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Triangulation of Voronoi Faces of Sphere Voronoi Diagram
using Delaunay Refinement Algorithm
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Triangulation is one of the fundamental problems in computational geometry and computer graphics community, and it has

huge application areas such as 3D printing, computer-aided engineering, surface reconstruction, surface visualization, and so on.

The Delaunay refinement algorithm is a well-known method to generate quality triangular meshes when point cloud and/or con-

strained edges are given in two- or three-dimensional space. In this paper, we propose a simple but efficient algorithm to triangulate

Voronoi surfaces of Voronoi diagram of spheres in 3-dimensional Euclidean space. The proposed algorithm is based on the Ruppert’s

Delaunay refinement algorithm, and we modified the algorithm to be applied to the triangulation of Voronoi surfaces in two

ways. First, a new method to deciding the location of a newly added vertex on the surface in 3-dimensional space is proposed.

Second, a new efficient but effective way of estimating approximation error between Voronoi surface and triangulation. Because

the proposed algorithm generates a triangular mesh for Voronoi surfaces with guaranteed quality, users can control the level

of quality of the resulting triangulation that their application problems require. We have implemented and tested the proposed

algorithm for random non-intersecting spheres, and the experimental result shows the proposed algorithm produces quality triangu-

lations on Voronoi surfaces satisfying the quality criterion.
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<Figure 1> Delaunay Refinement Algorithm : (a) Input Graph
Consisting of 9 Vertices and 6 Segments, and (b)
Resulting Triangulation with Minimum Angle of
30°
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<Figure 5> The Sphere Set Used in the Experiment. 1,000
Non-Intersecting Random Spheres are Contained
in a Big Spherical Container of Radius 27.65. Each
Sphere’s Radius is Uniformly Distributed in the
Range of [1, 2], and the Packing Density in the
container is 0.178 Approximately. (a) 1,000 Ran-
dom Spheres in a Container, and (b) One Voronoi
Region with the Spheres
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<Figure 6> Voronoi Region with Respect to the Error Bounds
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<Table 1> Statistics of Voronoi Faces of a Voronoi Region after Refinement with Error Bound of 0.005. The Voronoi

Region is shown in <Figure 6>

Surface property Initial triangulation Triangulation after refinement
Face| Radius Distance  Curvature # Max. Min. # # # Max. Min. # # #
no. | difference  between Voronoi| error  angle triangles boundary vertices| error  angle triangles boundary vertices
centers edges (degree) edges (degree) edges
1 0.83705 4.03244 0.10759 8 0.14314 6.26 32 34 34 0.00489  26.94 162 34 99
2 0.78559 4.01126 0.10154 5 0.08838 8.96 23 25 25 0.00486 22.62 98 26 63
3 0.67540 5.26807 0.04949 5 0.01195 16.42 14 16 16 0.00340 27.87 20 16 19
4 0.45915 445531 0.04676 7 0.06635 6.94 29 31 31 0.00489 18.98 93 31 63
5 0.44197 4.40282 0.04606 9 0.06547 6.80 33 35 35 0.00477  12.26 97 35 67
6 0.86300 6.28932 0.04447 4 0.01618  13.52 16 18 18 0.00435 2897 24 18 22
7 0.44398 4.66889 0.04111 5 0.04652 6.79 25 27 27 0.00469 225 55 27 42
8 0.79353 6.81606 0.03463 3 0.00275 31.70 8 10 10 0.00275 317 8 10 10
9 0.60286 5.99343 0.03391 4 0.00530 2295 12 14 14 0.00292 25.24 14 14 15
10 0.75875 6.86422 0.03261 5 0.00160 1.60 21 23 23 0.00160 1.6 21 23 23
11 0.52249 5.98095 0.02944 5 0.00897  12.67 17 19 19 0.00454  21.04 21 19 21
12 0.56922 6.26882 0.02921 5 0.00643 16.67 15 17 17 0.00389  23.64 17 17 18
13 0.32679 4.84887 0.02793 8 0.03460 7.49 29 31 31 0.00469  15.09 55 31 44
14 0.23518 4.94993 0.01924 8 0.03233 6.31 31 33 33 0.00455 7.65 51 33 43
15 0.40106 6.76709 0.01758 4 0.00136 29.94 14 16 16 0.00136 29.94 14 16 16
16 0.45485 7.58746 0.01586 3 0.00005 9.88 11 13 13 0.00005 9.88 11 13 13
17 0.34013 7.16215 0.01329 5 0.00396 0.03 15 17 17 0.00396 0.03 15 17 17
18 0.07355 6.27316 0.00374 7 0.00301 6.19 26 28 28 0.00301 6.19 26 28 28
19 0.07828 6.94184 0.00325 7 0.00408 8.07 27 29 29 0.00408 8.07 27 29 29
20 0.05738 7.69922 0.00194 3 0.00004 8.75 1 3 3 0.00004 8.75 1 3 3
21 0.03882 7.65222 0.00133 4 0.00026 18.64 15 17 17 0.00026 18.64 15 17 17
<Table 1>& AN A 9 HEwo] Y& F43= 3 6. 4 =2
HEY 3 E2AE ¢,= 00052 AFYPS W, 7] 47
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2 ARega, FES F T WAF Aolsh T4 Afe]  PHE BEwo] JWEL BFE IUOR WAF ¥ 2]
o] Az 4311 AARE Y 2 (52 o] gslo] Axegity.  BdaY AZEE A F 2y Al dudgsEs 9§
<Table 1>ollA 7] 4tztste] Hdf = ¥ ME eAE WS wzbA] whEgh A S a) 4hztst

1941 0.143140]H, o] <Figure 6(a)>2] ¢,= 1H.T} 2}
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