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SYMMETRIC IDENTITIES FOR DEGENERATE
¢-POLY-BERNOULLI NUMBERS AND POLYNOMIALS'

N.S. JUNG, C.S. RYOO*

ABSTRACT. In this paper, we introduce a degenerate g-poly-Bernoulli num-
bers and polynomials include g-logarithm function. We derive some rela-
tions with this polynomials and the Stirling numbers of second kind and
investigate some symmetric identities using special functions that are in-
volving this polynomials.
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1. Introduction

Throughout this paper, we use the following notations. N = {1,2,3,...}
denotes the set of natural numbers, Ng = {0,1,2,...} denotes the set of non-
negative integer, Z denotes the set of integers, and C denotes the set of complex
numbers, respectively.

Also in this paper, we use the notation ;

1—q"

2] = 1—q°

Hence, lim,_,4 [z], = .
The classical Bernoulli numbers B,, and polynomials B, (z) are given by the
generating functions(see[1-14]);
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and

n=0
Many researchers have studied about the generalizations of these numbers
and polynomials. And various attempts have been made for the study of the
classical Bernoulli numbers and polynomials. In [1-3], there are definitions and
properties of the poly Bernoulli numbers and their zeta function. In [4], L. Carlitz
introduced the degenerate Bernoulli polynomials B, (z;\) that the generating

function is given as below:
t x

71+)\tX B, x)\ A eC). 1.1

(14 Xt)x — Z ( ) (1)

When z # 0, B,,(0|A) = B, () is called the degenerate Bernoulli numbers.
The first few are

Bo(z; M) =1,

Bi(z;\) =z — % + %)\,

By(z;\) = 2% — 2 + é - é)?,

Bs(z;)\) = 2° — ng + %x - g)\x + i/\3 - i/\,

Note that (14 At)> tend to ef as A — 0. It is certain that the Equation(1.1)
reduces to the generating function of the classical Bernoulli polynomials :

lim ———————(1+ )% =) B,
250 (14 M) — 1 Z

The generalized falling factorial (x|\), with increment A is defined by
(@A) =T5_1(x — Ak —1)) (see[6,11,13]).

For n > 0, we have

Bz )) = (") By (AN (A1, (1.2)

l
1=0
where (z|A\), = z(x — 1)+ (z — (n — 1)) is generalized falling factorial(see
[4,11,13]).
The polylogarithm function Liy is defined by

oo n

Lix(z) =Y ka

n=1
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for k € Z (see[1,2,3,6,7,8,9]). By using polylogarithm function, Kaneko, in [7],
defined a sequence of rational numbers, which is refered to as poly-Bernoulli
numbers,

Lik(l—e_t) - > (k)tn
1—e-t _ZOB" n!’

The k-th g-polylogarithm function Liy, 4 is introduced by

oo n

Lipg(x) =Y [7% (k € 7). (1.3)

n=1 q

For nonnegative integer k, the g-polylogarithm function is represented by a ra-
tional function,

Li—kvq(

l
qa:
l_qkz ()

Recently, in [6], we introduced g-poly-Bernoulli polynomials defined by

Lia(l =) ot _ §™ gy ) (14)

t_ n,q ]
e 1 n!
n=0

The Stirling number of the first kind is given by

(2)n = Z S1(n,m)x™(n > 0)

and

t" l m
Zslnm (09('))7
m!
where (), is falling factor1al(see[4,5,6,12]).
The Stirling numbers of the second kind is defined by

i Sg(n,m)g = M. (1.5)

m!

In this paper, we consider the degenerate g-poly-Bernoulli polynomials. We
investigate several properties of the polynomials and derive some relation with
other polynomials. We also find some symmetric identities of degenerate g-poly-
Bernoulli polynomials by using special functions.

2. Degenerate g-poly-Bernoulli polynomials

In this section, we define the generating function of degenerate g-poly-Bernoulli
numbers Bff;(/\) and polynomials Bgf),(x; A). From the definition, we get some

identities that is similar to the classical Bernoulli polynomials.
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Definition 2.1. For Kk € Z, n >0, 0 < g < 1, we define the degenerate
g-poly-Bernoulli polynomials by:
L' ]. - 7t xT
Lle) 14+ At)% ZB(k) ; )\ (2.1)
(14 Xt)x —

where
=t
Lik#](t) = Z &
n=1 [’I’L]q

is the k-th g-polylogarithm function.
When z = 0, By(fg(/\) = B,gf;((); A) are called the degenerate g-poly-Bernoulli
numbers. Note that limg_1[n], = n, and limq_,lB,(f;(x; A) = B (x; N).

It is trivial that the Equation(2.1) is reduced to the g-poly-Bernoulli polyno-
mials which is introduced in Equation(1.4),

; (k) (o)) — R(F)
lim B (2:3) = BE)(2).

»q

From the Equation(2.1), we get the relation between the degenerate g-poly-
Bernoulli numbers and the degenerate g-poly-Bernoulli polynomials.

Theorem 2.2. Letn >0,k € Z,0 < g < 1. We have

n

CETERED DI (3 L AV E— 22)

=0

where (x| \)n—; is the generalized falling factorial.

Proof. Forn > 0,k € Z,0 < ¢ < 1, we can derive the following result:

n : —t
ZBL wE = Pl =) s
n' (1+ M) —1

- % () stovems)

Hence, we get
n

B ) =Y () BE )@l a-
| ;(J ' l

Replacing z by = + y in the Equation(2.2), we have an addition theorem.

Theorem 2.3. Forn >0,k € 7Z,0 < q <1, we obtain

B +un) = (1) BN .-

=0
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Proof. Let n > 0,k € Z,0 < g < 1. Then we obtain

o tn L. 1 - 7t T Y
S BE(@+yiN) = Ligg(1 = c7) )(1+/\t) S

n

Thus, we get the addition theorem as below;

n

Bty N =3 (7Bl w0

=0

In the Equation(1.4), the definition of g-polylogarithm function Liy 4, is rep-
resented by

o0 _ e 1)l
Ligg(l—e ") =) %

e U
=l =)
=3 -
2 Vg
:ZZ( 1) 11S5(n, l)
n=1 =1 [ ]q
From above result, we get
1 o] 7L+1 l+n+1 52(n+1 l) tn
—L ! . 2.
(1 nz;) lz; & n+1 n! (2:3)

Using the Equation(2.3), we obtain next theorem.

Theorem 2.4. Forn > 0,k € Z, we have

"\ S ()8, (i
s =3 (1) X S M g e,
=0 =1 q
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Proof. Let n >0,k € Z,0 < g < 1. By the relation between the g-polylogarithm
function and stirling numbers, we get

n L -
ZB(k) t ik,q(1—e” )(1+>\t)?

Mot = (1+M)%
_ Lihq(l—e*t) ( t(lJr/\t)% )
t (14 Xt)> —1
oo n+t 1 l+n+1 S( n 00 n
a(n+1,0)¢t t
5} 3SR T ST
n=0 (=1 n=0
o 1 NIy @ (g "
-y ( > (—1) kl’.SQ(z+1,Z)Bn et
n=0 i=0 1=1 [l]q(l + 1) TL'

Therefore, we get

n 1+1 . .
B e (DTS G LD
e =3 (7) 2 T ey Bl

=

O

From the definition of degenerate g-poly-Bernoulli polynomials, a recurrence
formula is derived as the following theorem.

Theorem 2.5. Forn> 1,k € Z,0 < q <1, we get

B (@ +1;0) — B (23 0)

n n r—1 1\l 14r
=> (T> (Z m(z + )18y (r, 1 + 1)) (2| A)n—r

=0 q

Proof. Let n > 1,k € Z,0 < ¢ < 1. From the Definition 2.1, we have

oo 'I’L oo tn
k .
Y B (z+1;0) —.— > B,ﬁ,;(m,)\)ﬁ
n=0 n=0
Li 1—et x L 1 t x
_ Zk,q( 16 )(1+/\t) ';1 lk,q( 16 )( +>\t)i
1+ x)x =1 1+ x)x =1
0 (lieft)lJrl .
=y anE
T (
— [0+ 1]k

33 (1) (B st o

n=0r=1 l
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Therefore, the formula is appeared as follows;

B (z+1;0) — BF) (23 0)

LN r=1 o Nl414r
- Z <T) (Z M(H 1)!1Sy(r, 1+ 1)) (| N

3. Symmetric identities for the degenerate g-poly-Bernoulli
polynomials

In this section, we consider some generating functions and investigate general
symmetric identities for the degenerate g-poly-Bernoulli polynomials by given
special functions.

Theorem 3.1. For x € R and n > 0, a,b > 0(a # b), we have the following
identity;

S n n—mjpm (k) . A k . A
> (m>a "B, g (ba:, a> B,(n,)q (a,:c, b)
= <m>a v B, (bx, a) By (ax, >

m=0

Proof. For x € R and n > 0, a,b > 0(a # b), We consider the generating
function,

[ Ligg(1 — ™) Lij 4(1 — e7*) 200
F(t) = (((1 S AE D+ M)F = 1)) (148>

The generating function, F'(¢), is written by

_ ( Ling(1— e ™) Lip (1 —e™™) aghe

> A (at)” & A\ (bt)™
_ (k) A (k) s
= E B, (bx, a) ] E_OBWI (ax, b> o (3.1)

n=0

S A A\ "
:E E " a"_mme,(fi)m ba; =) B® (az; 2 ) —.
= L= \m 4 a 4 b/ n!

Similarly, we can get

- - n min—m )\ k )\ tn
Fity=Y %" <m>a b B, (b:c; a) B, (ax; b) o (3)

n=0m=0

From Equation(3.1) and (3.2), we can easily get the above result. O

By substituting b = 1, we obtain next corollary.
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Corollary 3.2. Fora >0,z € R and n > 0, we have
" /n k A
Z (m) a"me,(l_)m,q (x; a) B,(,’f?q (az; N)
N () ) 0 BE [
= Z (m) B~ (az; ) Br(m)q (x, a) .

In [14], a generalized factorial sum oy (n; \) is introduced by

(n+1)

(1+Xt)
(1+ At)

= Zak n; )\ k' (3.3).

X
1
/\

Using the generalized factorial sum, we get a symmetric relation of degenerate
g-poly-Bernoulli polynomials.

Theorem 3.3. Forx,y € R, n >0, a,b >0 and a # b, we have

Z <n>anmbmle <ax, )\) On—m <b - 17 )\>
_ Z <n>am_1bn_mBm (bl’, A) On—m (a -1 A)
m a b

Proof. Let xz,y € R, n >0, a,b >0 and a # b.
We consider the generating function:
tLig (1 — €™ Lig o (1 — e ) (1 + XS — 1)(1 4 At) X"
(L4 M)E —1)2((1+ )X —1)2 '

F(t) =

The Equation follows as below

0=>54(2) sy (3)W

n=0 n=0

x Zan (b—1;2> b_lzB (aa: ) oer
DI (A) s (3) o

n=0 n=0

- - n n—mim—1 A . A "
X Z (m)a b B, (az,b) On <b1,a> ol
n= =0

0om
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In similar method, we have

0= (2) B (5) 4

S (o13) S 5 ()

ZB(k) (a) (n') ZB(IZ <b> (b;?

n=0

= - n m—1in—m /\ . )‘ tn
X Z Z (m)a b B, (bx, a) On—m (a —1; b) rl
n=0m=0

(3.5)
Comparing the coefficient of the Equation(3.4) and (3.5), then it gives the

symmetric identity;

8.

9.

Z (n)a"_mbm_an (am, /\> On (b -1 A)
o \m b a
= E (n>am1bntm (ba:, >\> On—m (a —1; /\) .
m a b

m=0
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