα and W ◦αβ of x in Vαβ , Vβα and Wαβ re-

spectively. Here f̃α = fα +
∑r−dimVα
i=1 z2

i , f̃β = fβ +
∑r−dimVβ
i=1 z2

i , g̃αβ =

gαβ +
∑r−dimWαβ

i=1 z2
i . So we have new charts

(Ṽα = Vα × Cr−dimVα , f̃α = fα +

r−dimVα∑
i=1

z2
i )

for X and for any x ∈ Xα ∩Xβ , we have a biholomorphic map

ϕ̃αβ : Ṽ ◦α −→ Ṽ ◦β

of open neighborhoods of x such that f̃β ◦ ϕ̃αβ = f̃α. Then the theorem follows
from the same argument as in the proof of Proposition 2.42 or more explicitly
from [17, Proposition 3.18]. �
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The notion of finite dimensionality (Definition 2.43) is equivalent to the
following condition:

(2.33) {dimTxX |x ∈ X} is bounded.

Indeed, at each x ∈ X, we can find a chart fx : Vx → C with dimVx =
dimTxX whose critical locus Crit(fx) is open in X. When z ∈ Crit(fx) ∩
Crit(fy) 6= ∅ and dimTxX ≥ dimTyX, then we can find a critical chart g :
Wxy → C with dimWxy = dimTxX whose critical locus Crit(g) is an open
neighborhood of z. Hence (2.33) implies Definition 2.43 and vice versa.

3. Perverse sheaves on critical virtual manifolds

In this chapter, we provide a solution to the categorification problem (Prob-
lem 2.41). We prove that when X is an orientable critical virtual manifold
with charts (Xα

ϕα−→Vα
fα−→C), there is a perverse sheaf P ∈ Perv(QX) which

underlies a polarizable mixed Hodge module M ∈ MHM(X)p such that the
hypercohomology H∗c(X,P ) has Euler characteristic equal to the Euler charac-
teristic χν(X) of X weighted by the Behrend function (cf. Theorems 3.15 and
3.20). Our perverse sheaf P on X is the gluing of the perverse sheaves Pα of
vanishing cycles for fα and so is the mixed Hodge moduleM. The obstruction
for gluing {Pα} is shown to coincide with that for the orientability of X. More-

over, we construct a perverse sheaf P̂ with χc(X, P̂ ) = χν(X), which underlies
a direct sum of polarizable Hodge modules (cf. Corollary 3.21). The hyperco-

homology H∗c(X, P̂ ) will be of fundamental use for a mathematical theory of
the Gopakumar-Vafa invariant in [17].

3.1. Perverse sheaves of vanishing cycles

In this section, we recall the perverse sheaf of vanishing cycles for the con-
stant sheaf on a complex manifold V and a holomorphic function f on V . We
show that if X is a critical virtual manifold with charts (Xα

ϕα−→Vα
fα−→C),

there are sheaf complexes Pα = ϕ∗αPfα ∈ Db
c(QXα) and isomorphisms σαβ :

Pα|Xαβ → Pβ |Xαβ (cf. Proposition 3.4 and Corollary 3.5).
Recall that an LG pair (V, f) refers to a complex manifold V together with

a holomorphic function f on V which has only one critical value 0. Let

V>0 = {x ∈ V |Re f(x) > 0} and V≤0 = {x ∈ V |Re f(x) ≤ 0}.

For any sheaf F of Q-vector spaces on V , let ΓV≤0
F denote the sheaf

U 7→ ker[Γ(U,F)→ Γ(U ∩ V>0,F)], ∀U open.

Let RΓV≤0
: Db

c(QV ) → Db
c(QV ) be the right derived functor of the left exact

functor ΓV≤0
where Db

c(QV ) denotes the derived category of bounded (coho-
mologically) constructible complexes of sheaves of Q-vector spaces on V .
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Definition 3.1. The perverse sheaf of vanishing cycles for an LG pair (V, f)
is defined as

(3.1) Pf = RΓV≤0
QV [dimV ]|f−1(0) ∈ Db

c(Qf−1(0)).

Here [dimV ] denotes the translation functor, shifting a complex to the left
by dimV .

Example 3.2. Let q =
∑r
i=1 y

2
i : V = Cr → C. The set V>0 ⊂ V = Cr is a

disk bundle over Rr−{0} which is homotopic to Sr−1. From the distinguished
triangle

(3.2) RΓV≤0
Q −→ Q −→ Rı∗ı

∗Q +1−→

where ı : V>0 ↪→ V is the inclusion, we find that Pq[1 − r] = RΓV≤0
Q[1] is a

sheaf complex supported at the origin 0 satisfying Pq[1− r]|0 ∼= Q[−r+ 1], i.e.,
Pq ∼= Q0.

By [16, Exercise VIII.13] or [8, Proposition 4.2.9], (3.1) is equivalent to the

following definition: Let C̃× → C× denote the universal cover of C× = C−{0}
and let Ṽ × be the fiber product of V × = V −f−1(0)

f−→C× with the universal

cover C̃× → C× so that we have the diagram:

(3.3) Ṽ × //

π

��

π̄

��

C̃×

��

f−1(0) �
� ı // V V × //? _


oo C×

Then Pf [1− dimV ] is isomorphic to the cone of the morphism

(3.4) Qf−1(0) = ı∗QV −→ ı∗R∗Rπ∗π
∗∗QV = ı∗R∗Rπ∗QṼ × = ı∗Rπ̄∗QṼ ×

in the triangulated category Db
c(Qf−1(0)), given by the adjunctions id→ Rπ∗π

∗

and id→ R∗
∗.

By [8, Example 4.2.6], the stalk cohomology of Pf at x ∈ f−1(0) is the
reduced cohomology

(3.5) Hk(Pf )x = H̃k+dimV−1(MFx,Q)

of the Milnor fiber

(3.6) MFx = f−1(δ) ∩Bε(x) for 0 < δ << ε << 1.

Since f is submersive away from Xf = Crit(f), the Milnor fibers MFx for
x ∈ f−1(0)−Xf are contractible and Pf is trivial on f−1(0)−Xf . Hence we
have

Pf ∈ Db
c(QXf ).

Moreover, by (3.5), we have

(3.7) χ(Pf )x =
∑
m

(−1)m dimHm(Pf )x = (−1)dimV (1− χ(MFx)).
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By (2.11), we find that the right side of (3.7) equals the value νXf (x) of the
Behrend function for the analytic space Xf = Crit(f) defined by the partial
derivatives of f . Therefore we have

(3.8) χ(Pf )x = νXf (x).

Given any bounded constructible complex of sheaves P on a topological
space X and open U ⊂ X, we have a distinguished triangle

R!
−1P −→ P −→ Rı∗ı

−1P −→

where ı : X − U → X and  : U → X are inclusion maps. Taking the compact
support hypercohomology, we obtain an exact sequence

· · · −→ Hkc (U,P ) −→ Hkc (X,P ) −→ Hkc (X − U,P ) −→ Hk+1
c (U,P ) −→ · · · .

So we have the additive property of the Euler characteristic:

(3.9) χc(X,P ) = χc(U,P ) + χc(X − U,P ),

where χc(−, P ) =
∑
m(−1)m dimHmc (−, P ).

By using the usual spectral sequence from sheaf cohomology to hypercoho-
mology

Ep,q2 = Hp
c (X,Hq(P ))⇒ Hp+qc (X,P )

together with (3.8) and (3.9), we find that the Euler characteristic of the hy-
percohomology H∗c(Xf , Pf ) equals the Euler characteristic

χν(Xf )

weighted by the Behrend function ν = νXf , since Pf is (cohomologically) con-
structible. By the same argument, we obtain the following solution to Problem
2.41.

Proposition 3.3. Let X be a critical virtual manifold with charts

(Xα
ϕα−→Vα

fα−→C)

and let Pα = ϕ∗αPfα denote the pullback of the perverse sheaf Pfα of vanish-
ing cycles for fα : Vα → C via Xα

∼= ϕα(Xα) = Crit(fα) = Xfα . Suppose
there are an object P ∈ Db

c(QX) and isomorphisms P |Xα ∼= Pα in Db
c(QXα)

for all α. Then the Euler characteristic of the compact support hypercohomol-
ogy H∗c(X,P ) equals the Euler characteristic χν(X) weighted by the Behrend
function (2.12).

In other words, our categorification problem (Problem 2.41) will be solved
if we can glue {Pα} to a globally defined sheaf complex P . In the subsequent
sections we will construct canonical gluing isomorphisms of {Pα}, called of
geometric origin, and show that these isomorphisms enable us to glue {Pα} to
a perverse sheaf P on X when the critical virtual manifold X is orientable.
Moreover P is unique up to twisting by a Z2-local system in H1(X,Z2).

For gluing {Pα}, we will use the following.
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Proposition 3.4 ((cf. [8, Proposition 4.2.11] or [16, Exercise VIII.15])). Let
(V, f) and (W, g) be two LG pairs (Definition 2.4). Let Φ : V → W be a
homeomorphism satisfying g ◦ Φ = f . Then

(3.10) RΦ̂∗(Pf ) ∼= Pg,

where Φ̂ : f−1(0) → g−1(0) is the restriction of Φ. Since RΦ̂∗ and Φ̂−1 = Φ̂∗

are adjoints, we also have an isomorphism

(3.11) Pf ∼= Φ̂∗Pg.

Proof. Using the notation of (3.3), consider the diagram:

f−1(0) �
� ıV //

Φ̂

��

V

Φ

��

Ṽ ×

Φ̃
��

//
π̄Voo C̃×

g−1(0) �
� ıW // W W̃×

π̄Woo // C̃×

where the vertical maps except the last are the homeomorphisms induced from
Φ. Then we have

RΦ̂∗[ı
∗
VR(π̄V )∗QṼ × ] = ı∗WRΦ∗R(π̄V )∗QṼ ×

= ı∗WR(π̄W )∗(RΦ̃∗QṼ ×)

= ı∗WR(π̄W )∗QW̃× .

Since RΦ̂∗ is an exact functor of triangulated categories and Φ̂ is a homeomor-
phism, we have a commutative diagram of distinguished triangles:

RΦ̂∗Qf−1(0)
// RΦ̂∗[ı

∗
VR(π̄V )∗QṼ × ] // RΦ̂∗Pf [1− dimV ] //

��

Qg−1(0)
// ı∗WR(π̄W )∗QW̃× // Pg[1− dimW ] //

which gives us the isomorphism (3.10) because dimV = dimW by Φ. �

We can give an alternative proof by using (3.1). Indeed, by (3.1), Pf fits
into the distinguished triangle

Pf [−n] −→ QV |f−1(0) −→ Rv∗QV>0
|f−1(0) −→

where v : V>0 = {x ∈ V |Re f(x) > 0} → V is the inclusion and n = dimV .

Applying RΦ̂∗, we get a distinguished triangle

RΦ∗Pf [−n] −→ QW |g−1(0) −→ Rw∗QW>0
|g−1(0) −→

where w : W>0 → W is the inclusion, because Φ sends V>0 to W>0. By (3.1),
Pg fits into the distinguished triangle:

Pg[−n] −→ QW |g−1(0) −→ Rw∗QW>0
|g−1(0) −→ .

Therefore, Pg ∼= RΦ̂∗Pf .
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Corollary 3.5. Let X be a critical virtual manifold equipped with charts
(Xα

ϕα−→Vα
fα−→C) and let Pα = ϕ∗αPfα . Then we have an isomorphism

(3.12) σαβ : Pα|Xαβ −→ Pβ |Xαβ
in Db

c(QXαβ ).

Proof. To simplify the notation, we drop the restriction to Xαβ below. We use
the notation of Definition 2.5. We have a biholomorphic map ϕαβ : Vαβ → Vβα
which gives an isomorphism Pfα

∼=−→ϕ∗αβPfβ by (3.11). Applying ϕ∗α, we get
an isomorphism

Pα = ϕ∗αPfα
∼=−→ϕ∗αϕ

∗
αβPfβ = ϕ∗βPfβ = Pβ

because ϕβ = ϕαβ ◦ ϕα. �

The perverse sheaves of vanishing cycles satisfy the following self-duality.

Proposition 3.6 ([8, Proposition 4.2.10]). Let (V, f) be an LG pair. Then
there exists an isomorphism

DPf ∼= Pf ,

where DPf = RHomXf (Pf , ωXf ) is the Verdier dual of Pf with respect to

ωXf = p!Qpt via the constant map p : Xf → pt.

3.2. Gluing of perverse sheaves

In this section, we recall the category of perverse sheaves Perv(QX) and
their gluing properties. We then state a theorem (Theorem 3.12) which im-
plies that the 2-cocycle obstruction for gluing the local perverse sheaves Pα =
ϕ∗αPfα ∈ Perv(QXα) from §3.1 coincides with the 2-cocycle obstruction for
the orientability of the critical virtual manifold X. We thus obtain a global
perverse sheaf P ∈ Perv(QX) for an orientable critical virtual manifold X
with charts X = ∪Xα which is the gluing of the local perverse sheaves {Pα}
(cf. Theorem 3.15).

The full subcategory of perverse sheaves in Db
c(QX) on an analytic space

X is an abelian subcategory of the derived category Db
c(QX) of bounded con-

structible complexes of sheaves of Q-vector spaces on X, whose objects are
defined as follows.

Definition 3.7. An object P ∈ Db
c(QX) is called a perverse sheaf (with respect

to the middle perversity) if

(1) dim{x ∈ X |Hi(ı∗xP ) = Hi(Bε(x);P ) 6= 0} ≤ −i for all i;
(2) dim{x ∈ X |Hi(ı!xP ) = Hi(Bε(x), Bε(x)− {x};P ) 6= 0} ≤ i for all i,

where ıx : {x} ↪→ X is the inclusion and Bε(x) is the open ball of radius ε
centered at x for ε small enough.

Perverse sheaves form an abelian category Perv(QX) which is the core of a
t-structure ([3, §2]). An example of perverse sheaf is the perverse sheaf Pf of
vanishing cycles defined in Definition 3.1 (cf. [8, Theorem 5.2.21]).
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Although sheaf complexes do not have the gluing property in general, it is
known that perverse sheaves and their isomorphisms glue.

Proposition 3.8 ([3, Paragraph 2]). Let X be a reduced complex analytic space
and let {Xα} be an open covering of X.

(1) Suppose that for each α we have Pα ∈ Perv(QXα) and for each pair α, β
we have isomorphisms

σαβ : Pα|Xαβ
∼=−→Pβ |Xαβ

satisfying σαβ = σ−1
βα , σαα = idVα and the cocycle condition σγα◦σβγ ◦σαβ = 1.

Then {Pα} glue to define a perverse sheaf P on X equipped with isomorphisms

σα : P |Xα
∼=−→Pα

such that σαβ equals the composition

σβ ◦ σ−1
α : Pα|Xαβ

∼=←−P |Xαβ
∼=−→Pβ |Xαβ .

(2) Suppose P,Q ∈ Perv(QX) and σα : P |Xα
∼=−→Q|Xα are isomorphisms

such that σα|Xαβ = σβ |Xαβ . Then there exists an isomorphism σ : P → Q such
that σ|Xα = σα for all α.

By the Riemann-Hilbert correspondence established by Kashiwara and
Mebkhout, perverse sheaves correspond to regular holonomic D-modules. As
sheaves of D-modules glue, so do perverse sheaves.

Our gluing isomorphism σαβ in Corollary 3.5 is not an arbitrary isomor-
phism but arose from a biholomorphic map. Recall that an LG pair (V, f) is
a holomorphic function f on a complex manifold V that has only one critical
value 0. For an LG pair (V, f), Xf denotes the critical locus Crit(f) defined
by the partial derivatives of f .

Definition 3.9 (Geometric origin). Let (V1, f1) and (V2, f2) be two LG pairs,
and let ζ : Xf1 → Xf2 be an isomorphism of analytic spaces. An isomorphism
σ : Pf1

∼=−→ ζ∗Pf2 of perverse sheaves is said to be of geometric origin if there
exists an open neighborhood Xf1 ⊂ U1 ⊂ V1, a holomorphic map ϕ : U1 → V2

biholomorphic onto its image such that

(3.13) ϕ|Xf1 = ζ, f2 ◦ ϕ = f1|U1

and σ is the isomorphism defined in Proposition 3.4 induced from ϕ.

Definition 3.10. Let X be a critical virtual manifold equipped with charts
(Xα

ϕα−→Vα
fα−→C). A geometric gluing of the perverse sheaves Pα = ϕ∗αPfα of

vanishing cycles on Xα is a perverse sheaf P on X together with isomorphisms
σα : P |Xα → Pα such that

σβ ◦ σ−1
α : Pα|Xαβ −→ Pβ |Xαβ

are of geometric origin.

The following is immediate from Definition 3.10 and Proposition 3.8.
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Corollary 3.11. Let X be a critical virtual manifold equipped with charts
(Xα

ϕα−→Vα
fα−→C). There exists a geometric gluing of {Pα} if possibly after a

refinement of the covering X = ∪αXα of X, there exists a 1-cochain µ = {µαβ}
taking values in Z2 = {±1} such that for σ̄αβ = µαβσαβ, and for Xαβγ 6= ∅,
we have

σ̄αβγ := σ̄γα ◦ σ̄βγ ◦ σ̄αβ = 1,

where Xαβγ = Xα ∩Xβ ∩Xγ .

The gluing condition in this corollary demands, in particular, that the 2-
cocycle

(3.14) σαβγ := σγα ◦ σβγ ◦ σαβ : Pα|Xαβγ −→ Pα|Xαβγ
be locally constant with values µαβγ = µγαµβγµαβ ∈ Z2 = {±1}. This is
indeed true by the following.

Theorem 3.12. Let (V, f) be an LG pair and Xf = Crit(f) (cf. Definition
2.4). Let U be an open subset such that Xf ⊂ U ⊂ V and let Φ : U → V be
a holomorphic map, biholomorphic onto its image such that f ◦ Φ = f |U and
Φ|Xf = idXf . Then the isomorphism σ from Proposition 3.4 is equal to

det(dΦ|Xf ) · id : Pf −→ Pf

where det(dΦ|Xf ) is locally constant with values in {±1}.

Our proof of this theorem is rather lengthy and independent of the rest of
this chapter. So we postpone the proof of Theorem 3.12 to Chapter 4. See
[5, Corollary 3.2] for a different proof.

The following are immediate consequences of Theorem 3.12.

Corollary 3.13. Let X be a critical virtual manifold equipped with charts
(Xα

ϕα−→Vα
fα−→C). Let {ξαβγ} be the {±1}-valued 2-cocycle in (2.4) for the

gluing of the anticanonical line bundles {K∨α = ϕ∗α detTVα |Xred
α
}. Let {σαβγ}

be the 2-cocycle in (3.14). Then σαβγ = ξαβγ whenever Xαβγ 6= ∅.

Proof. Simply let Φ be the composition ϕαβγ in (2.2) and use the definitions
of ξαβγ and σαβγ , together with Theorem 3.12. �

Corollary 3.14. Two geometric gluings P and P̃ of perverse sheaves {Pα}
can differ only by a Z2-local system, i.e., there exists a Z2-local system ρ ∈
H1(X,Z2) such that

P̃ ∼= P ⊗ ρ.

Proof. We have isomorphisms σ̃α : P̃ |Xα → Pα and σ̃αβ = σ̃β ◦ σ̃−1
α . Then

σαβ and σ̃αβ are two isomorphisms from Pα|Xαβ to Pβ |Xαβ of geometric origin,
arising from biholomorphic ϕαβ and ϕ̃αβ up to sign. The composition

σ̃−1
αβ ◦ σαβ : Pα|Xαβ → Pα|Xαβ

is also an isomorphism of geometric origin, i.e., it is the pullback (cf. Proposition
3.4) by the biholomorphic map ϕ̃βα ◦ ϕαβ from an open neighborhood of Xαβ
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in Vα to itself preserving fα and Xαβ up to sign. By Theorem 3.12, ραβ =

σ̃−1
αβ ◦ σαβ = ±1 which coincides with the determinant of the tangent map

d(ϕ̃βα ◦ ϕαβ)|Xαβ . Since both {σαβ} and {σ̃αβ} are cocycles, {ραβ ∈ Z2} is

also a cocycle and defines a Z2-local system ρ ∈ H1(X,Z2). �

IfX is an orientable critical virtual manifold, then possibly after a refinement
of the covering {Xα} of X, we can find a 1-cochain {µαβ} with values in
{±1} such that σ̄αβγ = ξ̄αβγ = 1 by using the notation of Definition 2.17 and
Corollary 3.11. Therefore we obtain a geometric gluing of {Pα}. We summarize
the above discussion as follows.

Theorem 3.15. Let X be an orientable critical virtual manifold with charts
(Xα

ϕα−→Vα
fα−→C). Then there exists a geometric gluing P of the local perverse

sheaves Pα = ϕ∗αPfα which is unique up to twisting by a Z2-local system.

We thus obtain a solution to the categorification problem (Problem 2.41).

Corollary 3.16. Let X be an orientable critical virtual manifold and P be the
perverse sheaf in Theorem 3.15. Then the Euler characteristic χc(X,P ) of the
hypercohomology H∗c(X,P ) of P is equal to the Euler characteristic χν(X) of
X weighted by the Behrend function. When X is compact, this in turn equals
the Donaldson-Thomas type invariant DT (X) = deg[X]vir.

Remark 3.17. The geometric gluing condition is highly nontrivial. For instance,
when fα = 0 for all α so that Pα = Q|Xα , the gluing isomorphisms Q|Xαβ →
Q|Xαβ can only be either 1 or −1. In particular, a geometric gluing P can only
be the trivial bundle QX twisted by a Z2 local system when X is smooth.

In [17], we proved that a moduli space X of simple sheaves on a Calabi-Yau
3-fold Y admits a structure of critical virtual manifold which is orientable
when there is a tautological family. Hence the Donaldson-Thomas invari-
ant of Y along X can be categorified by the hypercohomology H∗c(X,P ) of
the perverse sheaves in Theorem 3.15. As an application, this cohomological
Donaldson-Thomas invariant will provide us with a mathematical theory of the
Gopakumar-Vafa invariant [9].

3.3. Gluing of mixed Hodge modules

We proved that there is a perverse sheaf P on an orientable critical virtual
manifold X whose hypercohomology H∗c(X,P ) has Euler characteristic equal to
the Euler characteristic χν(X) of X weighted by the Behrend function, which
in turn coincides with the Donaldson-Thomas type invariant DT (X) when X
is compact. In this section, we show that there is a Hodge theory on H∗c(X,P )
so that the decomposition theorem and the hard Lefschetz theorem hold. A
Hodge theory for a perverse sheaf means a mixed Hodge module defined and
studied by Morihiko Saito [22,23]. (See [25] for a quick survey.) We prove that
there is a mixed Hodge module M on X whose underlying perverse sheaf is
the perverse sheaf P constructed in the previous section (cf. Theorem 3.20).
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3.3.1. Hodge modules. Let X be an analytic space embedded into a complex
manifold P. The category of mixed Hodge modules is independent of P thanks
to Kashiwara’s equivalence [12, Theorem 1.6.1]. Considering vector fields on P
as CP-derivations of holomorphic functions in OP, the sheaf DP of differential
operators is defined as the subsheaf of EndCP(OP) generated by the sheaf OP and
the tangent bundle TP. There is a natural filtration of DP defined inductively
by F0DP = OP and

FlDP = {P ∈ EndCP(OP) | [P, f ] ∈ Fl−1DP, ∀f ∈ OP}.

It is straightforward to see that

grDP = ⊕lFlDP/Fl−1DP ∼= SymTP.

A Hodge module M on X ⊂ P consists of

(1) a regular holonomic DP-module M whose support lies in X;
(2) a perverse sheaf P on X;
(3) an isomorphism DR(M) ∼= C⊗Q P ;
(4) a good filtration of M by OP-coherent subsheaves {Mi} such that Mi ·

Dj ⊂Mi+j and grM = ⊕Mi/Mi−1 is coherent over grDP ∼= SymTP,

which satisfy suitable local conditions. See [12, 22, 25] for precise statements
of these local conditions. For our purpose of gluing (mixed) Hodge modules,
these local conditions are always satisfied from the start. We refer to [12] for
the definitions of regular holonomic DP-modules, de Rham functor DR etc.
The isomorphism (3) is said to give a rational structure on M . The category
HM(X) of Hodge modules is a full subcategory of the category HW (X) of
tuples (M,P,M•) as above without local conditions.

When V is a complex manifold of dimension n and ωV = ∧nT ∗V , the constant
variation of Hodge structures gives a Hodge module which consists of P =
QV [n], M = ωV , and Mi = M for i ≥ −n and 0 for i < −n. We denote this
Hodge module by QHV [n] and call it the constant Hodge module.

A polarization of a Hodge module M of weight w refers to an isomorphism
M(w) ∼= DM in HM(X) where D denotes the Verdier dual. A Hodge mod-
ule M ∈ HM(X) is called polarizable if it admits a polarization. We let
HM(X)p ⊂ HM(X) denote the full subcategory of polarizable Hodge mod-
ules. For example, the constant Hodge module QHV [n] is a polarizable Hodge
module because RHom(Q[n],Q[2n]) ∼= Q[n] and this extends to the canonical
isomorphism QHV [n] ∼= DQHV [n] of Hodge modules. Polarizable Hodge modules
satisfy the following useful properties.

Theorem 3.18 ([22, Theorem 5.3.1]). Let f : X → Y be a projective morphism
of analytic spaces (admitting an embedding into complex manifolds). Let `
be the first Chern class of a relatively ample line bundle on X. Then for a
polarizable Hodge module M on X,

(1) pRif∗M∈ HM(Y )p for all i;
(2) `i : pR−if∗M−→ pRif∗M is an isomorphism of Hodge modules.
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The hard Lefschetz property (2) above gives us an isomorphism

`i : pR−if∗P → pRif∗P,

where P is the underlying perverse sheaf of M = (M,P,M•). Together with
Deligne’s argument from [7] (cf. [11, p. 466]) for degeneration of spectral se-
quences, this isomorphism gives us the decomposition theorem.

Corollary 3.19. Under the hypothesis of Theorem 3.18, we have a (non-
canonical) isomorphism

Rf∗P ∼= ⊕i pRif∗P [−i]

and each pRif∗P [−i] is a perverse sheaf underlying a polarizable Hodge module.

3.3.2. Mixed Hodge modules. As in §3.3.1, X is an analytic space embeddable
into a complex manifold P.

A polarizable mixed Hodge module on X consists of

(1) a regular holonomic DP-module M whose support lies in X;
(2) a perverse sheaf P on X;
(3) an isomorphism DR(M) ∼= C⊗Q P ;
(4) a good filtration of M by OP-coherent subsheaves M• = {Mi} such that

Mi·Dj ⊂Mi+j and grM = ⊕Mi/Mi−1 is coherent over grDP ∼= SymTP;
(5) a finite increasing filtration W• of M = (M,P,M•) with grWi M ∈

HM(X)p for all i,

which satisfy suitable local conditions (cf. [23]). As our purpose is gluing mixed
Hodge modules, these local conditions are always satisfied from the start (before
gluing). The category MHM(X)p of polarizable mixed Hodge modules is the
full subcategory of the category MHW (X) of tuples (M,P,M•,W•) without
local conditions.

By the definition, we have a forgetful functor

(3.15) rat : MHM(X)p −→ Perv(QX), (M,P,M•,W•) 7→ P

which is an exact and faithful functor via the Riemann-Hilbert correspondence.
The constant Hodge module QHV [n] on a complex manifold V of dimension

n is a polarizable mixed Hodge module (cf. [23, Theorem 3.8, (4.5.5)]). If
f : V → C is a holomorphic function on a complex manifold V , then there is
a polarizable mixed Hodge moduleMf := φfQHV [n] supported on f−1(0) such
that

rat(Mf ) = Pf

is the perverse sheaf of vanishing cycles defined in Definition 3.1 where φf
denotes the vanishing cycle functor. This is actually part of the local conditions
required for mixed Hodge modules.

By [23, Theorem 0.1], when there is a morphism Φ of analytic spaces, we
have natural functors Φ∗, Φ!, Φ∗, Φ!, ψg, φg,1, D, �, ⊗, and Hom between
the derived categories of mixed Hodge modules. By [23, Theorem 2.14], when
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Φ : V → W is a biholomorphic map of complex manifolds and g : W → C is a
holomorphic function with f = g ◦ Φ, we have a canonical isomorphism

(3.16) σH :Mf = φfQHV [n]
∼=−→ Φ̂∗φgQHW [n] = Φ̂∗Mg

which induces (3.11) when rat is applied. Here Φ̂ : f−1(0) → g−1(0) is the
isomorphism of analytic spaces induced from Φ. By [23, Proposition 2.6], if
f : V → C is a holomorphic function, we have a canonical isomorphism

(3.17) φfDQHV [n] ∼= DφfQHV [n] = DMf ,

where n = dimV . The canonical isomorphism QHV [n] ∼= DQHV [n] sending 1 to
1 gives us a canonical isomorphism

(3.18) Mf = φfQHV [n] ∼= φfDQHV [n].

Composing (3.18) with (3.17), we obtain a canonical isomorphism

(3.19) Mf −→ DMf ,

i.e., Mf has a canonical polarization. Since (3.19) and (3.16) are canonical,
the isomorphism (3.16) is an isomorphism of polarizable mixed Hodge modules.

By [23, §2] and [24, §1.6], if X = ∪αXα is an open cover, the category
MHM(X)p of polarizable mixed Hodge modules is equivalent to the category
of the collections Mα ∈MHM(Xα)p together with isomorphisms

(3.20) σHαβ :Mα|Xαβ →Mβ |Xαβ
in MHM(Xαβ)p, satisfying

σHαβγ = σHγα ◦ σHβγ ◦ σHαβ = 1

whenever Xαβγ 6= ∅. Likewise, isomorphisms can be glued. In other words,
Proposition 3.8 holds for polarizable mixed Hodge modules.

Combining all in this subsection, we obtain the following theorem. We use
the notation of Definition 2.5.

Theorem 3.20. Let X be an orientable critical virtual manifold with charts
(Xα

ϕα−→Vα
fα−→C). Let Mα = ϕ∗αMfα ∈ MHM(Xα)p such that rat(Mα) =

Pα. Let σHαβ :Mα|Xαβ →Mβ |Xαβ be the isomorphism induced from (3.16) by
the biholomorphic map ϕαβ as in Corollary 3.5. There is a polarizable mixed
Hodge moduleM∈MHM(X)p together with isomorphisms σHα :M|Xα

∼=−→Mα

such that σHαβ equals the composition

σHβ ◦ σHα
−1

:Mα|Xαβ
∼=←−M|Xαβ

∼=−→Mβ |Xαβ .
Moreover, rat(M) is the perverse sheaf P in Theorem 3.15.

Proof. Since (3.16) is an isomorphism of polarizable mixed Hodge modules, it
gives an isomorphism σαβ of polarizable mixed Hodge modules for each pair
(α, β), as in the proof of Corollary 3.5. Since the functor rat is faithful and
rat(σHαβγ) = σαβγ where σαβγ is from (3.14), the gluing condition σαβγ = 1

for the perverse sheaves {Pα} implies the gluing condition σHαβγ = 1 for the
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mixed Hodge modules {Mα}. As the perverse sheaves {Pα} glue, so do the
polarizable mixed Hodge modules {Mα}. �

Let P be the perverse sheaf which underlies a polarizable mixed Hodge
module. Let

P̂ = grWP

denote the gradation with respect to the weight filtration. Then P̂ is a direct
sum of polarizable Hodge modules. If ψ : X → Y is a projective morphism
of analytic spaces, then the hard Lefschetz theorem (Theorem 3.18) and the

decomposition theorem (Corollary 3.19) hold for P̂ . On the other hand, by the
long exact sequence for hypercohomology groups and Corollary 2.39, we have

χc(X, P̂ ) = χc(X,P ) = χν(X) = DT (X).

We therefore have another solution to Problem 2.41.

Corollary 3.21. Let X be an orientable critical virtual manifold. Then there
is a perverse sheaf P̂ underlying a direct sum of polarizable Hodge modules such
that the Euler characteristic χc(X, P̂ ) of the hypercohomology H∗c(X, P̂ ) equals
the Euler characteristic χν(X) of X weighted by the Behrend function.

We will use P̂ for a mathematical theory of the Gopakumar-Vafa invariant.

4. Rigidity of perverse sheaves

In this chapter, we provide a proof of Theorem 3.12. The main points are
the following:

(1) Perverse sheaves and their isomorphisms are rigid under continuous
deformations.

(2) We can use vector fields to produce isotopies of equivalences of LG pairs
which generate continuous deformations of isomorphisms of perverse
sheaves.

(3) We can find isotopies from a self-equivalence Φ of an LG pair to linear
transformations.

Our proof reveals the dependence of the perverse sheaf of vanishing cycles on
the obstruction theory of the critical locus.

4.1. Sebastiani-Thom isomorphism and rigidity

We begin with a few properties of perverse sheaves that we will use.

Proposition 4.1 ([20, §2], Sebastiani-Thom isomorphism). Let g : V → C and
h : W → C be holomorphic functions on complex manifolds. Let f = g + h :
V ×W → C be defined by f(z, y) = g(z)+h(y). Then we have an isomorphism
of perverse sheaves

Pf ∼= pr−1
1 Pg ⊗ pr−1

2 Ph,

where pr1 : V ×W → V and pr2 : V ×W →W denote the projections.
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Corollary 4.2. When h is the quadratic function
∑r
i=1 y

2
i on Cr in Example

3.2, Ph = Q0 and hence Pf ∼= Pg as perverse sheaves defined on the critical
locus Xg = Xf .

We recall the following “elementary construction” of perverse sheaves by
MacPherson and Vilonen.

Theorem 4.3 ([19, Theorem 4.5]). Let X be an analytic space. Let S ⊂ X be a
closed stratum of complex codimension c. The category Perv(QX) is equivalent
to the category of objects (B,C) ∈ Perv(QX−S) × ShQ(S) together with a
commutative triangle

(4.1) R−c−1π∗κ∗κ
∗B //

m

&&

R−cπ∗γ!γ
∗B

C

n

99

such that ker(n) and coker(m) are local systems on S, where κ : K ↪→ L and
γ : L−K ↪→ L are inclusions of the perverse link bundle K and its complement
L−K in the link bundle π : L→ S. The equivalence of categories is explicitly
given by sending P ∈ Perv(QX) to B = P |X−S together with the natural
morphisms

R−c−1π∗κ∗κ
∗B //

m
((

R−cπ∗γ!γ
∗B

R−cπ∗ϕ!ϕ
∗P

n

66

where ϕ : D −K ↪→ D is the inclusion into the normal slice bundle.

See [19, §4] for precise definitions of links K, L and D. Morally the above
theorem says that an extension of a perverse sheaf on X − S to X is obtained
by adding a sheaf on S.

An application of Theorem 4.3 is the following rigidity property of perverse
sheaves.

Lemma 4.4. Let P ∈ Perv(QU ) be a perverse sheaf on an analytic space U .
Let π : T → U be a continuous map from a topological space T with connected
fibers and let T ′ be a subspace of T such that π|T ′ is surjective. Suppose that an
isomorphism µ : π−1P

∼=−→π−1P satisfies µ|T ′ = id(π−1P )|T ′ . Then µ = idπ−1P .

Proof. We first prove the simple case. If we let C be a locally constant sheaf
over Q of finite rank supported on a subset Z ⊂ U and µ̄ : π−1C → π−1C be
a homomorphism such that µ̄|T ′∩π−1(Z) = id, then µ̄ is the identity morphism.
Indeed, since the issue is local, we may assume that Z is connected and that
C ∼= Qr so that µ̄ : Qr → Qr is given by a continuous map π−1(Z)→ GL(r,Q).
By fiber connectedness, this obviously is a constant map which is 1 along
T ′ ∩ π−1(Z). We thus proved the lemma in the sheaf case.
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For the general case, we use Theorem 4.3. By replacing U by the support of
P if necessary, we may assume that the support of P is U . We stratify U and
let U (i) be the union of strata of codimension ≤ i. Since P is a perverse sheaf,
P |U(0) [−dimU ] is isomorphic to a locally constant sheaf and hence µ|U(0) is
the identity map. For U (1) = U (0) ∪ S, using the notation of Theorem 4.3,
C = R−1π∗ϕ!ϕ

∗P is a locally constant sheaf and µ induces a homomorphism
π−1C → π−1C which is identity on T ′ ∩ π−1(S). Therefore µ induces the
identity morphism of the pullback of (4.1) by π to itself and hence µ is the
identity on U (1). Continuing in this fashion, we obtain Lemma 4.4. �

Typically we will consider the case where π : T = U×I → U is the projection
and I is the interval [0, 1] or a disc in C. If there is a continuous family µ
of isomorphisms P → P parameterized by I which is id over U × {0}, all
the isomorphisms are the identity. More precisely, let Φ : V × I → V be
a continuous family of homeomorphisms of a complex manifold V , i.e., Φ is
continuous and Φt := Φ|V×{t} are homeomorphisms for all t ∈ I. Let f : V → C
be a holomorphic function, satisfying f(Φ(x, t)) = f(x), i.e., f ◦ Φt = f for all
t. As always, we let Xf = Crit(f) denote the critical locus of f . Suppose
Φt|Xf is the identity map for all t. Then the homeomorphism Φt gives us the
isomorphism

(4.2) σt : Pf −→ Pf

by Proposition 3.4.
Let Pf = RΓ{x∈V |Ref(x)≤0}QV [dimV ]|f−1(0) be the perverse sheaf of van-

ishing cycles from Definition 3.1. Since π−1 = π∗ is an exact functor (on
Q-sheaves), we have π−1Pf = RΓ{x∈V |Ref(x)≤0}×IQV×I [dimV ]|f−1(0)×I . By
the proof of Proposition 3.4, we then have an isomorphism

(4.3) µ : π−1Pf −→ π−1Pf

whose restriction to Xf ×{t} is the isomorphism σt : Pf → Pf in (4.2). In this
situation, Lemma 4.4 gives the following.

Proposition 4.5. Let (V, f) be an LG pair (Definition 2.4). Let Φt, Pf , σt
be as above. Suppose Φ0 is the identity map of V and Φt|Xf : Xf → Xf is the
identity map for all t ∈ I. Then σt = idPf for all t ∈ I.

Proof. The proposition is immediate from Lemma 4.4 by letting U = Xf ,
T = U × I π−→U and µ given by (4.3), because µ|U×{0} = id by Φ0 = idV . �

4.2. Vector fields and isotopies

As the issue of Theorem 3.12 is local, we may restrict our concern to an
open submanifold V ⊂ Cn. In this section, we use vector fields to generate
isotopies. Together with the rigidity (Proposition 4.5), this will give us a 2-
cocycle property of perverse sheaves of vanishing cycles (Lemma 4.7).
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Lemma 4.6. Let V ⊂ Cn be an open submanifold and f : V → C be an LG
pair (Definition 2.4). Let (df) be the ideal generated by the partial derivatives
of f and let Xf = Crit(f) denote the analytic subspace defined by the ideal
(df). Then there is an open neighborhood V ′ of Xf in V such that

f |V ′ ∈ (df)|V ′ and
f

||df ||
→ 0 as df → 0.

Proof. Let π : Ṽ → V be a resolution of Xf so that π−1(Xf ) is a normal
crossing divisor. Near every x̃ ∈ π−1(Xf ), the pullback π∗(df) of the ideal

(df) is a principal ideal sheaf generated by some monomial ϕ = zk11 · · · zkrr
with ki > 0 for a system z1, . . . , zn of local coordinates of Ṽ centered at x̃.
Let x = π(x̃), and let w1, . . . , wn be the coordinate functions of Cn. Then ϕ

divides π∗ ∂f∂wi for all i.

We claim that π∗f is divisible by zk1+1
1 · · · zkr+1

r . We first write π∗f =

cm1z
m1
1 +cm1+1z

m1+1
1 +· · · , where ck are holomorphic functions of {z2, . . . , zn}.

Because near x̃ and away from π−1(Xf ), π is biholomorphic,

(4.4)
∂(π∗f)

∂z1
=
∑
i

π∗
(
∂f

∂wi

)
· ∂(π∗wi)

∂z1

holds away from π−1(Xf ). As all terms in this identity are holomorphic, it
holds in a neighborhood of x̃. Because the right hand side is divisible by ϕ, so
is the left hand side. Since

∂(π∗f)

∂z1
= m1cm1z

m1−1
1 + (m1 + 1)cm1+1z

m1
1 + · · · ,

we must have m1−1 ≥ k1. Therefore zk1+1
1 divides π∗f . Likewise zki+1

i divides
π∗f for each i. Therefore by (4.4),

(4.5) π∗(f) ⊂ π∗(df)
√
π∗(df) ⊂ π∗(df).

Since π∗ : OV → π∗OṼ is injective, we have f ∈ (df).

Finally, using (4.5), near x̃ we write π∗f =
∑
biπ
∗( ∂f
∂wi

)
for some holomor-

phic functions bi such that bi vanishes along π−1(Xf ). Since π : Ṽ → V is

proper, we have f
||df || → 0 as df → 0. This proves the lemma. �

Lemma 4.7. Let V ⊂ Cn be open. Let (V, f0) and (V, f1) be two LG pairs.
Let ft = (1− t)f0 + tf1 for 0 ≤ t ≤ 1. Suppose the critical locus Xft = Crit(ft)
is independent of t as an analytic subspace of V . Then there is an isomorphism

τ01 : Pf0
∼=−→Pf1 .

If we have a third LG pair (V, f2) such that the critical locus of (1− t− s)f0 +
tf1 + sf2 is independent of t, s ∈ [0, 1]. Then

τ12 ◦ τ01 = τ02 : Pf0 −→ Pf2 .
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Proof. We use the standard hermitian inner product on Cn. Let ∇ft be the
gradient vector field of ft defined by dft(v) = ∇ft · v for tangent vectors v. By

Lemma 4.6, we have f
||df || → 0 as df → 0 in a neighborhood of Xf . We define

a time dependent vector field

ξt =
f0 − f1

||∇ft||2
∇ft.

We claim that this is a well defined vector field on V . It suffices to show that

||ξt|| =
|f0 − f1|
||∇ft||

=
|f0 − f1|
||dft||

approaches zero as the point approaches Xft = Xf0 = Xf1 . Since (dft) ⊃
(df0) = (df1) by assumption, we can express the partial derivatives of f0 and
f1 as linear combinations of the partial derivatives of ft. Hence,

||df0|| ≤ C||dft|| and ||df1|| ≤ C||dft||
for some C > 0. Thus by Lemma 4.6,

||ξt|| =
|f0 − f1|
||dft||

≤ C−1

(
|f0|
||df0||

+
|f1|
||df1||

)
→ 0 as df0, df1 → 0.

So we proved the claim.
Let xt for t ∈ [0, 1] be an integral curve of the vector field ξt, so that

dxt
dt

= ẋt = ξt(xt).

Then ft(xt) is constant because d
dtft(xt) is equal to

dft(ẋt) + f1 − f0 = ∇ft · ẋt + f1 − f0 = ∇ft ·
f0 − f1

||∇ft||2
∇ft + f1 − f0 = 0.

Therefore the flow of the vector field ξt from t = 0 to t = 1 gives a homeomor-
phism Φ01 : U → U ′ of neighborhoods of Xf0 such that f1(Φ01(x)) = f0(x)
for x ∈ U . If x ∈ Xf0 = Xf1 , f0(x) = f1(x) = 0 and hence ξt(x) = 0 for all
t. So Φ01|Xf0 is the identity map of Xf0 . By Proposition 3.4, we obtain an
isomorphism τ01 : Pf0

∼= Pf1 .
Suppose that we have three holomorphic functions f0, f1, f2 on V as stated

in Lemma 4.7. The composition τ12◦τ01 is obtained from the composition of the
diffeomorphism Φ01 : U → U ′ with f1(Φ01(x)) = f0(x) and the diffeomorphism
Φ12 : U ′ → U ′′ with f2(Φ12(x)) = f1(x). By replacing f1 by (1− s)f1 + sf2 for
0 ≤ s ≤ 1, we obtain an isotopy from Φ12 ◦Φ01 to Φ02, so that Φ−1

02 ◦Φ12 ◦Φ01 is
isotopic to the identity map. By Proposition 4.5, we have τ−1

02 ◦τ12◦τ01 = id. �

The following is a consequence of Lemmas 4.6 and 4.7.

Lemma 4.8. Let V ⊂ Cn be open and let (V, g) be an LG pair (Definition 2.4).
Let u be a nowhere vanishing holomorphic function on V and let f = ug. Then
there is an open neighborhood Xg ⊂ U ⊂ V so that Xf ∩ U = Xg. Suppose
further u|Xf∩U = 1. Then g = uf induces a canonical isomorphism Pf |U ∼= Pg.
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Proof. By Lemma 4.6, g ∈ (dg) on an open neighborhood of Xg. Since f = ug
and df = u dg + g du, the ideal (df) is contained in (dg), thus Xg ⊂ Xf . Let
A = Xf ∩ (f = 0). By Lemma 4.6, A ⊂ Xf is both open and closed. We let
U ⊂ V be an open neighborhood of A ⊂ V so that U ∩Xf = A. Then using
g = u−1f , the same argument shows that (dg) is contained in (df |U ). Hence
Xf ∩ U = Xg.

Suppose u|Xf = 1. We let ut = (1− t) + tu : V → C. Then ut are invertible
in a neighborhood of Xf for any t. Let ft = utg; then f0 = g and f1 = f .
By the same argument, and using that [0, 1] is compact, we can find an open
neighborhood Xg ⊂ U ′ ⊂ V so that Xft ∩ U ′ = Xf0 for all t ∈ [0, 1]. Applying
Lemma 4.7, we obtain an induced isomorphism Pf |U = Pf1 |U ′ ∼= Pf0 |U ′ = Pg,
thus proving the lemma. �

4.3. Obstruction theory and isotopy

In order to use Lemma 4.7 for a proof of Theorem 3.12, we have to make sure
that the critical loci Xft is independent of t. In this section, we will use the
obstruction assignments (Definition 2.26) to give a criterion for the constancy
of the critical loci.

Recall that an LG pair (V, f) gives us a symmetric obstruction theory

EV = [TV |Xf
d(df)−→ ΩV |Xf ] −→ LXf

and there is an obstruction class obXf (φ, ḡ, B, B̄) ∈ I⊗C ΩXf |x for an infinites-
imal lifting problem (Definition 2.8). We proved that two equivalent LG pairs
give the same obstruction assignment (Lemma 2.29). A natural case where
non-equivalent LG pairs give the same obstruction assignment is the following.

Lemma 4.9. Let V ⊂ Cn be open and let (V, f) be an LG pair with a critical
point x ∈ Xf = Crit(f). Then there exist a system of coordinates y1, . . . , yn
centered at x in a neighborhood U of x in V , a holomorphic function h on
U in the form h = h(yr+1, . . . , yn), and an invertible function u on U with
u|Xf∩U = 1 such that

f |U = u · (y2
1 + · · ·+ y2

r + h) and TxXf = TxU
′,

where U ′ = (y1 = · · · = yr = 0)∩U . If we let h′ = h|U ′ , then x ∈ Xh′ = Xf∩U .
Moreover, we have a canonical isomorphism Pf |U ∼= Ph′ .

Proof. If TxXf = TxV , then there is nothing to prove. So we assume TxXf 6=
TxV . Choose a local coordinate system w1, . . . , wn of V centered at x, and let

H =

(
∂2f

∂wi∂wj

∣∣∣
x

)
be the Hessian matrix of f at x. Since Xf is the vanishing locus of ∂f

∂wi
, we

have TxXf = kerH 6= TxV . Since H is symmetric, there exists an element
v ∈ TxV such that vTHv 6= 0. After a coordinate change, we may assume
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that v = (1, 0, 0, . . . , 0), i.e., ∂2f
∂w2

1
|x 6= 0. By the Weierstrass preparation lemma

[11, p. 7], we can write

f = u1 · (w2
1 + w1p1 + q1)

for some invertible holomorphic function u1 and holomorphic functions p1, q1

in w2, . . . , wn. By completing the square, we can write

f = u1 · (w̄2
1 + q̃1(w2, . . . , wn))

with w̄1 = w1 + p1/2. We can repeat the same argument with q̃1 in place of f
to obtain f = u1 · (w̄2

1 + u2(w̄2
2 + q̃2(w3, . . . , wn))) for some invertible u2. We

continue this way until we reach

f = u1w̄
2
1 + u1u2w̄

2
2 + · · ·+

(
r∏
i=1

ui

)
w̄2
r +

(
r∏
i=1

ui

)
h̃(wr+1, . . . , wn)

for invertible functions u1, . . . , ur. Let ũ =
∏r
i=1 ui, ỹj = (

∏r
i=j+1 ui)

− 1
2 w̄j for

j = 1, . . . , r and yr+k = wr+k for k ≥ 1. Then

f = ũ · (h̃(yr+1, . . . , yn) + ỹ2
1 + · · ·+ ỹ2

r)

in a neighborhood U of x, expressed in terms of the coordinate variables (ỹ, y) =

(ỹ1, . . . , ỹr, yr+1, . . . , yn). Let u = ũ(ỹ, y)/ũ(0, y), yj =
√
ũ(0, y)ỹj for j ≤ r

and h = ũ(0, y)h̃ so that we have

f = u · (y2
1 + · · ·+ y2

r + h(yr+1, . . . , yn)), u(0, z) = 1.

We let

g(y1, . . . , yn) = y2
1 + · · ·+ y2

r + h(yr+1, . . . , yn).

By Lemma 4.8, possibly after shrinking x ∈ U , we have Xf ∩ U = Xg ∩
U , and canonical isomorphism Pf |U ∼= Pg|U . Applying the Sebastiani-Thom
isomorphism, we get Pg|U ∼= Ph′ |U ′ , and thus an isomorphism Pg|U ∼= Ph′ |U ′ .
This proves the lemma. �

Lemma 4.10. Let the situation be as in Lemma 4.9. Then the symmetric
obstruction theories defined by the LG pairs (V, f) and (V ′, h′) give the same
obstruction assignment of Xf ∩ U = Xh′ at x.

Proof. The proof is parallel to that of Lemma 2.29, using that u(x) = 1. We
will omit the details here. �

Proposition 4.11. Let V ⊂ Cn be open. Let (V, f0) and (V, f1) be two LG
pairs such that Xf0 = Xf1 with x ∈ Xf0 . Let ft = (1 − t)f0 + tf1. Suppose
that the symmetric obstruction theories defined by (V, f0) and (V, f1) give the
same obstruction assignment at x, and that f1 − f0 ∈ m3

x where mx is the
ideal of holomorphic functions on V vanishing at x. Then there is an open
neighborhood x ∈ U ⊂ V so that Xft ∩ U is independent of t ∈ [0, 1].
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Proof. We consider F : C× V → C defined by F (t, z) = (1− t)f0(z) + tf1(z),
and define the relative critical locus XF/C to be defined by the ideal (dV F ),
where dV is the differential along the V directions. Because Xf0 = Xf1 ,

(4.6) C×Xf0 ⊂ XF/C ⊂ C× V

are closed analytic subspaces. We prove that there is an open subset x ∈ U ⊂ V
and [0, 1] ⊂W ⊂ C so that

(4.7) W ×Xf0 = XF/C ∩ (W × U).

Let π : C × V → V be the projection. Because π∗(df0) ⊂ (dV F ) is a
coherent subsheaf of OV -modules, the quotient (dV F )/π∗(df0) is a coherent
sheaf of OV -modules. Thus

Σ = {z ∈ C× V | (dV F )/π∗(df0)
∣∣
z
6= 0}

is a closed analytic subset of V . So if Σ ∩ (C × x) = ∅, we can find open
neighborhoods x ∈ U ⊂ V and [0, 1] ⊂W ⊂ C such that (4.7) holds.

Let t ∈ C and let X̂ft be the formal completion ofXft at x. Since t×CXF/C =

Xft , (t, x) 6∈ Σ if and only if X̂ft = X̂f0 . We now prove this identity. Because

X̂f0 ⊂ X̂ft , we have a surjective homomorphism OX̂ft
� OX̂f0

. We will show

OX̂ft
= OX̂f0

by showing that for any k ≥ 1,

(4.8) OXft

/(
OXft ∩mkx

)
= OXf0

/(
OXf0 ∩mkx

)
.

The identity for k = 2 follows from f1−f0 ∈ m3
x, thus TxXft = TxXf0 . Suppose

OX̂ft
6= OX̂f0

. Then there is a k0 ≥ 2 so that (4.8) is true for k = k0 but not

for k = k0 + 1.
We let B = OXft/(OXft ∩ mk0+1

x ), and let I ⊂ B be the kernel of the
restriction homomorphism

B → B̄ = OXft/(OXft ∩mk0x ).

We let ḡ : Spec B̄ → Xft be the tautological morphism. Because the identity
(4.8) holds for k0, the composite Spec B̄ → Xft → V factors through ḡ′ :
Spec B̄ → Xf0 .

By the definition of (I,B, ḡ), ḡ extends to SpecB → Xft . Thus the ob-
struction class obXft (ḡ, B, B̄) is zero. We claim that the obstruction class

obXf0 (ḡ′, B, B̄) to extending ḡ′ to SpecB → Xf0 is trivial too. Indeed, Us-

ing the identity X̂f1 = X̂f0 ⊂ V̂ , we can view ḡ′ as a morphism from Spec B̄ to
Xf1 . Because f0 − f1 ∈ m3

x, we have

(4.9) ΩXf0 |x = ΩXf1 |x = ΩXft |x,

as quotient spaces of ΩV |x. Adding that ft = (1− t)f0 + tf1, we obtain

(4.10) obXft (ḡ, B, B̄) = (1− t) · obXf0 (ḡ′, B, B̄) + t · obXf1 (ḡ′, B, B̄).

Here we can equate and add because they are elements in I ⊗C ΩXf0 |x.



666 Y.-H. KIEM AND J. LI

Because Xf0 and Xf1 have identical obstruction assignments at x, we have

obXf0 (ḡ′, B, B̄) = obXf1 (ḡ′, B, B̄).

Using (4.10) and obXft (ḡ, B, B̄) = 0, we get obXf0 (ḡ′, B, B̄) = 0. Hence ϕ̄′

also extends to ϕ′ : SpecB → Xf0 . Composing with the ring homomorphism

induced by X̂f0 ⊂ X̂ft , we obtain a composite ring homomorphism
(4.11)
OXft

/(
OXft ∩mk0+1

x

)
−→ OXf0

/(
OXf0 ∩mk0+1

x

) ϕ′∗−→OXft

/(
OXft ∩mk0+1

x

)
whose restriction to OXft/(OXft ∩m

2
x) is the identity map. Thus the composite

(4.11) is an isomorphism. Because X̂f0 ⊂ X̂ft , we conclude that (4.8) holds for

k = k0 + 1, a contradiction. This proves X̂ft = X̂f0 , and the proposition. �

Remark 4.12. The proposition may fail when f0 − f1 6∈ m3
x. For example, let

V = C, f0 = z2 and f1 = −z2. Then Xf0 = Xf1 while Xf1/2 6= Xf0 .

Corollary 4.13. Let the situation be as in Proposition 4.11. Then there is an
open neighborhood x ∈ U ⊂ V such that the family of holomorphic functions ft
induces an isomorphism

τ01 : Pf0 |Xf0∩U ∼= Pf1 |Xf1∩U .

Proof. Applying Lemma 4.7 to the family ft gives the corollary. �

4.4. Proof of Theorem 3.12

In this section, we complete our proof of Theorem 3.12.

Lemma 4.14. Let Ψ : Cr → Cr be the linear isomorphism defined by the
diagonal matrix diag(±1, 1, . . . , 1). Let q(z1, . . . , zr) = z2

1 + · · ·+ z2
r . Then the

pullback isomorphism Pq −→ Pq induced from Ψ by Proposition 3.4 is ±id.
Moreover if Φ : V ×Cr → V ×Cr is id×Ψ and f(z, y) = g(y) + q(z) for y ∈ V
and z ∈ Cr, then the pullback isomorphism induced from Φ by Proposition 3.4
is ±id : Pf → Pf .

Proof. The Milnor fiber at 0 is homotopic to the sphere Sr−1 whose reduced
cohomology is H̃r−1(Sr−1) = Q. Obviously, Ψ acts H̃r−1(Sr−1) on as ±1. For
the second statement, use Proposition 4.1. �

Theorem 4.15 (Theorem 3.12). Let (V, f) be an LG pair. Let U be an open
neighborhood of Xf in V and Φ : U → V be a holomorphic map, biholomorphic
onto its image, such that f ◦Φ = f |U and Φ|Xf = idXf . Then the isomorphism
σ : Pf → Pf induced from Φ by Proposition 3.4 is det(dΦ|Xf ) · id.

Note that by Lemma 2.16, det(dΦ|Xf ) is locally constant with values in
{±1}.

Proof. Since this is a local problem, for any x ∈ Xf , by shrinking V , we
can assume that V embeds into Cn as an open subset, so that and x ∈ V
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corresponds to 0 ∈ Cn. Applying Lemma 4.9, we can assume that for the
standard complex coordinate variables (y1, . . . , yn) of Cn,

(4.12) f = u ·
(
y2

1 + · · ·+ y2
r + h(yr+1, . . . , yn)

)
,

where u : V → C is a holomorphic function such that T0Xf is the linear space
V0 := {y1 = · · · = yr = 0} ∩ V and u|V0 = 1.

Using V ⊂ Cn and the canonical isomorphism TxCn ∼= Cn, we form the
linear transformation

Ψ:= dΦ|0 : Cn −→ Cn.
Because Φ|Xf = idXf , and because TxXf is the linear subspace {y1 = · · · =
yr = 0}, we see that Ψ(V0) ⊂ V0 and Ψ|V0

= idV0
. Because of (4.12), possibly

after shrinking x ∈ V0, we have Xf ⊂ V0. Thus Ψ|Xf = idXf .
For s ∈ [0, 1], we define

ϕs = (1− s) · Φ + s ·Ψ : U −→ Cn.

Since dϕs|0 = Ψ are invertible, by shrinking U if necessary, ϕs map into V ⊂
Cn, and are biholomorphic onto their images. Note that ϕ0 = Φ|U and ϕ1 =
Ψ|U is linear. Because both Φ|Xf = Ψ|Xf = idXf , we have ϕs|Xf∩U = idXf∩U .

We now construct various isomorphisms. We let g = u−1f , and let ft,
t ∈ [0, 1], be ut · g|U , as in the proof of Lemma 4.8. Thus ft interpolates
between f |U and g|U , with f0 = f |U and f1 = g|U . We then form the composite
isomorphism

ηs,t : Pft |Xft∩U
∼=−→Pft◦ϕs |Xft◦ϕs

∼=−→Pft |Xft∩U
where the first isomorphism is obtained by applying Proposition 3.4 to the
map ϕs from (U, ft) to (U, ft ◦ϕs), and the second isomorphism is obtained by
applying Corollary 4.13 to ft ◦ ϕs − ft ∈ m3

x. Applying Corollary 4.13 to ft,
possibly after shrinking x ∈ U , we have a family of isomorphisms τt as shown:

Pft |Xft∩U
τt−−−−→ Pf0 |Xf0∩U

ηs,t

y η0,0

y
Pft |Xft∩U

τt−−−−→ Pf0 |Xf0∩U .

Since for (s, t) = (0, 0), the square is commutative, and since τt and ηs,t are
continuous families of isomorphisms, applying Lemma 2.16, the above square
is commutative at (s, t) = (1, 1).

Since Φ|V0
= idV0

, Ψ is of the form(
A 0
B I

)
with A ∈ O(r). Since O(r) has only two connected components, we can find a
continuous path At in O(r) from A to the diagonal r×r matrix diag(e, 1 · · · , 1)
where e = detA = det dΦ|0. Let Bt = (1 − t)B. So that we have a path
Ψt from Ψ above to the n × n diagonal matrix D := diag(e, 1, . . . , 1). Then
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g ◦ Ψt − g ∈ m3
x for all t because h ∈ m3

x. Applying the same argument as
above, we obtain a commutative diagram of perverse sheaves

Pg
τ ′ //

D

��

Pg
τ1 //

η1,1

��

Pf

η0,0

��

Pg
τ ′ // Pg

τ1 // Pf

all restricted to U . By Lemma 4.14, the left vertical is e · id. The right vertical
is the isomorphism σ in Theorem 4.15. Since the horizontal maps are the same,
we find that σ = e · id. �
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