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ABSTRACT. For A,B € M), let the Jordan product be AB + BA and G(A) the
eigenvalue inclusion set, the Gershgorin set of A. Characterization is obtained for maps
¢ Ma(@) — M2 (C) satisfying

Glo(A)d(B) + ¢(B)p(A)] = G(AB + BA)

for all matrices A and B. In fact, it is shown that such a map has the form ¢(A4) =
+(PD)A(PD)™ !, where P is a permutation matrix and D is a unitary diagonal matrix in
Mo (@).

1. Introduction

Eigenvalues of matrices play central role in linear algebra and its applications.
When the order of the matrix is high, there is no efficient way to compute eigen-
values unless the matrix is of very special type. At times knowing the location of
eigenvalues will be sufficient. Hence eigenvalue inclusion sets (i.e. sets containing
eigenvalues) are of interest to the researchers.

The important types of eigenvalue inclusion sets of matrix A are Gershgorin set
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G(A), Ostrowski set O.(A), € € [0,1] and Brauer’s set C(A) [3, 4]. It is known that
01(A) = G(A).

The study of maps on matrix spaces which preserve a particular property, the
so called preservers has been an area of active research for the past several years.

Let M, denote the set of n x n matrices over €, where €' is the set of complex
numbers and for A € M,,, S(A) be an eigenvalue inclusion set mentioned above.

In [2] authors have characterized maps ¢ : M,, — M, satisfying

S(¢(A) — ¢(B)) = S(A - B)
and in [1] maps ¢ : M,, — M, satisfying

S(¢(A)¢(B)) = S(AB)

have been characterized. Among other things, authors proved (see [1] theorem
(2.1)):

A mapping ¢ : M,, — M, satisfies O [¢(A)d(B)] = O.(AB) for all A,B €
M, if and only if there exist ¢ = 41, a permutation matrix P, and an invertible
diagonal matrix D, where D is unitary matrix unless (n,e) = (2,3), such that
#(A) = c¢(DP)A(DP)~! for all A € M,,.

Characterization of maps ¢ : M,, — M, that satisfy

S(6(A) o 4(B)) = S(A o B),

where o is a binary operation on matrices such as the Jordan product AB + BA,
the lie product AB — BA , is still open.

The aim of this paper is to characterize the map ¢ : My — My which preserves
the Gershgorin set of Jordan product in the sense that

Gl(6(A)p(B) + ¢(B)o(A)] = G(AB + BA).

It is noteworthy that these maps admit the same characterization as in theorem
stated above. The material of this paper has been organized in to two sections one
on preliminaries and the other on the main result.

2. Preliminaries

The following result from matrix theory [3], (theorem 3.2.4.2) will be needed in
the sequel.

Proposition 2.1. Suppose A € M, has n distinct eigenvalues and B € M, satisfies
AB = BA. Then there is a complex polynomial p (z) of degree at most n — 1 such
that B =p(A).

Definition 2.2.(Jordan product of matrices) If A and B are two matrices of order
n, then Jordan product of these matrices is defined as AB + BA.
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Definition 2.3.(Gershgorin Set) Given a matrix A = [a;;] € M, define R =
R, (A) = Z’;Lj;ﬁk |ax;|. The Gershgorin set of A is defined by
G (A) = Vg1 Gi (4),
where G (A) = {z €C : |z — ark| < R} . The set Gy (A) is called a Gershgorin
disk of A.
It is well known that the Gershgorin set contains all the eigenvalues of A [3, 4].
Remarks 2.4.
(i) A is the zero matrix if and only if G (4) = {0} .
(ii) A is a diagonal matrix if and only if G (A) is the set of diagonal entries of A.
(i) For A € M,,,G (A) = G (PAP"), where P is a permutation matrix of order
n and P? is the transpose of the matrix P.

3. Main Result

Theorem 3.1. A mapping ¢ : My — My satisfies
Glp(A)¢(B)+¢(B)¢(A)] =G (AB+ BA)

for all A, B € My if and only if there exist ¢ = +1, a permutation matrix P and an
unitary diagonal matriz D such that ¢ (A) = ¢(PD) A(PD)™" for all A € M,.

The following propositions will be used in our proof.

Proposition 3.2. Let D € My be an invertible unitary diagonal matriz, P € M,
be a permutation matriz. Then for all A € My,

G [(PD)A(PD)_l} =G (4).

Proof. Let A € My, D = diag{a1,a2}. If D is an invertible diagonal unitary
matrix then |o;| =1 for i =1,2. If P = I, then

-1
PD)A(PD)™" = DAD_lz[ e al‘“?}
(PD)A(PD)™" = (D) A(D) 0 asas  am

= G [(PD)A(PD)_l} = G(A) as |ag| =1 fori=1,2.

0 1

IszPlgz[l 0

] , then

-1
(PD)A(PD)™ ' = [ ez Gzoauam }
Gy Q2a12 ai

= G(PD)A(PD) ' =G(4). O
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Proposition 3.3. If a mapping ¢ : My — My satisfies
Glo(A)¢(B)+¢(B)¢(A)] =G (AB+ BA)

for all A, B € My, then there exist permutation matriz P and ¢;; € C' with |c;;] =1
and c;jci; = 1 such that ¢ (E;j) = ¢;j PE;; P* fori,j € {1,2}.

Proof. Suppose i = j =1and A = B = Ey;, then

G <2¢ (Ell)z) =G (2B}) = {2,0}
= ¢ (FE11)® must be E2 or EZ,.

That is ¢ (E11) is a diagonal matrix with diagonal entries 0 and 1. Since ¢ (Ey;)>
has distinct eigenvalues and commutes with ¢ (E41), by proposition (2.1),¢ (E11)
is a polynomial in ¢ (E11)2. It follows ¢ (E11) is a diagonal matrix with diagonal
entries 0 and 1 or -1 as ¢ (E11)” = E2, or E2,. Then ¢(Ey;) = c11 By or ¢(Eyy) =
c11FE92, where ¢q1 = £1.

If (E11) = ¢11E11, then the permutation matrix P = I satisfies
¢(E11) = CllpEllpt.

Without loss of generality we may assume that ¢;; = 1 otherwise replace ¢ by —¢.
So we assume (b(Ell) = E11. Slmllarly ¢(E22) = 022E11 or CQQEQQ, where Co2 = +1.
Suppose ¢(E22) = 022E11. If A= Ell,B = E22

Glo(Er1)d(E2) + ¢(E22)d(E11)] = G(E11E2 + ExgEr1) = {0}.
But,
Glo(Er1)9(Ea2) + ¢(E22)¢d(E11)] = G(eaaE11E11 + ca2Er1 E11) = {2¢22,0}.

As 99 = +£1, this is a contradiction. Hence ¢(Fa22) = cagEaa, where coo = £1.

Suppose i # j and ¢(Ea1) = [b;;] € Ma. Then
G(2¢(Ex)?) = G(2E3,) = {0}.

But,

2
bir b b3y + biab bi1b12 + b12b
GOO(EN) = (2] D12 (o] brrtbizbn 11012 + b12b22
(26(E21)7) ( {521 ba2 baibi1 + bogbar  barbia + b3,

Therefore,

b3, + biaba =0,
b11b12 + b12baa = 0,
ba1b11 + bagbay = 0,
bo1bia + b3, =0

(3.1)
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Taking A = E1,, B = E51, we have

Go(E11)(E21) + ¢(Ea1)9(Er1)] = G(E11 Ea + Ea1 En) = G(Ea1)
Note that G (Es1) is a disk with center 0 and radius 1. Hence

Gl¢(En)o(Ea1) + ¢(E21)p(En)] = G <[2b11 b(1)2 D

ba1
is a disk with centre 0 and radius 1. It follows that [2b11] < 1 and |be;| < 1. Two

cases arise (i) |be1| = 1 or (ii) |be1| < 1, in which case b;; = 0 and |b1o| = 1.
Case (i) : If |ba1| = 1, take A = E53, B = Eg;. Then

G[¢(E22)¢(E21) + ¢(E21)¢(E22)] = G(E22E21 + E21E22) = G(E21)

which is a disk with centre 0 and radius 1. But

Glp(Ba2)p(E21) + ¢(E21)p(En)] = G ([ 0 cabio D

ca2ba1  2c22022

As |bo1| = 1 and ¢y = £1, byy = 0. Otherwise this disk will not be identical with
the above disk.

Now from the set of equations (1) we have b;; = 0 and b2 = 0 and hence
¢(E21) = b21E21, where ‘b21| =1

¢(E21) = CglpEglpt, where Co1 = b21 and P = 1.

Case (ii): If |ba1| < 1, in which case b11 = 0 and |b12| = 1, from the set of equations
(1) we have bg; = 0 and byy = 0 and hence ¢(Es1) = b1aF12, where |bio| = 1.

This implies ¢(E21) = CglpEglpt, where Coy1 — b12 and P = P12.

Similarly, ¢(E12) = 012PE12Pt.

Thus ¢(E;j) = ¢;; PE;; P'. If P # I, then we replace the map ¢ by P'¢P and get
¢(Eij) = cijEij.

Claim : ¢;icj; =1

If i = 4, then ¢;;¢5, = 1. If i # j, take A = Eq2 and B = E»;, then

Gp(Er2)P(E21) + ¢(E21)p(E12)] = G(E12E21 + E21E12)
= G(E + E2)

= {1}
But,
Glo(E12)9(E21) + ¢(E21)d(Er2)] = G(ci2E12¢21 Eo1 + o1 E21¢12F12)

= G(c12¢21 E11 + c21¢12E22)
= {012021}-
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Therefore, ci13¢01 = 1. O

Proof of theorem 3.1
Sufficiency : For A, B € Ms let $(A) = ¢(PD)A(PD)~',¢(B) = ¢(PD)B(PD)™1,
where ¢ = £1, P is permutation matrix and D is a unitary diagonal matrix. Then

P(A)p(B) +¢(B)p(A) = (PD)(AB+ BA)(PD) '(asc® =1)
= G[o(A)¢(B) + ¢(B)$(A)] = G[(PD)(AB + BA)(PD)™]
= G(AB + BA)( from proposition (2.2) )

Necessity : Suppose ¢ : My — M, satisfies

G(¢(A)¢(B) + ¢(B)p(A)] = G(AB + BA)

Let A = [a;;] in My. First we claim ¢(A) = [¢;;jai;] , with |¢;;| = 1. Proof of this
claim is divided into four steps. Let ¢(A) = [d;;]
Step 1: To show that d;; = ¢;ja;; for ¢ # j with |¢;;| = 1.
Step 2: ¢(I) = I, where I is the identify matrix of order two.
1 0 1 0

Step 3: gb[o 1 } = [0 1
Step 4: Using the results of steps 1, 2 and 3 we prove d;; = a;; for i = j.

In view of proposition 3.3, we have ¢(E;;) = ¢;;E;;, where |c;j| = 1, coo = £1
and C11 = 1.
Step 1: dij = Cij Q45 for 4 7é j
Now, take B = Fs1, then

Glp(A)p(Ea1) + ¢(Ea1)p(A)] = G(AE21 + Ea1 A)

c21d12 0 aia 0
= @G =G
( |:021(d11 +daa) cordiz ] ) ( [an +az a2 ] )

Since both the sides are single disks comparing the centers we get ,
co1di2 = a12 = di2 = 012&12(SLS 02_11 = 012)
Similarly, d21 = (C210a21- Hence di]‘ = CijQ45 for i 7é j
Step 2: ¢(I) =1
Let ¢(I) = [b;;] . Taking A = Ey1, B = I, we have

Glo(Er)o(I) + ¢(I)p(Er1)] = G(En I + TEy)
G[Eq1[bij] + [bij] Eni] = G(2E11)

2b11 b2 -
o[ 5 ])-eo
b11 =1 and b12 = b21 =0

0=l o ]

Now, take A = Fa5, B = I. Then

O
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Go(Ea2)d(I) + ¢(1)p(Ea2)] = G(E2l + I Ex)
0 0
= G <|:0 2eanbas :|> = G(2E22) = {270}
= cCoobp =1
= bgg = 99 as oy = *1.
Therefore ¢(I) = [1 0 ] .
0 co2
Taking A = F1o, B =1, we get

Go(Er2)o(I) + ¢(1)p(Er2)] = G(Er2] + [ Ey)
-~ G 0 012(]. + C22) — G(2E12)
0 0
But, G(2FE;2) is a disk with center 0 and radius 2. This gives

le1a(1 + c22)| = 2
= |(1+622)‘=2848 |012|=1
= (o9 =1ascoy ==*£1

Thus ¢(I) = I.
Step3:¢{(1) _01 }:[(1) _01 }

10 }.Then

TakeAIandB[O 1

Glo(D)¢(B) + ¢(B)¢(I)] = G(IB + BI)
G[2¢(B)] = G(2B) = {2, -2}

=
= ¢(B) is a diagonal matrix with diagonal entries 1 and —1

= d’(B)[(l) —01 }Or{_ol (1) ]

If (B) = [_01 (; } , taking A = E11, we get

)+
2 0
D-¢(l 5 ])
0}
Which is not possible and our supposition is wrong. Therefore

b S l=b S

BN
=
=
&
Il
Q
&
"~
+
~
&
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Step 4: di1 = aji1and dos = ass. For A = [aij] and B = Ll) Pl ] . we have
G(¢(A)o(B) + ¢(B)¢p(A)] = G(AB + BA)
2d11 0 _ 2a11 0
G[ 0 —2da2 ]_G[ 0 —2a99 }
If a11 = —as9s then the right hand side is one degenerated disk i.e. single point and

therefore
ailp = —az2
= di1 = —da
= a1 = d11 and a99 = d22.

If a11 # —aso then we get two degenerated disks on the right hand side and there
are two cases

Case (i) a1 = dq1 and age = dag, then there is nothing to prove.

Case (ii) ayp = 7d22 and a9 = 7d11.

Now, we claim this case does not arise. We have either |a1a| = |a21| or |ai2] > |a21|
or|aia| < |ag1|. Taking B = FEj1, we have

Gl(o(A)¢(En) + ¢(En1)p(A)] = G(AEL + EnA)
e 6 ([0 [) e ([ ¥ ])

If they represent two disks then comparison of centers gives a;; = di; and then
from case (i) aga = do2. Suppose they represent a single disk.

If |CL12| = |a21\ then |d12| = ‘d21|.

By comparison of centers, we get a;; = dj; = 0 and then from case (i) age = das.
If |a12| > |(121‘7 then from step (1) ‘d12| > |d21|.

By comparison of centers, we get a;; = dq1 and hence ags = day from case (i).

If |(112| < |a21\, then |d12| < |d21|.

Taking B = Fy5 we have

Gp(A)p(E2) + ¢(E22)¢(B)] = G(AE2 + ExnA)
0 Co2d12 0 ai2
= @ =G .
({0226121 2¢o0d22 ]) ([021 2az9 })
Aslaiz| < |a21], |c22d12| < |c22d21| , then by comparison of centers we have ase = dao
and hence ay; = dy; from case (i).

Therefore case (ii) does not arise.
Thus dij = Cij Q45 with |Cij| = ]., CijCji = 1 and Cij = 1fori= ] Thus

1 (ldin diz _ | ann cizai2
¢(A) B [d”] B ({dm da2 ]) N [021@1 a22
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Let D = L0 , then D™1 = L0 . Hence
0 C21 0 C12
#(A) = DAD™.

Recall that in proposition 3.3 we obtained ¢(E;;) = ¢;; PE;jP*. When P # I we
replaced the map ¢ by P!¢P and assumed ¢(E;;) = ¢;; E;; and the rest of the proof
was carried out under this assumption. Hence

$(A) = ¢(PD)A(PD)™*
and this completes the proof. O
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